Dipartimento di Informatica e Scienze dell’Informazione ffl fflffl ffl ffl ffl

Geometric Modeling of Spatial Entities at Multiple Levels of Resolution by Michela Bertolotto

Theses Series DISI-TH-1998-01

DISI, Università di Genova

v. Dodecaneso 35, 16146 Genova, Italy http://www.disi.unige.it/

Università degli Studi di Genova Dipartimento di Informatica e Scienze dell’Informazione Dottorato di Ricerca in Informatica

Ph.D. Thesis in Computer Science

Geometric Modeling of Spatial Entities at Multiple Levels of Resolution by Michela Bertolotto

August, 1998

Dottorato di Ricerca in Informatica Dipartimento di Informatica e Scienze dell’Informazione Università degli Studi di Genova

DISI, Univ. di Genova via Dodecaneso 35 I-16146 Genova, Italy

http://www.disi.unige.it/

Ph.D. Thesis in Computer Science

Submitted by Michela Bertolotto DISI, Univ. di Genova, Italy

bertmic@disi.unige.it

Date of submission: February 1998

Title: Geometric Modeling of Spatial Entities at Multiple Levels of Resolution

Advisor: Enrico Puppo Istituto per la Matematica Applicata Consiglio Nazionale delle Ricerche Genova, Italy

puppo@ima.ge.cnr.it

Supervisor: Leila De Floriani DISI, Univ. di Genova, Italy

deflo@disi.unige.it

Ext. Reviewers:

Max J. Egenhofer National Center for Geographic Information and Analysis Department of Spatial Information Science and Engineering University of Maine, Orono, ME 04469-5711, USA

max@spatial.maine.edu

Michael F. Worboys Department of Computer Science Keele University, Keele Staffordshire ST5 5BG, UK 713082

michael@cs.keele.ac.uk

Abstract

The representation of spatial data at different resolution is a topic of relevant interest in spatial information theory. Combinatorial aspects of the multiresolution representation of spatial entities are considered. The target application is geographic map description. The combinatorial structure of geographic maps is mathematically modeled through abstract cell complexes, and maps at different levels of detail are related through functions over such complexes. A set of functions is detected that correspond to consistent transformations reducing detail. Properties of such functions have been identified on the basis of requirements of classical generalization operations proposed in the literature. A categorical characterization of geographic maps with such set of functions is provided. The use of category theory allowed to define a minimal and sufficient set of atomic operators that are capable of generating all and only consistent transformations. Thus, intrinsically consistent multiresolution models can be built on the basis of such operators. They also provide means for performing local and gradual changes in detail, and for evaluating the reduction of information between maps at different levels of resolution.

Acknowledgements

For their support, collaboration and assistance with my thesis I would like to thank my advisor Enrico Puppo; the Italian reviewers Massimo Ancona, Leila De Floriani, Marco Grandis, and Eugenio Moggi; and the international reviewers Max Egenhofer and Michael Worboys.

I am thankful to Leila who encouraged me in pursuing the Ph.D.

Thanks to my family for always supporting me and to all the friends who have remained close during these years.

And finally a very special thanks to James for being on my side and believing in my abilities. His love and patience throughout the past year have been essential.

Table of Contents

List of Figures 4

Introduction 8

Chapter 1 Previous and Related Work 16 1.1 Representations for Spatial Entities . . . . . . . . . . . . . . . . . . . . . . 17 1.1.1 Representations Based on Decompositions . . . . . . . . . . . . . . 19 1.2 Formalisms for Topological Relations . . . . . . . . . . . . . . . . . . . . . 26 1.2.1 The 4- and 9-Intersection Formalisms . . . . . . . . . . . . . . . . . 27 1.2.2 Relation-Based Models . . . . . . . . . . . . . . . . . . . . . . . . . 33 1.3 Multiresolution Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 1.3.1 Instrumental Multiresolution . . . . . . . . . . . . . . . . . . . . . . 38 1.3.2 Structural Multiresolution . . . . . . . . . . . . . . . . . . . . . . . 40 1.4 Analysis of the State-of-the-Art . . . . . . . . . . . . . . . . . . . . . . . . 42

Chapter 2 Spatial Entities and Maps 49 2.1 Spatial Entities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 2.2 Spatial Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 2.3 Generic vs Structured Sets of Entities . . . . . . . . . . . . . . . . . . . . . 52 2.4 Plane Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 2.5 Regularization and Overlay . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.6 Relations in a Plane Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 2.7 Combinatorial Concepts in a Plane Map . . . . . . . . . . . . . . . . . . . 59

Chapter 3 The Combinatorial Structure of Geographic Maps 62 3.1 Abstract Cell Complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 3.2 Maps as Abstract Cell Complexes . . . . . . . . . . . . . . . . . . . . . . . 64 3.3 Abstract Cell Complexes as Topological Spaces . . . . . . . . . . . . . . . 66 3.4 Consistent Map Transformations . . . . . . . . . . . . . . . . . . . . . . . 67 3.5 The category of ACCs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 3.5.1 Ordering relation between objects in the category of ACCs . . . . . 70 3.5.2 Minimal morphisms in the category . . . . . . . . . . . . . . . . . . 71 3.5.3 Minimal operators in the category . . . . . . . . . . . . . . . . . . . 72 3.5.4 Conservative extension . . . . . . . . . . . . . . . . . . . . . . . . . 75 3.6 The category of GACCs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 3.6.1 Properties of geographic maps . . . . . . . . . . . . . . . . . . . . . 78 3.6.2 Topological Relations in a GACC . . . . . . . . . . . . . . . . . . . 79 3.6.3 Isomorphisms of GACCs . . . . . . . . . . . . . . . . . . . . . . . . 81 3.6.4 Minimal morphisms and operators . . . . . . . . . . . . . . . . . . . 82

Chapter 4 Combinatorial Transformations of Geographic Maps 84 4.1 Atomic Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 4.2 Atomic operators as morphisms in the category of ACCs . . . . . . . . . . 88 4.3 Atomic Operators as Minimal Morphisms . . . . . . . . . . . . . . . . . . . 89 4.4 Sufficiency of Atomic Operators . . . . . . . . . . . . . . . . . . . . . . . . 96 4.5 Diversity between ACCs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

Chapter 5 From the Category to a Multiresolution Data Structure 116 5.1 Multiresolution Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 5.2 Encoding a Multiresolution Model . . . . . . . . . . . . . . . . . . . . . . . 118

5.2.1 A Data Structure for a Plane Map . . . . . . . . . . . . . . . . . . 118 5.2.2 An Alternative Data Structure . . . . . . . . . . . . . . . . . . . . . 121 5.2.3 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 5.3 Modeling Changes in Accuracy . . . . . . . . . . . . . . . . . . . . . . . . 122 Conclusions 125 Bibliography 131 Appendix A Point-set Topology Concepts 146 Appendix B Preorders and orders 149 B.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 B.2 Topology Induced by a Preorder . . . . . . . . . . . . . . . . . . . . . . . . 150 Appendix C Graph Theory Concepts 154 Appendix D Category Theory Concepts 156

List of Figures

1.1 (a) The face on the right is multiply connected; (b) such face is partitioned into two simply connected faces. . . . . . . . . . . . . . . . . . . . . . . . . 20 1.2 The MEV operator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 1.3 The MEF operator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 1.4 The 16 specifications of binary topological relations based on the criteria of empty/non-empty intersections of borders and interiors. . . . . . . . . . . . 28 1.5 Binary topological relations for simply connected regions. . . . . . . . . . . 29 1.6 Topologically distinct configurations having same 4-intersection matrix. . . 31 1.7 Hierarchical representation of a geographic map containing regions with holes: hierachical links (dashed arrows) correspond to containment relation between the surrounding region and the region filling the hole. . . . . . . . 34 1.8 A hierarchical 2-simplicial complex. . . . . . . . . . . . . . . . . . . . . . . 40 1.9 (a) The region contains a cut; (b) such a region is partitioned into two simple regions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 1.10 Classes of cell complexes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 1.11 A regular two-dimensional simplicial complex. . . . . . . . . . . . . . . . . 44 1.12 A regular two-dimensional cell complex. . . . . . . . . . . . . . . . . . . . 45 1.13 A non-regular two-dimensional simplicial complex. . . . . . . . . . . . . . . 45 1.14 Cells allowed in a CW-complex, which are not allowed in a Euclidean cell complex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 1.15 Transforming the representations of a bridge and a river. . . . . . . . . . . 47 1.16 An example of a map transformation. . . . . . . . . . . . . . . . . . . . . . 47

1.17 (a) Eliminating the point connecting two lines; (b) eliminating one line (contracting it to a point). . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 1.18 Eliminating a city from a map and merging the two branches of the road crossing it. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 1.19 Contracting the line representation of a bridge into a point representation. 48

2.1 In this example, b(r) = {p} ∪ l and bd(r) = b(r) ∪ {p^′} ∪ {p^{′′}, p^{′′′}} ∪ l^′. . . . 55 2.2 An example of a weakly disjoint covering: land, lake, and island are its regions; roads, trees, house, and well are features of land; bridge is a feature of lake; rail and gate form the border of land. . . . . . . . . . . . . . . . . . 55 2.3 A non-regular set of entities. . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.1 Regions r and r^′ are mapped onto r_0 and r_1, respectively; region r^{′′}, in between r and r^′, and connecting them is mapped onto a line l_0 shared by r_0 and r_1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 3.2 In this example, p^′ = f(p) and l^′ = f(l) are related while p and l are not related. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 3.3 The non-injective restriction of a morphism. . . . . . . . . . . . . . . . . . 73 3.4 Equivalence relation between pairs of minimal morphisms. . . . . . . . . . 74 3.5 Conservative extension of a morphism. . . . . . . . . . . . . . . . . . . . . 76 3.6 The codomain of a minimal morphism is always connected. . . . . . . . . . 77 3.7 Illustration of the proof of Lemma 3.5.13. . . . . . . . . . . . . . . . . . . . 77 3.8 Mapping of a non-complete chain (composed of a region r and a point p) through an isomorphism that does not fulfill the condition on dimension. . 81 3.9 Example of minimal operator in the category of ACCs which is not a morphism in the category of GACCs. . . . . . . . . . . . . . . . . . . . . . . . 82

4.1 Contraction of an open line to a point. . . . . . . . . . . . . . . . . . . . . 86 4.2 Contraction of a region to a point. . . . . . . . . . . . . . . . . . . . . . . . 86 4.3 Contraction of a region to a line. . . . . . . . . . . . . . . . . . . . . . . . 86 4.4 Merging two lines into one. . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 4.5 Merging two regions into one. . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.6 Immersion of a point in the region containing it. . . . . . . . . . . . . . . . 88 4.7 Immersion of a line in the region containing it. . . . . . . . . . . . . . . . . 88 4.8 Regions r_1 and r_2 share a chain of lines and points, while r_3 and r_4 are connected through a chain of lines and points. . . . . . . . . . . . . . . . 97 4.9 Regions r_i and r_j must belong to f^{−1}(r_0) because they are in the star of entities of f^{−1}(r_0) (Lemma 4.4.2). . . . . . . . . . . . . . . . . . . . . . . . 98 4.10 Dangling feature in f^{−1}(l_0). . . . . . . . . . . . . . . . . . . . . . . . . . . 99 4.11 Internal border of a region in f^{−1}(l_0). . . . . . . . . . . . . . . . . . . . . . 99 4.12 Merging features into the region they are contained. . . . . . . . . . . . . . 100 4.13 Contracting/merging chains of lines shared by two regions. . . . . . . . . . 100 4.14 Contracting/merging chains of lines on the border of a region in f^{−1}(p_0). . 101 4.15 Contracting/merging chains of lines on the border of a region in f^{−1}(l_0). . 101 4.16 Contracting/merging chains of lines in f^{−1}(p_0) not bounding any region. . 101 4.17 Contracting/merging chains of lines in f^{−1}(l_0) not bounding any region. . . 102 4.18 Merging adjacent regions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 4.19 Regions in f^{−1}(e) sharing more than one line. . . . . . . . . . . . . . . . . 103 4.20 Merging two adjacent regions belonging to f^{−1}(p_0) into one. . . . . . . . . 103 4.21 Merging two adjacent regions belonging to f^{−1}(l_0) into one. . . . . . . . . . 103 4.22 Two regions sharing more than one point. . . . . . . . . . . . . . . . . . . 104 4.23 A cycle of regions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 4.24 A tree of regions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 4.25 Contracting a tree of regions. . . . . . . . . . . . . . . . . . . . . . . . . . 105 4.26 A non-connected tree of regions. . . . . . . . . . . . . . . . . . . . . . . . . 105 4.27 Parts mapped to endpoints of l_0 are chains including endpoints. . . . . . . 106 4.28 Two regions sharing one point in f^{−1}(l_0). . . . . . . . . . . . . . . . . . . . 106 4.29 An example where f is obtained as composition of rl contr and l merge. . 106 4.30 Regions connected through chains of lines and points. . . . . . . . . . . . . 107 4.31 Entities in f^{−1}(l_0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.32 Lines in f^{−1}(l_0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 4.33 An example of f^{−1}(l_0). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 4.34 f is obtained as composition of rl contr and l merge. . . . . . . . . . . . . 109 4.35 Sequences of different lengths. . . . . . . . . . . . . . . . . . . . . . . . . . 114 4.36 Sequences with same length. . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.1 Approximations of lines (l is the thick line, l^′ is the thin line): (a) l^′ is not ε-homotopic to l; (b) l^′ is ε-homotopic to l. . . . . . . . . . . . . . . . . . 123

B.1 An example of function that does not preserve connected sets by inverse image. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Introduction

The analysis and representation of spatial entities is the subject of spatial information theory. The work developed in this thesis relates to the geometric modeling and to the manipulation of spatial objects whose overall structure has the following characteristics:

1. objects are composed of parts (for example: city maps with roads, bridges, neighbourhoods, etc., in Geographic Information Systems; mechanical assembled objects in CAD systems);

2. every component may have a non-elementary topological structure, i.e., it may contain holes, cuts, dangling entities, etc. (for example: in a region of a geographic map, holes may correspond to lakes, cuts to roads, etc.);

3. objects have either an inherent hierarchical structure, or are suitable to be described at multiple levels of detail; hence, it would be useful to have models that provide multiple representations of such objects and/or of each single part; for example, a city in a map may be represented through an aggregate of buildings and roads, or through a region, or through a single point, depending on the level of detail.

Classical representations proposed in the geometric modeling literature are not suitable to describe objects having the first two characteristics (that we call structured objects) since they do not provide direct means to maintain their original structure: non-elementary parts composing objects are usually decomposed into simple cells, thus destroying the logical organization of structured objects. Furthermore, most of the previously proposed representations support the description of a restricted class of objects which do not include some important features of spatial entities.

Although this problem is related to more general applications, we have focussed our attention on a specific application context, i.e., Geographic Information Systems (GISs). In such a context, much work has been devoted to providing suitable formalizations and representations of the combinatorial structure of plane maps.

In particular, in this thesis, we are interested in the description of plane maps at different levels of resolution. The concept of resolution in a map involves both the amount of objects explicitly represented in the map and the spatial entities used to describe them, as well as the way in which the shape and location of such objects are approximated. The possibility of modeling spatial data at variable resolution finds applications in spatial representation and reasoning; for example, it can be exploited for efficiently querying large GISs, as a support to map generalization [83], and for solving problems related to wayfinding and planning using different levels of abstraction [164].

Most of the work proposed recently in this context is related either to the development of data models [30, 31, 32, 83, 141], or to preserving the consistency among different representations [58, 70, 71, 75]. However, no unifying mathematical model has been proposed that formally specifies the requirements and properties of multiresolution representations. The main purpose of our work consists of establishing a formal framework as a theoretical basis for tackling the problem.

Three different issues are discussed into details in the following: plane map representation, plane map modeling at different levels of resolution, and the use of multiresolution representations as a support for map generalization. Each such issue plays an important role in the context of the thesis. In particular, although we are not concerned with algorithmic techniques for generalization, we analyse problems related to map generalization because we think our formalization can be exploited as a starting point to solve some of such problems.

Plane Maps

By a plane map (also called a geographic map, in the following) we mean a model including numerical data, relations between them, semantic information, etc., stored in a spatial database (i.e., not a graphical representation). A map is a structured object, defined as some kind of covering of a portion of the plane by means of three kinds of entities: points, lines and regions. Regions can be multiply connected and they may contain dangling and isolated entities in their interior.

Representations of plane maps within a spatial database cannot be based on classical tabular representations, which are not suitable for describing entities that are located in space and interrelated through spatial relationships [87]. Indeed, large amounts of spatial data are usually dealt with, which users want to analyse, and from which they want to extract information: for instance, GIS users may want to retrieve all private land parcels which are road-accessible. In order to answer this kind of queries efficiently, spatial relations must be embedded in a map representation within a spatial database. Topological relations seem to be the most fundamental [73].

In the last few years, some research has been dedicated to adopting formal approaches for the description and manipulation of sets of spatial entities and their relationships [54, 66, 67, 74, 93, 101, 175, 176]. However, if generic collections of entities are used, the number of topological relations often becomes too large to be stored explicitly. Thus, sets of entities satisfying special properties are obtained by imposing constraints on their intrinsic structure.

A number of models have been proposed in the literature for giving a comprehensive representation of the geometric and topological structure of plane maps [54, 65, 82, 86, 88, 123, 135, 157, 175]. Different models are characterized mostly by their expressive power, defined by the degree of generality of objects and configurations that they are able to represent. However, many of them do not permit a suitable representation of structured two-dimensional objects, since, for example, they cannot describe objects with holes or dangling/isolated parts, without subdividing them further.

In this thesis, we mathematically define a plane map as a weakly disjoint covering of a given area, i.e., a collection of pairwise disjoint entities covering such area, and including multiply connected regions, as well as dangling and isolated features.

Multiresolution Representation

With the exception of some application of image processing tools [152, 153] to raster modeling, available GISs do not provide much support for manipulating and relating spatial data at different resolutions. In this thesis, we are interested in multiple representations of vector maps, and in their manipulation in the context of a unified framework.

The resolution of a map is usually intended as the minimum size of a cell represented/visible in the map [32]. However, two map representations of the same area at different resolutions can differ in two basic aspects:

a) detail is related both to the amount of objects (information) explicitly represented in the maps and to the set of entities used to describe each object; indeed, some objects can be represented only in the map at higher resolution; objects that appear in both maps can be described by means of entities of lower complexity and/or dimension in the context of the map at lower resolution; any object represented by an entity in the map at lower resolution must be also represented by either an entity or a group of entities in the map at higher resolution (monotonicity assumption);

b) accuracy corresponds to the maximum error in approximating the spatial extent and location (geometry) of objects in a map by the extent and location of entities representing such objects: the higher the resolution, the lower the approximation error.

While changes in detail mainly involve topological/combinatorial information contained in the representation of a map, changes in accuracy are related to metric aspects. Although in actual implementations combinatorial and metric aspects can be strictly interrelated (together with semantic aspects), the separation of such aspects is important from a modeling point of view. Indeed, they can be studied and analysed through different mathematical tools.

In this thesis, we are interested in modeling changes in detail in geographic maps. Thus, only the combinatorial structure of maps will be studied and formalized, disregarding metric aspects.

When the extraction of less detailed representations is required, the problem of computing such representations on-line arises. In order to avoid the repetition of such a timeconsuming process every time it is needed, multiple representations, each corresponding to a given level of detail, are maintained in the database.

Related to the problem of maintaining multiple representations is also the problem of linking different representations of the same objects at different resolutions. Indeed, within a multiple representation database, given either a portion of a map or a single entity, it is often useful to have a fast way to access other representations of the same portion/entity. By enriching multiple representations of a geographic map through information on relations between different representations of the same entity at different levels, we obtain a multiresolution model. Different kinds of models can be defined depending both on how the model is built and on which relations are explicited.

Map Generalization

The problem of extracting a less detailed representation of a given area from an available representation of the same area is known as map generalization [126]. In cartography, it involves different tasks, such as removing objects, simplifying their geometry, aggregating several objects into one, etc. In GISs, generalization has the broader meaning of reduction of information density in a spatial database, while preserving its overall structure and semantics. More specifically, a distinction has been made between model-oriented and cartographic generalization [126]. Model-oriented generalization manipulates data independently of their graphical representation. Indeed, spatial objects may require multiple internal representations independently of their visualization (e.g., in the context of a spatial database). Model-oriented generalization may be driven by analytical queries, while cartographic generalization is mainly driven by graphical requirements (legibility, graphical clarity). In this thesis, we are interested in the model-oriented aspects of generalization.

It must be noted that both geometric aspects (e.g., shape, topology, metrics) and nongeometric aspects (e.g., the role/relevance in a particular context) of spatial entities in a geographic map are involved in a generalization process. In this thesis, we are mainly interested in detecting changes in the topology of entities implied by map generalization. In particular, the approach to multiresolution modeling we develop can be exploited as a support to generalization processes involving topological changes.

In the literature, a set of basic operations applied in a generalization process has been detected [147]. Although attempts have been made to provide formal frameworks for such operations (see, e.g., [8, 122, 126, 151, 168]), a few major problems are still far from being solved. The process usually requires interaction between ad hoc programs and expert cartographers. As a consequence of the lack of a formalization, an important problem related to map generalization, as well as to any other method involving the extraction of multiple representations, is consistency [58, 70, 75, 165]. Two maps of the same area at different resolution must be consistent, i.e., objects that appear in both maps must maintain compatible spatial relationships. For example, entities that share some boundary cannot be mapped onto disjoint entities. By maintaining consistent object characteristics through different representations, query evaluations at a coarser level return results compatible with the evaluation at the most detailed level [6]. If multiple representations are not intrinsically consistent, a posteriori checks must be performed on the map at reduced resolution in order to guarantee the fulfillment of consistency constraints. This is again a time-consuming process.

The above considerations reveal the importance of providing methods for generating intrinsically consistent multiple representations. Such methods should be based on sound theoretical results, i.e., on a rigorous formalization, that is still lacking in the literature. Our work addresses such a theoretical issue.

Finally, another important topic relates to the possibility of evaluating to what degree a geographic map is a generalization of another one. In other words, methods should be detected to measure the diversity in resolution between two different representations of the same area. Such a diversity is not easily quantifiable, except by counting the number of entities explicitly represented at both resolutions: more meaningful evaluations are needed. In our theoretical framework, we also propose alternative methods for measuring the degree of diversity in detail between maps.

Contribution of the Thesis

The major contribution of this thesis consists of providing a sound formal framework for the multiresolution representation of the combinatorial structure of geographic maps, and for modeling changes of detail in a map. In the following we list and analyse basic steps of our work.

• By following the formalization proposed by Puppo and Dettori [141], the combinatorial structure of a geographic map is described through an Abstract Cell Complex (ACC), i.e., a set of cells with an ordering relation (bounding relation), independent of any Euclidean embedding. In this way, the drawback of classical representations based on Euclidean cell complexes (i.e., the assumption that cells are homeomorphic to disks: regions cannot be multiply connected and they cannot contain dangling/isolated entities in their interior) has been overcome.

• Combinatorial map transformations, i.e., operations reducing the detail of geographic maps, are modeled as functions between cell complexes. A set of such functions is characterized, which correspond to consistent transformations, on the basis of requirements of classical generalization operations that act on the combinatorial structure of a map.

• A categorical characterization of ACCs with such set of functions (also called morphisms) is provided. Mathematical principles from category theory provide an appropriate formal basis for obtaining innovative results.

• Since not all ACCs correspond to a geographic map, a subcategory of the category of ACCs is defined that captures specific characteristics of geographic maps (called the category of Geographic ACCs, GACCs). Morphisms in the category of GACCs are all consistent map transformations. Within such a category we define minimal morphisms. A minimal morphism is a morphism that cannot be obtained as composition of any two non-identical morphisms in the category. Conversely, every non-minimal morphism in the category can be obtained as finite composition of minimal morphisms. The set of minimal morphisms can be partitioned into classes, by restricting their domain to the set of entities that are modified, while disregarding entities that are not affected by the transformation. Each class is called a minimal operator.

• The major result of this thesis is the explicit detection of minimal operators in the category of GACCs. Such operators are extremely important for several reasons:

– they are necessary and sufficient to generate all consistent combinatorial transformations; thus, implicitly consistent models are built on the basis of such operators;

– they perform local changes within a map;

– they guarantee the graduality of changes in detail during a map transformation; – they provide a way to formalize the concept of diversity between two compatible maps: each consistent transformation is obtained as a sequence of minimal operators; thus, the number of operators applied to the more detailed map in order to obtain the less detailed one provides an evaluation of the computational effort involved in the process (each minimal operator is considered to have unit cost), and of the resulting reduction of information.

Summary

The thesis consists of five chapters, and it is organized as follows.

In Chapter 1, we provide an overview of previous work proposed in the literature, and related to the multiresolution representation of spatial entities. Although the application we have focussed on is two-dimensional, we have analysed the problem of describing spatial objects composed of parts from a more general point of view. Classical models for entities in any dimension are described, with a special attention to models developed for GIS applications. We remark here that, however, the part related to models describing entities in any dimension is not essential for understanding the formalism and results described in the thesis. Then a survey on the various methods for defining spatial relations among such entities is presented. Finally, multiresolution models previously developed are described and discussed. Such models can be subdivided into two classes: instrumental models and structural models. Although instrumental models (mainly developed for describing surfaces/terrains) are not suitable for describing objects composed of parts at different levels of resolution, the overview on such models (Section 1.3.1) has been included in this Chapter because they represent the most part of multiresolution models proposed in the literature, and, historically, the first ones. Also, on the basis of properties/requirements of such models, there have been attempts to define structural models, as well as to develop data structures and algorithms to manipulate them. However, the reader can easily skip such Section without compromising the reading of the thesis. The critical analysis of the literature we provide also includes the discussion of limits of classical graph-based formalisms (i.e., plane graphs with Euler operators), as opposed to the approach followed in this thesis.

Chapter 2 introduces formal notions related to spatial entities and their relations within a geographic map. The definition of a map as a weakly disjoint covering of a portion of the plane is provided. A way to obtain such a covering from a generic set of entities by means of a regularization/overlay process is also described.

In Chapter 3, the combinatorial structure of plane maps is formalized through abstract cell complexes (ACCs). Consistent map transformations are characterized in this Chapter as functions between ACCs. On the basis of the resulting set of functions, the category of ACCs is defined. After analysing properties of such category and defining related notions (e.g., minimal morphisms, minimal operators, etc.), we refine it into the subcategory of Geographic ACCs (GACCs), i.e., ACCs representing geographic maps.

Chapter 4 is dedicated to the definition of atomic operators as functions between ACCs. Such operators are shown to correspond to minimal operators of the category of GACCs. A proof of the minimality, as well as of the sufficiency of atomic operators is provided. The importance of having a set of operators that guarantee both the locality and the graduality of changes in detail is highlighted. Furthermore, a method for evaluating the diversity between two different representations of the same area is provided by counting the number of atomic operators to be applied to a given map in order to obtain a less detailed one.

In Chapter 5, a multiresolution model for geographic maps is considered, which is built on the basis of a sequence of consistent map transformations. Data structures for encoding both individual plane map representations and the multiresolution model are proposed. A first attempt to model changes in accuracy in a map and to integrate them with changes in detail formalized in the previous chapters is also briefly discussed.

Finally, some concluding remarks, as well as future developments of this work are outlined. The realization of a prototype system implementing the proposed theoretical work is one of our major objectives.

A few appendixes have been added for introducing basic notions and results from point-set topology, graph theory, and category theory.

Chapter 1

Previous and Related Work

In this Chapter, we will review classical representations proposed in the literature. This survey includes not only representations for entities embedded in the plane but more general representations for entities in any dimension. Although we will focus on geographic map representation as application of this thesis, it is interesting to have a broader view of what has been proposed in the literature. Furthermore, many representations used in two dimensions can be seen as specializations of more general representations. However, as already remarked in the Introduction, the reading of the overview on arbitrary-dimensional representations is not essential for understanding the problems developed in this thesis.

Most representations proposed in the literature are based on Euclidean cell complexes, which decompose objects into elementary parts without maintaining their original structure: non-elementary parts (i.e., containing holes and/or cuts in their interior) composing the objects are further decomposed into cells that are homeomorphic to disks. In two dimensions, more general objects (including holes and cuts) have been modeled by using plane graphs.

Since our aim is providing representations for spatial databases, we must take into account the peculiarities in dealing with spatial data. Classical tabular representations are not suitable for describing spatial properties. Spatial concepts must be supported by the query language: to this aim, relations (topological, metric, etc.) among spatial entities are usually embedded in the database itself. In particular, topological relations provide fundamental information exploited in querying a spatial database. Thus, in this Chapter, we also provide an overview of commonly used formalisms for defining such relations.

Notwithstanding the importance of providing representations of spatial entities at different levels of detail in several application fields, no unifying mathematical model has been proposed that formally specifies requirements, and properties of such representations. Many multiresolution models have been proposed in the literature, each targeted to a specific application. They are based on different decompositions of the represented object. We describe previously proposed models and analyse their applicability to the purpose of this thesis. More specifically, we try to detect important properties of multiresolution models and we propose a classification of such models into instrumental and structural models, depending on the kind of decompositions they are based on.

In structural multiresolution models, both the level of resolution and the used decomposition are strictly related to the inherent structure of the represented object. On the contrary, in instrumental multiresolution models, each representation arbitrarily decomposes the object into simple parts. In this case, a finer decomposition yields a better approximation of the shape of the object. Examples of instrumental models are multiresolution models for the description of surfaces. A variety of instrumental models have been proposed in the literature, while structural models are very few.

In this thesis, we are interested in the definition of structural multiresolution models that support the description of geographic maps at different levels of detail, thus the majority of available models are not suitable to our purpose.

The Chapter is organized as follows: Section 1 reviews representations for spatial entities, with particular emphasis for representations based on decompositions, being a geographic map a decomposition of a portion of the plane into points, lines and regions. Section 2 presents formalisms for describing spatial relations among entities, while in Section 3, a survey of multiresolution models proposed in the literature is provided. We describe both instrumental and structural models (Sections 1.3.1 and 1.3.2, respectively). However, as already pointed out in the Introduction, Section 1.3.1 can be skipped without compromising the understanding of the rest of the thesis. Section 4 is dedicated to a critical analysis of the state-of-the-art that explains the reasons why previously proposed models are not suitable for our purposes.

1.1 Representations for Spatial Entities

The problem of representing spatial entities arises in various contexts and it can be tackled from different points of view. From a theoretical point of view, researchers in the field of geometric modeling aim at defining abstract models that describe generic spatial entities (e.g., with complicated shapes and/or in arbitrary dimensions, etc.) in order to provide independence from any specific application. Formal models must not only provide a mathematical definition of the objects described, but also permit to check the consistency of data structures designed to encode such objects within a computer system.

The research in the field of spatial entities representation is currently aimed at two main objectives:

• define models (and representations) that are powerful enough to describe all objects of interest within a given application domain;

• define data structures that support an efficient and consistent manipulation of such objects.

Such requirements may be in contrast with each other: in order to cover wide and general representation domains, hardly checkable, and quite inefficient representations are often defined. Indeed, very wide representation domains have very few characteristics from a mathematical point of view and, thus, less theoretical results exist. Conversely, efficient representations based on theoretical results can be obtained for specific domains which can, however, be insufficient for describing objects involved in some applications.

Thus, the main efforts of geometric modeling as a research field are devoted to attempts in finding trade-offs between the possibility of dealing with specific representation domains, on whose basis it is possible to develop sound and efficient representation schemes, and the extension of such representations to more general domains.

A general classification distinguishes between decomposition and constructive representations. More precisely:

• decomposition representations describe an object in terms of a collection of primitive objects combined through a glueing operation; they are subdivided into

– object-based representations: an object is subdivided into pairwise quasi-disjoint elementary parts (see next Section);

– space-based representations: the space occupied by the object is subdivided into regular elements, and only approximate representations can be obtained; examples are spatial enumerations and adaptive subdivisions like the quadtree, the octree or the bintree [100, 152, 153, 163]^1;

• constructive representations describe an object as the Boolean combination of predefined primitive point sets [144, 145, 146]; they are typical of a design environment since they simulate the construction process; thus their main application is in CAD systems.

Both object-based and space-based decompositions have been used in GISs for representing spatial entities. They are usually referred to as vector and raster approaches, respectively. In this thesis, we are interested in providing vector representations; thus, we will treat into detail only object-based decomposition representations. Indeed, we intend to model

1Hybrid models have also been defined which combine object- and space-based representations [16, 34].

geographic maps, defined as decompositions of a portion of the plane (the domain of the map) into points, lines and regions. Thus, a decomposition, where each piece corresponds to a part of the described object is quite a natural representation tool.

We do not consider constructive representations since they are usually based on very simple primitives, while the parts composing the objects we want to represent can have more complicated structures.

In the following Section, we will briefly review the most relevant representations based on decompositions proposed in the literature.

1.1.1 Representations Based on Decompositions

Object-based decomposition representations describe an object as the combination of pairwise quasi-disjoint elementary entities whose union covers the object.

In most representations proposed in the literature, an object is thought of as a unique subset of the space, not further structured (i.e., composed of a single “piece”). The (arbitrary) decomposition of the object in a representation scheme is usually aimed at obtaining pieces having a simple topological structure, in order to make manipulation easier. Hence, in this case, the decomposition is only intended for representation purposes: we will call it an instrumental decomposition.

Decomposition representations have been employed in solid modeling and in finite element methods. In both fields, volumetric^2 approaches have been applied: the point set covered by the object (domain) is represented through a collection of basic elements.

In geometric modeling, also boundary representations, describing objects through their boundaries, have been used. In the two-dimensional case (i.e., for objects in the plane), this approach is trivial since it consists of representing polygons. In three dimensions, it corresponds to providing a two-dimensional decomposition of the surface bounding the object [7, 89, 120, 139, 169, 173].

Although classical decomposition representations have been developed first as tools for representing single-piece objects, sometimes they have also been applied as structural decompositions, i.e., for representing objects implicitly composed of meaningful parts. Being based on components having a simple topological structure, such representations permit to have each part represented as a collection of elements. For example, in boundary representations used in solid modeling, multiply connected faces of the object boundary are

2The term volumetric representation is used to mean an explicit representation of the point set corresponding to the object as opposed to other representations describing the object only implicitly (e.g., through its boundary). This is not referred only to three-dimensional objects but, more generally, to objects in any dimension.

Figure 1.1: (a) The face on the right is multiply connected; (b) such face is partitioned into two simply connected faces.

segmented into simply connected faces (see Figure 1.1), being based on Euclidean cell complexes (see next Section).

Another method consists of representing component parts separately (possibly through a decomposition representation), and then glueing them through some assembling process [113, 155]. Examples are the so-called Modular Boundary Models (MBMs) which describe solids as a collection of face-abutting object parts, each represented by its enclosing surfaces [19, 50, 51]. In particular, the Face-to-Face Composition (FFC) model [19, 33] is a specific model belonging to this class which contains explicit information about connection and interference among object components. The elementary components in an MBM consist of planar-faced r-sets, i.e., subsets of IE^3 not containing dangling/isolated entities. This represents the main limitation of this kind of models for application to our purposes.

In the following, we describe the most widely used representations based on decompositions, i.e., representations based on Euclidean cell complexes.

1.1.1.1 Representations Based on Cell Complexes

Cell complexes in IE^n (also Euclidean cell complexes) are collections of k-cells (0 ≤ k ≤ n). A k-cell is any subset of IE^n (k ≤ n) homeomorphic to a k-dimensional disk. The boundary of each k-cell (k > 0) is the union of cells which have a dimension lower than k. In a cell complex, pairs of cells must be either completely disjoint, or meet along their boundary. A cell complex is said to be n-dimensional if n is the maximum dimension of its cells. A regular n-dimensional complex is a complex in which each k-cell (for each k < n) belongs to the boundary of a (k + 1)-cell (this excludes the presence of dangling/isolated entities). When the cells are simplices, i.e., each k-cell is a linear convex combination of k + 1 points, the cell complex is said to be a simplicial complex. In three dimensions, a simplex is a tetrahedron. Then, a simplicial complex in the space is usually called tetrahedralization.

Simplicial complexes are widely used in practical applications, since they have nice combinatorial properties. Indeed, a regular n-simplicial complex is fully characterized by the collection of its n-simplices, while all other s-simplices, for s < n, can be obtained as a linear convex combination of vertices of n-simplices. Efficient algorithms have been proposed in the literature for computing simplicial complexes.

Originally, cell complexes have been defined in algebraic topology with the precise aim of simplifying the computation of topological invariants of continuous spaces. Indeed, the study of such invariants through point-set topology has been proven to be largely intractable due to the arbitrary nature of point sets and to the difficulty in enumerating all possible point sets. The solution to such intractability has been found by “approximating” continuous topological spaces through finitely describable complexes of topologically simple cells, i.e., cells homeomorphic to disks (see, for example, [2, 29, 166]).

The advantage of using cell complexes lies in the fact that theoretical results of algebraic topology provide means to check the consistency of representations defined on the basis of such mathematical concepts. Furthermore, in practical applications such as solid modeling, the main advantage consists of the possibility of separating topological aspects (concerning topological relations involving entities of the complex) from geometric information. Topology in a cell complex is based on combinatorial rules among the cells of the complex, while geometry is a metric description attached to any single cell, which embeds the complex in a Euclidean space. Actually, the geometric embedding may be the simplest part of the structure, since it may consist only of point coordinates (for example, for simplicial complexes embedded in IE^3, such information is sufficient). In geographic information systems, for instance, separating topology from geometry allows the system to maintain topological consistency among points and lines to be represented, in spite of numerical approximation concerning geometric computation [141].

Other application fields, in which representations based on cell complexes have been successfully applied, are computer graphics, finite element analysis, computer vision, robotics, image understanding, etc. (see [20, 25, 106], for examples of applications of such representations).

Several representations have been defined in recent years describing three-dimensional [60], and even n-dimensional cell complexes [26, 28, 64, 115, 116, 117, 148]. We must remark that many such representations describe cell complexes in IE^n decomposing domains which are either regular sets or have (n − 1)-manifold boundary^3. In other words, such classical representations do not support the description of situations like cells with holes, cells with isolated/dangling entities in their interior, etc. A few proposals have also been provided for describing objects with non-manifold boundary [91, 128, 135, 136, 148, 170, 171].

Representations based on cell complexes can be basically subdivided into two main groups [26, 116] with respect to the way cells are “represented”: either implicitly (implicit-cell

3An regular set or r-set in IE^n is a set such that A ≡ i(A) (where i(A) and A denote the interior and the closure of a set A, respectively), i.e., a subset having homogeneous n-dimensionality (and no dangling parts). An (n − 1)-manifold is a subset of IE^n where each point has a neighborhood homeomorphic to an (n − 1)-dimensional disk.

representations) or explicitly (explicit-cell representations).

Implicit-cell representations are composed of a set of basic elements (e.g., darts [114, 115], cell-tuples [26], etc.) plus a set of functions acting on such elements (e.g., involutions [116], switch operators [26], etc.). Note that the implicit definition of cells may be explicit in a data structure derived from such representation scheme, and, however, it is always possible to retrieve all the cells composing the complex from such representations. Examples of implicit-cell representations are the cell-tuple structure [26] and n-dimensional generalized maps.

The cell-tuple structure [26, 27, 28] has been defined for modeling the topology of subdivisions of orientable/non-orientable manifolds in arbitrary dimensions (also called subdivided manifolds). The cells composing the complexes described by such representation are obtained as union of simplicial cells. Indeed, a correspondence between cell-tuple structures and such complexes has been established through the so-called barycentric triangulation (see [28] for further details).

Another representation for the description of n-dimensional cell complexes are the so-called n-G-maps [116]. More precisely, they allow the representation of simplicial complexes structured into cells (i.e., cell complexes which allow a barycentric triangulation). Here, the elementary cells are more general since they can have also incomplete boundary. N-G-maps are composed of a set of basic elements, called darts, on which element functions (involutions) act. A small set of basic operations for constructing such representations has been defined and, based on them, a modeler has been implemented [23]. Such representation has also been completely specified through algebraic specifications thus obtaining a safe and reliable software package [22, 23, 24, 62, 63]. Extensions of n-G-maps for dealing with more general domains as well as specializations for more restricted complexes are currently under study [79, 110, 111, 117].

Within explicit-cell representations, cells are maintained, together with some adjacency and incidence relations among them [64, 80, 148]. The topology of the subdivision can be schematically represented through a graph (or hypergraph), whose nodes correspond to cells of the subdivision, and whose arcs correspond to incidence/adjacency relations among such cells. The incidence graph proposed by Edelsbrunner [64] is the most classical among explicit-cell representations. Such structure is as well used for representing ndimensional complexes with manifold domain. This model explicitly represents all i-cells of the subdivision (for 0 ≤ i ≤ n) as nodes of the graph and, for each k-cell γ (1 ≤ k ≤ n−1), the node corresponding to it is joined to all nodes corresponding to (k − 1)-cells as well as all nodes corresponding to (k + 1)-cells incident at γ thus generating arcs of the graph.

An extension of the incidence graph has been proposed in [148] for describing non-manifold objects. In such representation, a semantic attribute is associated with each cell (i.e., with each node of the graph): a cell can be either active or non-active. Point sets associated with active cells are included in the point set defined by the represented complex. Such a point set is thus the union of all point sets associated with active cells (this can be, of course, a non-manifold set).

Within CAD/CAM applications, representations of non-manifold objects are very useful since they permit to represent objects of mixed dimensionality (objects which are not rsets) possibly having internal structures and incomplete boundaries. Thus, they support modeling of mechanical parts, faces and curves (representing either construction aids or regions of contact between solids and interior faces): they decompose solids either into finite elements or into subsets exhibiting different physical properties.

An attempt to investigate pathological situations which are not captured by classical models and representations has been proposed by Pigot [136]. His intention is to detect a class of complexes with more general cells and domains. In particular, he analyses properties and limits of CW-complexes, in which only the interior of cells is homeomorphic to a (open) disk, thus allowing the presence of dangling lower-dimensional entities inside cells.

1.1.1.2 Decomposition Representations for GIS Applications

Decomposition representations have also been used in GIS applications, where some of the above mentioned structures developed within the context of solid modeling (for describing decompositions of the boundaries of solid objects) have been applied for representing plane maps.

In [87], decomposition representations for spatial entities in two dimensions have been classified into cell-complex-based representations and graph-based representations.

In particular, the need for a sound mathematical theory underlying representations for spatial entities involved in GIS applications was pointed out first by Corbett in [47] and White in [172], where the authors discuss how mathematical concepts from algebraic topology (e.g., cell complexes) help in solving specific problems arising in automated cartography.

As already remarked, in the majority of practical applications, the most commonly used complexes are simplicial complexes (triangulations), for their combinatorial and geometric simplicity. In [82], a structure based on simplicial complexes, the cell graph, has been exploited to solve the problem of preserving topological relations during affine transformations.

Although structures for generic complexes can be used also for triangulations, some special structures have been also developed in the literature, which can exploit nice characteristics of such decompositions. A widely used data structure for triangulations that exploits their combinatorial properties consists of storing, for each triangle, its three vertices and its three edge-adjacent triangles, in a consistent order [64]. Also, if augmented with one triangle incidence per vertex, it can be navigated efficiently: all topological relations between vertices and triangles are retrieved in optimal time.

A similar data structure has been proposed recently in the context of GISs to encode a trapezoidal map, which is called the quad-view data structure [81]. Such a data structure has been used to implement efficient traversal and overlay algorithms.

A few data structures have been proposed to encode general subdivisions with features such as holes and dangling lines. They are basically extensions of incidence graphs to nonregular situations. TIGRIS [96] is a commercial system whose underlying data structure is similar to the DCEL (Doubly-Connected-Edge-List [139]). A similar structure was also adopted in [54] by extending the DCEL with lists of isolated points and dangling edges attached to faces.

More recently, the problem of representing more general and complex geographic entities has been faced and, thus, the need to formally describe them arises. Some models have been proposed attempting to provide formal approaches to the description and manipulation of spatial entities.

In particular, in [176], a canonical model for areal objects is proposed. A generic area is represented by means of a tree structure. Set-theoretic and topological operations on areal objects are also presented. The model relies on an object-oriented approach (see also [72, 177]). Such a model is effective and allows to represent objects with holes, but it does not allow the presence of dangling and/or isolated entities inside them.

A number of other representations have been proposed for giving a comprehensive representation of the geometric structure of plane geographic maps (see, e.g., [54, 65, 82, 123, 135, 88, 175]).

In particular, when using a graph-based formalism (see Appendix C) [54, 88, 125, 157, 160], a map is defined as a decomposition of a portion of the plane into points, lines and regions, induced by embedding of a (possibly non-connected) planar graph in the plane: points correspond to vertices, lines correspond to edges, while regions correspond to faces of the graph. The use of plane graphs permits to model regions with holes as well as isolated entities inside regions with no need to apply any further decomposition on such regions.

A meaningful example of representation based on plane graphs is the so-called realm [86, 88, 157]. Realms are sets of points and line segments such that the coordinates of points are finite values.

By using the planar graph formalization it is possible to exploit related theoretical results. In particular, as seen in Appendix C, Euler formula relates the number of vertices, edges, faces and connected components of the graph:

Figure 1.2: The MEV operator.

Figure 1.3: The MEF operator.

v − e + f = c. On the basis of this formula, a set of operators have been defined, called Euler operators, which permit to build/destroy any plane graph, and ensure the topological consistency of the structure which is incrementally built, through the respect of the Euler formula at any step [120]. In other words, if an Euler operator is applied to a plane graph (in which Euler equation is satisfied), the result of the operation is another graph in which such equation is still satisfied. Euler operators only ensure the topological consistency (such as connectivity) of the graph, while they do not ensure the geometrical consistency (such as avoiding edge intersection). Three constructive Euler operators are defined:

• MV C (Make-Vertex-and-Component): it creates a new connected component, composed only of one vertex.

• MEV (Make-Edge-and-Vertex): given an existing vertex v, and a new vertex v^′, it adds the new vertex and an edge having v and v^′ as endpoints. No new faces are created (see Figure 1.2).

• MEF (Make-Edge-and-Face): given a graph, and two of its vertices v_1, v_2, belonging to the same face f, it adds an edge e joining v_1 and v_2. Face f is split in two faces (see Figure 1.3).

Such operators are necessary and sufficient to generate any plane graph. Converse destructive operators are called KV C, KEV , KEF (Kill-Vertex-and-Component, Kill-Edge-and- Vertex, Kill-Edge-and-Face, respectively).

By extending Euler formula, sets of operators for building boundary representations of solids have also been defined (see [120]).

Note that the advantage of using graphs lies in the availability of several data structures, as well as algorithms for efficiently encoding and manipulating them, developed in the computational geometry and geometric modeling literatures.

1.2 Formalisms for Topological Relations

There are major differences in dealing with spatial and non-spatial data. Classical databases organize and retrieve data through their values, while spatial databases organize data which are embedded in concrete geometric spaces and retrieve them through their spatial relationships (see [87] for a survey on spatial databases). Thus, tabular representations are not suitable for describing properties of entities geometrically defined and located in space. Spatial query languages must support spatial concepts. Among other properties of spatial data, relations based on topology, metric, order and directions seem to be fundamental concepts to be exploited when querying a spatial information system [73].

Topological relations are preserved under continuous transformations (e.g., translation, scaling, rotation). Metric relations exploit the existence of measurements such as distances, spatial proximity, etc. Order relations rely upon the definition of an ordering, while directional relations are characterized in terms of position of entities with respect to some oriented direction (e.g., north, south, right/left-of, etc.).

The topology of a set of spatial entities is a qualitative concept, independent of quantitative measures such as distances, sizes, etc. The basic topological relations are neighborhood and overlapping from which connectivity can be derived. Topological relations can of course be derived from positions of entities (with respect to some fixed coordinate system); however, positioning of objects relative to one another can be known without information on the exact (absolute) object positions and, above all, the amount of processing required to extract topological relations from absolute positions can be very large, while the amount of information needed to describe topology can be relatively small.

In geographic information systems, topological relations are usually explicitly stored for reasons of efficiency and consistency [93]. For example, in spatial information processing systems, an important criterion for determining whether a database state is correct or not is topology: neighbouring countries must have a common border, seas and lakes do not overlap, etc.

A great amount of work has been done related to spatial entities and their topological relations [54, 66, 67, 70, 74, 93, 101, 133, 175, 176].

In the following Sections, we describe the most widely used formalisms for representing topological relations and models for efficiently performing spatial queries based on such formalisms.

1.2.1 The 4- and 9-Intersection Formalisms

Topological relations between pairs of simply connected regions are usually classified according to the so-called 4-intersection relations [67], which are obtained combinatorially from a simple scheme involving the mutual intersections between interiors and borders.

In the following, we review a formal definition of such relations as proposed in [67] (as an extension of a previous work [140] on relations between one-dimensional intervals). Essentially, the model adopted by Egenhofer and Franzosa describes spatial relations between two subsets A and B of a topological space X on the basis of the four intersections of the borders and interiors of the two sets (denoted b(A), b(B), i(A), and i(B), respectively), i.e., b(A) ∩ b(B), b(A) ∩ i(B), i(A) ∩ b(B), and i(A) ∩ i(B).

The first intersection is called the border-border intersection, the second intersection the border-interior intersection, the third intersection the interior-border intersection, the fourth intersection the interior-interior intersection.

Definition 1.2.1 Let A, B be a pair of subsets of a topological space X. A topological relation between A and B is described by a four-tuple of topological invariants associated to each of the four sets b(A) ∩ b(B), b(A) ∩ i(B), i(A) ∩ b(B), and i(A) ∩ i(B), respectively.

Note that a topological relation between two sets is preserved under homeomorphism of the underlying space X. Specifically, if f : X → Y is a homeomorphism and A, B ⊂ X, then b(A) ∩ b(B), b(A) ∩ i(B), i(A) ∩ b(B), and i(A) ∩ i(B) are mapped homeomorphically onto b(f(A))∩b(f(B)), b(f(A))∩i(f(B)), i(f(A))∩b(f(B)), and i(f(A))∩i(f(B)), respectively. Since a topological relation is defined in terms of topological invariants of such intersections, it follows that the relation between A and B in X is identical to the relation between f(A) and f(B) in Y .

A commonly used representation for a topological relation is by means of a 2 × 2 matrix: ( b(A) ∩ b(B) b(A) ∩ i(B) i(A) ∩ b(B) i(A) ∩ i(B) )

The entries of the matrix correspond to properties of the four set-intersections that are invariant under homeomorphism. For example, the property empty/non-empty is settheoretic, and therefore, topologically invariant. A lot of work and results obtained on the 4-intersection relations has been developed considering such simple, though general invariant [65, 66, 67, 70, 74].

By assigning the appropriate value empty/non-empty to the entries of the four-tuple, we have 2^4 = 16 possible relations (see table 1.4).

b(A) ∩ b(B) b(A) ∩ i(B) i(A) ∩ b(B) i(A) ∩ i(B) r_0 ∅ ∅ ∅ ∅ r_1 ∅ ∅ ∅ ¬∅ r_2 ∅ ∅ ¬∅ ∅ r_3 ∅ ∅ ¬∅ ¬∅ r_4 ∅ ¬∅ ∅ ∅ r_5 ∅ ¬∅ ∅ ¬∅ r_6 ∅ ¬∅ ¬∅ ∅ r_7 ∅ ¬∅ ¬∅ ¬∅ r_8 ¬∅ ∅ ∅ ∅ r_9 ¬∅ ∅ ∅ ¬∅ r_{10} ¬∅ ∅ ¬∅ ∅ r_{11} ¬∅ ∅ ¬∅ ¬∅ r_{12} ¬∅ ¬∅ ∅ ∅ r_{13} ¬∅ ¬∅ ∅ ¬∅ r_{14} ¬∅ ¬∅ ¬∅ ∅ r_{15} ¬∅ ¬∅ ¬∅ ¬∅ Figure 1.4: The 16 specifications of binary topological relations based on the criteria of empty/non-empty intersections of borders and interiors.

Note that since a set is either empty or non-empty, such 16 relations provide complete coverage (i.e., for each pair of sets A and B in X, there is always one of the above topological relations between A and B). Also, since a set cannot be simultaneously empty and nonempty such relations are mutually exclusive (i.e., for each pair of sets A and B in X, there is exactly one of the above topological relations between A and B).

In general, each of the 16 relations can occur between two sets. Depending on various restrictions on the sets and on the underlying topological space X, the actual set of existing relations may be reduced to a subset of them. For general pointsets in IR^2, all 16 relations can be realized.

In [67], such relations have been classified into 6 groups (depending on the dimension of the involved sets): area/area, line/area, point/area, line/line, point/line, point/point.

Among such groups, the most widely studied and analysed has been the area/area group, especially when the involved regions are simply connected and the codimension (i.e., the difference between the dimension of the space and the dimension of the embedded spatial objects) is zero [66, 67, 70, 74, 76]. Only 8 of the 16 relations have been proved to be possible in such case, namely relations r_0, r_3, r_5, r_8, r_9, r_{11}, r_{13}, and r_{15} [67]. Such relations have been called: disjoint (r_0), contains (r_3), inside (r_5), meets (r_8), equals (r_9), covers (r_{11}), coveredBy (r_{13}), and overlaps (r_{15}), see Figure 1.5.

Figure 1.5: Binary topological relations for simply connected regions.

The same names are also suitable for other groups of topological relations; however, for example, also relations bounds and boundedBy are possible between entities of different dimensions, and such that one is contained in the border of the other [54] (see, for example, Section 2.2 for relations between entities in a map).

In [69, 70], properties of the area/area relations have been analysed: in particular, it has been shown that each of the eight possible relations between regions has a converse relation (which can coincide with the relation itself). More precisely: • A disjoint B iff B disjoint A • A meets B iff B meets A • A equals B iff B equals A • A overlaps B iff B overlaps A • A inside B iff B contains A • A covers B iff B coveredBy A Since there are two pairs of converse relations (inside and contains, covers and coveredBy), the number of different types of relations is 6.

In [70], given a set of n objects, the n × n connectivity matrix has been defined whose elements correspond to the relations between pairs of objects. As a consequence of the mentioned converseness property, such matrix is symmetric. Furthermore, by considering other properties of the matrix, it is possible to find topological inconsistencies in the scene composed of such objects.

Over the last few years, the 4-intersection formalism has obtained considerable interest within GIS and database communities. Several researchers have developed models and techniques based on it: for example, Smith and Park [159] showed that the point-set relations form a relation algebra. The possible topological relations between regions are compared with order relations in [101, 102]. In [162] the 4-intersection model was incorporated into a spatial-analysis query language, while Abdelmoty et al. [1] have exploited it as a representation framework to be implemented in a deductive database. Herring [97] discussed extensions of the model to cover all possible topological relations between lines in IR^2 (i.e., with codimension one). Egenhofer and Herring [67], Hadzilacos and Tryfona [93], and Clementini et al. [45] investigated how the 4-intersections behave when applied to model all relations between regions, lines and points in IR^2. In particular, in [68] and [45], by applying simple geometric considerations (similar to those in [67] for the area/area case), it has been shown that line/area cases are only 11 because there are 5 impossible relations; line/line distinct cases are 12 because there are 4 pairs of converse relations. The possible relations are 3 for the point/area and the point/line cases and only 2 for the point/point case. Furthermore, Pigot [134] and Hazelton et al. [94] applied the model to 3- and 4-dimensional objects.

The sound model also provided a good basis for advanced theoretical studies such as the formal derivation of the composition table for this set of relations [67], the design of comprehensive reasoning systems to detect inconsistencies in topological descriptions [70]. In particular, in [75], the importance of providing consistency checking tools within multiple representations has been highlighted. Recently, Papadimitriou et al. [133] have shown that the closure (under appropriate logical operators) of the topological relations between pairs of simply connected regions permits to define languages which are complete for topological properties.

The 4-intersection model with the content invariant of empty/non-empty intersections is very simple, and thus it has obtained great success; however, it is sometimes too generic since it does not allow to distinguish among situations that humans usually consider different [45, 97, 98].

As an example, let us consider the overlap relation. Figure 1.6 shows situations that have the same 4-intersection matrix with empty/non-empty values but correspond to topologically distinct configurations. Other topological invariants may enable the distinction of more details about such relations (i.e., they can be seen as more restrictive classifiers). For example, the dimension and the number of connected components of non-empty inter-

Figure 1.6: Topologically distinct configurations having same 4-intersection matrix.

sections, as well as the type of border-border component intersections (i.e., whether the connected arcs of border components run through different/equal parts of the other object) may be used as additional invariants [66, 75, 76]. In particular, in [46] the dimension of non-empty intersections has been considered for both the 4- and the 9-intersection model (described below). In [76], a set of invariants for border-border intersections has been detected that provides a classifying invariant for simply connected regions in the plane. This is relevant to spatial query processing since any query about topological relations between simply connected regions can be derived from it.

Egenhofer and Herring [67, 69] extended the principle of border and interior intersections with exterior intersections which provides a generic model (called 9-intersection model) for describing topological relations among n-dimensional objects embedded in higher dimensional spaces.

The following 3 × 3 matrix with nine set intersections is thus considered for classifying a topological relation between two objects A and B: b(A) ∩ b(B) b(A) ∩ i(B) b(A) ∩ B^− i(A) ∩ b(B) i(A) ∩ i(B) i(A) ∩ B^− A^− ∩ b(B) A^− ∩ i(B) A^− ∩ B^− where A^− and B^− denote the exterior of A and B, respectively. By considering the empty or non-empty content of such nine entries, the total number of combinations is 2^9 = 512. Excluding the impossible cases, only 68 relations correspond to real cases: 8 cases (6 if we do not consider converse relations) for the area/area group, 19 cases for the line/area group, 3 cases for the point/area group, 33 cases for the line/line group (reduced to 23 due to converse relations), 3 cases for the point/line group, and 2 cases for the point/point group. A comparison of the various 4-intersection and of the 9-intersection models (both with the content and with the dimension invariant) has been given in [46], where all possible cases for the various groups of relations have been illustrated, and the situations in which either model is more suitable have been described. An equivalent calculus-based method has also been proposed in the same paper.

Parts of the extensions to the 4-intersection model proposed in the literature have also been tested with human subjects to identify how closely the formalism represents human cognition [77]. The model has also been used for reasoning and investigating about gradual temporal changes of topological relations [71, 77]: a partial order (i.e., a reflexive, antisymmetric and transitive relation) is established on the set of relations and, by means of a graph-based formalism, an inference system (traversing the graph) predicts the topological relation existing between two objects after a slight change. In particular, in [71] the area/area case is analysed, while in [77] the so-called conceptual neighborhood for line/region relations is taken into account.

Most of the work developed around the 4- and 9-intersections was related to simply connected regions. However, in GISs, objects must be handled with more complex structures (i.e., containing holes, etc.). Some investigations about the relations between more complex geographic objects exist: for example, topological relations between lines that have more than two endpoints have been studied in [68], while topological relations between areal objects generalized to their convex hull have been defined in [48]. Also, a first attempt to defining topological relations between multiply connected regions has been performed in [67] by using the 4-intersection model (9 possible relations were identified between such regions: all relations occurring between simply connected regions, plus relation r_{14} that is called overlap with disjoint borders); in [68], the 9-intersection method is adopted for relations including also non-simple lines: 18 relations have been proved to be possible for the area/area case (among them, 10 can be realized only for regions with holes), 20 cases for the line/area group (one of which possible only if non-simple lines are allowed), and 33 cases for the line/line group if the considered lines are simple, plus another 24 cases occurring only for non-simple lines.

A more comprehensive study of topological relations between regions with holes can be found in [74]. For such regions, the classification is obtained by combining the 4-intersections among the simply connected regions interior to the outer borders (i.e., those obtained by eliminating the holes), and the simply connected regions corresponding to the holes [74]. More precisely, let A be a region with n holes H^A_1 , . . . , H^A_n . The generalized region A^∗ is defined as the union of A and all holes contained in A, i.e.,

A^∗ = A ∪ (∪^n_{i=1}H^A_i ).

Thus, if A has no hole, A^∗ = A. By considering a hole as the closure of an inner interior, we can associate a region A with n holes to the group of n + 1 simply connected regions A^∗, H^A_1 , . . . , H^A_n and consider relations between such regions. Thus, being holes treated as separate objects, topological relations between regions with holes are expressed in terms of topological relations between simple regions. In particular, in [74] rules for detecting only information on the relationship between such simple regions strictly necessary to completely retrieve the actual relation between the original multiply connected regions have been established.

1.2.2 Relation-Based Models

As we have seen, several models for spatial data (in particular geographic maps) are based on Euclidean cell complexes, where all entities are represented as cells. Such models combine both metric and topological information (represented by the coordinates of points and the geometry of lines in the plane, and the relations between pairs of entities, respectively) implicit in a geographic map. Representations of spatial configurations, which do not require a graphical presentation are complementary to cell-complex models. Such models are sufficient if no visual information are available: for instance, when spatial information are collected from verbal descriptions. The need to define this kind of models arises from recent studies developed in the context of a new research area called Naive Geography [78]. This field of study relates to defining formal models of the common-sense geographic world. The aim is the design of GISs that can be used without major training by wider and wider classes of users. The effort should be addressed towards the development of models representing geographic space in a way which is close to the conception/perception of such a space by common people.

Relation-based models are attempts towards such purpose. They focus more on the representation of spatial relations among entities than on the geometry of the individual entities. In other words, they employ qualitative considerations more than quantitative properties of objects [95, 179]. They are represented through a graph-based formalisms. Such models also support the representation of incomplete information and efficient spatial querying.

In [131] both cell complex models and relation-based models have been analysed and compared. A relation-based model for geographic maps has also been proposed that stores regions as nodes and relations among them as arcs. Geographic maps considered in [131] are partitions of the plane into (possibly multi-connected) regions. Thus, only meet relations can occur between regions. Nodes in the model correspond to simply connected regions. However, regions with holes can be represented in this models by defining a hierarchical representation where hierarchical links represent containment relations (see Figure 1.7 for an example).

Spatial relations between regions at the same level in the hierarchy are characterized by the following component invariants [76]:

• boundary-boundary sequence: it captures the order of the components of the boundaryboundary intersection;

• boundary dimension: it represents the dimension of each boundary-boundary component;

• complement relationship: it describes how a boundary-boundary component is related to the complement of the union of two regions.

Figure 1.7: Hierarchical representation of a geographic map containing regions with holes: hierachical links (dashed arrows) correspond to containment relation between the surrounding region and the region filling the hole.

Since metric information are not stored in relation-based models, each such model corresponds to a class of cell complexes obtained by defining an equivalence relation that identifies complexes having the same topology. During this identification, some information (such as the shape of lines) on the represented map are lost.

In order to make a reasonable comparison of relation-based models and cell complex models, as well as to define mappings to generate one kind of models from the other, metric information should be added to relation-based models. However, such models are not efficiently extendible by enriching them through metric information.

An analysis has been performed on both kinds of models in terms of storage and computational complexity. The major results of such an analysis are the following: relation-based models are useful when they can be used as such (i.e., without adding extra information) and allow efficient spatial querying. They are more suitable as cognitive models to be used within Naive Geography since they allow the representation of incomplete information which is not, on the contrary, allowed when cell complexes are used. Obviously, since no positional information is stored, relation-based models have a lower space complexity. However, also cell-complex based representations can be defined independently of the specific embedding (i.e., metric information), as representation of the topological structure of a map (see abstract cell complexes defined in Chapter 3). Such models can be easily enriched through metric information by attaching them to each entity.

Although the entire work has been based on representation of two-dimensional entities in a map (regions), results can be extended to situations where also dangling/isolated entities are included in the map; such entities are stored as nodes in the graph.

The model described in this Section focuses on relations more than on entities. However, in this thesis we are interested in defining models that allow representations of single entities at different levels of detail, so it is essential to explicitly represent all entities in the geographic map, including their boundaries.

A relation-based model might be added to a spatial database as an auxiliary model for speeding up some queries but it is not sufficient in an environment where the representation of all entities of the map (with their boundaries) is required.

1.3 Multiresolution Models

Another topic of relevant interest in modeling spatial entities is related to the representation of data at multiple levels of resolution. In some applications, the possibility of analysing objects at different levels is useful, for example, for providing more detailed and/or accurate descriptions of parts of major interest. The importance of using multiple representations in GIS contexts was underlined in [35, 36]. Indeed, multilevel modeling offers interesting capabilities for spatial representation and reasoning: from support to automated cartography [83], to efficient browsing over large datasets, to structured solutions in wayfinding, planning and design [164], to rendering virtual reality environments [43, 55, 149].

More precisely, with the term multiple representations of a given object we mean sequences of representations of the object itself based on different decompositions. Each decomposition in the sequence corresponds to a representation at a given level of resolution. Such sequences can be built according to two different criteria, which depend on the way decompositions are intended and used. The refinement technique adopted to produce decompositions can be driven by either a structural or an instrumental point of view. In the former case, the decomposition is inherent the structure of the object represented. Different decompositions have different semantics and the level of resolution can be strictly related to the intrinsic topological structure of the described object. As an example, we mention multiple representations of geographic maps [141]. In such case, some objects that appear in two maps of the same area at different resolution can be described through entities of different dimension. However, the accuracy of the representation is also taken into account; thus both aspects, detail (which is concerned with changes in either the dimension or the topology of a given entity), and accuracy (which is concerned with metric changes of an entity) can contribute in changing resolution.

Instrumental multiple decompositions are used only as representation tools. Thus different decompositions do not have different semantics; they are distinguished only on the basis of their accuracy in the representation. As an example, in multiple decompositions used as a basis for approximations of a given object, the most refined decomposition corresponds to the lowest error in approximating the object shape (i.e., it corresponds to the most accurate representation). This is, for example, the case of decompositions used as domain discretizations for the definition of digital terrain models.

The great majority of multiresolution models proposed in the literature are related to instrumental multiple representations. This is certainly due to the fact that decompositions (essentially, cell complexes) have almost exclusively been defined and used with instrumental purposes.

Related to the problem of having multiple representations is the problem of linking different representations of the same object at different levels of resolution. By enriching multiple representations through this kind of information, we obtain a multiresolution model. By explicitly storing such information, efficient techniques can be developed to navigate the model “vertically” (i.e., through different resolutions).

Although deeply different, the instrumental and structural multiresolution models share some properties:

• each level is represented as a collection of elements related through connection/topological links;

• there exist interference links between different levels; interferences can correspond to

– relations between different representations of a given portion of the domain (in the case of instrumental multiresolution) – conceptual links between different representations of a given part of the object (in the case of structural multiresolution)

Generally speaking, multiresolution models can be qualitatively distinguished according to relevant issues that have impact from modeling and computational points of view. Such issues must be taken into account in the analysis/comparison of multiresolution models. The main modeling issues for instrumental multiresolution models (applied to terrain representation) have been highlighted in [56]. They include:

• shape of elements in the decomposition: decompositions in a multiresolution model can be either regular (e.g., the elementary parts composing them are cubes) or irregular; regular decompositions are very advantageous from a computational point of view; however, such decompositions cannot be generally used when the structure of the object must be preserved;

• adaptivity and data distribution: multiresolution models are often used as compression mechanisms of the available data (on the basis of which they are built); indeed, the amount of data available in practical applications is actually quite high and thus, it is useful to have flexible methods for reducing the number of information required for describing the considered entities; some models more naturally adapt to the characteristics of the object to be described thus achieving better data compression;

• level of resolution and size^4: usually it is not possible to achieve a given resolution with a given amount of data (i.e., a given size); a tradeoff must usually be found between the two aspects.

Processing issues are related to the detection of which set of operations must be (efficiently) performed on the model. Such issues have great impact on the design and implementation of the models through prototypal systems. Some basic operations can be detected that each multiresolution model should support. Of course, not all models efficiently support all such operations. The fundamental operations include:

• construction operations;

• extraction of a representation at an arbitrary level of resolution;

• navigation of the model both through different levels of resolution, and across a single level (this usually implies the evaluation of topological links between entities of the decomposition at such level);

• geometric queries (such as location of points or parts of the domain, etc.).

Different multiresolution models usually support different kinds of operations. An analysis of which operations are typical of instrumental multiresolution models has been done only for the specific application to surface multiresolution representation [56]. A systematic study of multiresolution models in more general cases which are applicable to other contexts has not yet been undertaken.

However, it seems quite reasonable to require the following two properties for a multiresolution model to be effective:

• the storage cost of a multiresolution model achieving a given maximum degree of resolution must not introduce a serious overhead with respect to a corresponding (single resolution) representation at the same highest resolution;

• algorithms for accessing and manipulating such model must be efficient.

In the following, an overview of the state-of-the-art of multiple representations is presented. Most of the work related to multiple representations of spatial entities has been developed within GIS applications.

4This issue can be applicable also to structural multiresolution.

1.3.1 Instrumental Multiresolution

In instrumental multiresolution models, the level of resolution is based on the accuracy in the representation. Among them, some work has been done in the development of multiresolution representations for the description, manipulation, and visualization of surfaces described by multivariate scalar fields. Two main applications are the representation of topographic surfaces (terrains) within GISs, and the visualization of volumetric datasets in volume rendering.

Multiple representations for surface approximation combine several descriptions of a given surface based on decompositions of the domain. They support description at different resolutions, and implicitly provide compression mechanisms for the available data.

Indeed, surfaces are usually represented by means of digital models: a digital surface model is characterized by a domain partition (a cell complex which provides a discretization tool for a continuous domain), and by a space of functions defined on such partition (each approximating the scalar field on a cell of the complex). Such models are intended as approximations of surfaces measured through some sampling process.

Thus, a “complicated” surface is piecewise represented using approximations through elementary patches (which can be either linear or polynomial). Here, decompositions are used only as means of “simplification” in the representation. The refinement of a given decomposition is just a tool for reaching the required accuracy in the representation: very small patches (hence, a great amount of patches) implies a more accurate approximation within the corresponding portion of the domain. The same approach is used in finite element analysis (see [158]) where a given domain is subdivided into simpler parts in order to compute some given properties with a certain accuracy. Thus, what is important is not which decomposition is used, but how refined it is: a better accuracy in the approximation is generally paid in terms of a finer decomposition of the domain, yielding higher storage cost and computation time.

The topology of the decomposition underlying a digital surface model can be either regular or irregular, hence classifying such models into regular (i.e., into cubic cells) and irregular models. A major drawback of regular models (although quite efficient from a computational point of view) is the requirement on data distribution that restricts their applicability to gridded data. Irregular models, on the contrary, do not impose any requirement on both data distribution and domain shape. Their advantage is in being more adaptive to irregularity of the described surface. Among them, those based on simplicial complexes are the most commonly used because they support linear interpolation within each simplex, thus guaranteeing the continuity of the approximation, and for their geometric and combinatorial properties.

From a computational point of view, the most important operations that instrumental multiresolution models should support are: the extraction of a representation at a given accuracy, the location of points or portions of the domain, etc. Of course, depending on the application, different models support different sets of operations to be efficiently performed.

Multiresolution surface models can be classified into two main classes, namely Hierarchical Models and Pyramidal Models. Hierarchical models are based on a recursive subdivision of the domain using either regular or irregular cells. Each cell is considered as an individual entity and refined independently of the others. A different approach to multiresolution surface description is provided by pyramidal models, in which the structure is not hierarchical but stratified. Here the refinement is globally performed on the whole domain instead of only on portions of it, thus allowing to preserve global properties.

Most literature on multiresolution models deals with the two-dimensional case. Complete and detailed surveys of multiresolution terrain models can be found in [57, 142]. Examples of hierarchical models are: the quadtree [152] (and its variants [5, 154, 167]) and the quaternary triangulation [4, 85], both based on regular domain subdivisions; the ternary triangulation [49, 137], the adaptive hierarchical triangulation [156], and the hierarchical Delaunay triangulation [53], which are based on non-regular domain subdivisions.

The first pyramidal model proposed in the literature is the Delaunay pyramid [52], which is based on a sequence of Delaunay triangulations satisfying progressively finer levels of accuracy. Other works following this approach have been proposed only recently. In [15] efficient data structures for the Delaunay pyramid were proposed. In [43] a multiresolution model similar to the Delaunay pyramid was presented, which also supports extraction of continuous surfaces at variable resolution. An alternative pyramidal model based on Delaunay triangulations has been proposed in [10], that is built according to a simplification technique (i.e., by following a bottom-up approach).

Recently, dimension-independence is becoming a more and more relevant issue in geometric modeling. Handling generic n-dimensional entities is, however, a complex task. Very few extensions of the multiresolution terrain models, in the direction of the representation of scalar fields in arbitrary dimension, have been proposed in the literature.

Three-dimensional generalizations of surface quadtrees can be obtained on the basis of octrees [42, 153], which require regularly distributed data and provide a domain subdivision into regular three-dimensional cells (cuboids) of variable dimensions.

A few other proposals include generalizations of two-dimensional models based on triangulations to the three- and general n-dimensional case. Indeed, multiresolution representation of three-dimensional scalar fields is a research issue currently under investigation, while the area is almost completely unexplored for higher dimensions. A hierarchical model for the representation of three-dimensional scalar fields based on tetrahedralizations has been proposed in [13] for applications to volume visualization. This model is an extension of the

Figure 1.8: A hierarchical 2-simplicial complex.

hierarchical model proposed in [53]. The hierarchical model is described by means of a tree structure. Each level in the tree corresponds to a given approximation error. A 2-dimensional example is shown in Figure 1.8.

First attempts to multiresolution description in the generic n-dimensional case have been presented in [11, 12, 17]. Finally, a model, called multilevel model [18], has been proposed for giving a unifying framework for multiresolution hypersurface description. Such model allows to formally describe both hierarchical and pyramidal models based on simplicial complexes and is independent of the dimension of the described entities as well as of the specific application considered.

1.3.2 Structural Multiresolution

The problem of providing multiple representations in which the decomposition is coherent with the intrinsic structure of the represented object has not been widely studied. Here, the attention is focussed on the choice of the decomposition rather than on its level of accuracy.

The basic functionalities required in the model include: the extraction of a representation at a given level of detail; the navigation of each decomposition at a fixed level (through topological links) as well as the possibility of efficiently accessing more detailed description of a part of the object from a less detailed one (through inter-level links).

Structural multiresolution has been investigated especially within GIS applications. Some research has been undertaken in the last few years concerning the development of data models for the multiresolution representation of geographic maps [14, 30, 31, 32, 83, 141] (which can be seen as structured objects whose parts correspond to regions of the map). Some proposals have been presented that address multiple representations of spatial data in the context of GIS, concerning either the development of data models [14, 30, 31, 32, 83], or the assessment of consistency among different representations [70, 71, 75].

In particular, in [14] a structural multiresolution model for representing geographic maps has been defined. A further development of the model was presented by Puppo and Dettori in [141].

Such a model is represented by means of a tree of maps at different resolutions, where each map is the refined description of a simple region of its parent node in the tree. The basic representation for each component is the Plane Euclidean Graph (PEG), defined in [54], for describing maps containing generic polygonal regions with holes, isolated points and lineal features (some restrictions, however, have been imposed on possible relationships between such entities). Each node in the tree is a PEG corresponding to the refined map of a polygonal region in its parent node, also containing the refinements of its lineal features. The refinement criterion is based on the notion of homotopy, and imposes a consistency of the overall shape of a region, of its holes, its adjacencies in the map, and its features, throughout the whole hierarchy (see also Section 5.3, where we explicitely describe the refinement criterion and try to combine it with changes of detail formalized in this thesis).

The major contribution of such work consists of approaching the problem from a theoretical point of view by using formal tools. Also, the possibility to separate metric aspects from topological aspects in a map as well as to model them by means of different mathematical concepts has been underlined. However, some restrictions have been imposed on the model. In particular, only changes in accuracy were considered. Also, lines and regions can be refined but they cannot be represented through entities of different dimensions in different decompositions of the model. Furthermore, hierarchical links are maintained only between regions but not between lines.

A limitation of this work is the lack of a characterization of which functions correspond to consistent map transformations: no set of operators could be defined that generate all consistent transformation. Consequently, intrinsically consistent models could not be defined. Also, no data structure for the proposed model was provided.

Another example of multiple representations where the decomposition technique is dictated by the intrinsic natural structure of the described object has been proposed in [149]. Such a representation is aimed at very complex and fairly irregular CAD representations of mechanical parts. Thus, the considered objects are composed of parts, and their overall structure must be maintained throughout the sequence. A technique for generating multiresolution approximations of arbitrary polyhedra through triangulations is presented. Such a method is based on a simplification criterion that produces a sequence of approximation decompositions of the boundary of the polyhedron having a decreasing number of faces and vertices. The simplification process clusters vertices into groups; for each such group, a representative vertex is chosen according to some given criterion. Thus, original faces are approximated with fewer faces defined in terms of selected vertices. In other words, at a given level of resolution, i.e., in a given decomposition of the sequence, a group of faces will be represented through a single face (i.e., at a low accuracy), and then their representation will be refined (i.e., represented at a higher accuracy) at a further level. Thus, the decomposition is not only a means of approximating/representing the object at a given accuracy, but it also has a semantic meaning related to the structure of the object. By means of such multiple representations, it is possible to display some objects of interest at a higher resolution with respect to other less relevant objects within a composite scene.

Finally, another model based on simplicial complexes, that makes use of a more general refinement transformation, allowing the use of arbitrary simplicial complexes (e.g., in any dimension, non-orientable, non-manifold, non-regular), was recently presented in [138].

1.4 Analysis of the State-of-the-Art

In this Section, we try to critically analyse what has been proposed in the literature and to relate it with the main objectives of this thesis.

As remarked in Section 1.1.1, classical representations developed in geometric modeling were defined by assuming that the represented objects are composed of a single block (not further structured); thus, the corresponding mathematical models are point sets which capture the intuitive notion of a real object such as finiteness, rigidity, boundary determinism, and finite describability.

The most commonly used representations are based on Euclidean cell complexes. The main reasons for using cell complexes in describing geometric objects are the following:

• they provide a formal basis for developing sound descriptions of spatial objects; they give the possibility of exploiting various theoretical results and properties, thus providing means for checking the consistency of the developed representations;

• they permit to separate topological information from geometric information, thus allowing to study the two aspects independently of each other.

Since in classical representations an object is considered as composed of a single piece, and no intrinsic structure must be preserved, cell complexes are used only as instrumental decompositions (thus they can be arbitrary: it is not the specific decomposition, but the object it represents to be important).

However, in this thesis, we are mainly interested in applications where objects must be handled, which may have the following characteristics:

Figure 1.9: (a) The region contains a cut; (b) such a region is partitioned into two simple regions.

• they may be intrinsically structured, i.e., they correspond to (possibly non regular) point sets partitioned into parts;

• such parts may be topologically non-elementary and dimensionally non-homogeneous;

for example, geographic maps may have multiply connected regions (e.g., regions with lakes) as well as cuts inside regions (e.g., rivers or roads crossing a region); similarly, mechanical pieces may have holes (e.g., bolts and nuts) and isolated/dangling parts (e.g., aerials and doors, which are three-dimensional pieces that can be treated as lower-dimensional ones).

Actually, the use of a decomposition (in which each element corresponds to a part of the object) seems to be quite a natural way for describing such objects. In this case, however, the decomposition has a semantic meaning and it is said to be used for a structural purpose; it cannot be arbitrarily chosen but it must preserve the structure of the object.

Note that the mathematical model should be changed from a “simple” point set into a decomposed point set. Such a model should permit to develop a both unambiguous and unique representation. If we had a bijective correspondence between pieces in the model and pieces in the object, then the representation would obviously be unique. Such a kind of model is still lacking in the literature. Indeed, cell complexes are not sufficiently powerful to model all relevant structures.

Representations based on cell complexes are unambiguous but not unique, since being only instrumental decompositions, different complexes can be used to describe the same object.

The major drawbacks and limitations in applying Euclidean cell complexes as models for structured objects arise from being composed of cells homeomorphic to disks. Therefore, if a single meaningful piece in the context of a structured object is not homeomorphic to a disk (e.g., it has holes and cuts), it will not be possible to represent such a piece with a single cell (see again Figure 1.1, and Figure 1.9, for another example). Besides imposing an arbitrary decomposition to the object, decompositions into simple cells can be expensive in terms of both computation and storage.

In Figure 1.10, a taxonomy of classes of cell complexes is depicted. Arrows go in the direction of classes of complexes having a greater expressive power. We recall that Euclidean

Figure 1.10: Classes of cell complexes.

Figure 1.11: A regular two-dimensional simplicial complex.

cell complexes are composed of closed cells homeomorphic to disks. Regular simplicial complexes are the most widely used [28, 80, 82, 116] and do not allow the direct representation of both regions with holes and dangling/isolated entities (see Figure 1.11 for an example). Regular cell complexes are more powerful since they allow simply connected cells of any shape [64, 148] (see Figure 1.12 for an example). Non-regular cell (simplicial) complexes allow the presence of lower dimensional entities dangling outside highest dimensional cells [82, 136, 148] (see Figure 1.13). CW-complexes can be composed of more general cells. Indeed, only the interior of cells must be homeomorphic to an open disk. Thus, dangling entities inside regions are allowed [136] (see Figure 1.14). However, they do not allow the presence of either isolated entities inside regions or regions with holes. A more powerful tool is represented by abstract cell complexes (ACC) [141] which, as we will see Chapter 3, provide only a combinatorial description, independently of any possible embedding. However, we are interested in modeling geographic maps, which are objects embedded in the plane, so we need to characterize them by means of some embedding. We will consider ACCs corresponding to plane graphs (possibly having more than one connected component). Indeed, as already remarked, they support the representation of multiply connected regions, possibly with isolated and dangling entities in their interior. Furthermore, the use

Figure 1.12: A regular two-dimensional cell complex.

Figure 1.13: A non-regular two-dimensional simplicial complex.

Figure 1.14: Cells allowed in a CW-complex, which are not allowed in a Euclidean cell complex.

of plane graphs permits not only to exploit sound theoretical results, but also to choose among a variety of data structures and algorithms already developed in the literature.

Another important subject in this thesis is concerned with multiresolution modeling. Historically, the first multiresolution models have been used for providing representations at different accuracies. Several proposals have been provided for the description of surfaces. However, for the purpose of this thesis, multiresolution models based only on accuracy are not sufficient. We are indeed interested in multiresolution in which the level of detail is of major importance. Very few models have been proposed related to this topic.

Basic representations in classical multiresolution models are based on cell complexes (used as instrumental decompositions) which, as we have seen, are not suitable for representing structured objects. Also, the multilevel organization is built on the basis of refinement/transformation of highest-dimensional cells (i.e., in two dimensions, regions). However, we also want to allow entities to change dimension when passing from one level to the other (e.g., a city is represented as a region at a more detailed level and as a point at a coarser level). Thus, the model we intend to define must allow transformation/refinement of entities of any dimension.

The first step in the direction of structural multiresolution is to define a suitable formal model for structural decompositions. The extension to the multiresolution case is the second step.

As we have seen, for the two-dimensional case, the most suitable approach seems to be the use of plane graphs. Using plane graphs as representations for maps, we can model changes in detail by means of basic transformations defined by Euler operators. However, Euler operators are not sufficient to formally describe all transformations for modifying the level of detail in a map.

More precisely, Euler operators allow to obtain every plane graph from a given plane graph, i.e., to perform any transformation between maps. However, when we apply Euler operators, we are not provided with a method to keep track of the relations between entities of the original graph and entities of the resulting graph. On the other hand, in a multiresolution model, such relationships must be explicitly maintained. Indeed, while browsing over a map at a given level of detail, more detailed representations of some entities in the map maybe required (i.e., zooming in certain portions of the map). Thus, it is necessary to have links between different representations of the same entities in order to navigate through the levels efficiently. For example, in the case of Figure 1.15, we want to keep a link between the line representing the bridge at the more detailed level, and the point representing it at the less detailed level; the same holds for the region and the line representing the river at the two different levels.

If the transformation is performed by means of Euler operators, it is possible to maintain a link between entities at different levels, but only in a canonical way (i.e., by establishing

Figure 1.15: Transforming the representations of a bridge and a river.

Figure 1.16: An example of a map transformation.

a convention for assigning an image to entities that are eliminated). In other words, Euler operators are not powerful enough to allow us to distinguish between situations that we consider as conceptually different. For example, the transformation shown in Figure 1.16 could be performed only with a Kill-Edge-and-Vertex operator (described in Section 1.1.1.2) applied to the corresponding graph.

However, such a transformation could correspond to two different situations (corresponding to different changes in detail): one in which the connecting point is eliminated and the two lines are merged (Figure 1.17(a)), and one in which a line is contracted to a point (Figure 1.17(b)).

In our formalization of changes in detail in a geographic map, we want to maintain these situations as separate, being conceptually different: merging two lines into one while eliminating the connecting point may correspond to the deletion of a city (represented by the point) from a map where the road (previously segmented into two lines for representation needs and then unified into a single line) crossing such a city is maintained (see Figure 1.18).

On the other side, the contraction of a line to a point may correspond to a situation in which a bridge represented by a line becomes a point when the underlying river is thinned

Figure 1.17: (a) Eliminating the point connecting two lines; (b) eliminating one line (contracting it to a point).

Figure 1.18: Eliminating a city from a map and merging the two branches of the road crossing it.

Figure 1.19: Contracting the line representation of a bridge into a point representation.

from an elongated region into a line representation (see Figure 1.19).

Thus, a different formalization must be provided, defining different sets of operators for manipulating graphs.

An important requirement that such operators must fulfill is the preservation of consistency. As mentioned in Chapter 1, map generalization provides a set of operations for abstracting details away from a map. Thus, it can be seen as a tool for generating multiresolution models for geographic maps. We must remark that, when updating operations are applied to maps, it is fundamental that they preserve the consistency of the map. Indeed, a critical point in geographic databases maintaining representations of the same area at different resolution levels is the preservation of topological consistency between the represented entities: it is essential that a query evaluation at a coarser level gives a result consistent with that obtained from the evaluation at the more detailed level. If the operators applied do not guarantee to generate consistent maps, a posteriori check must be performed. This is the approach commonly adopted in the map generalization literature [70, 75, 93], while current GISs lack methods to build intrinsically consistent multiple representations.

Chapter 2

Spatial Entities and Maps

In this Chapter, we provide a model for geographic maps based on concepts of point-set topology.

A plane map is defined as some kind of covering of a portion D of the plane IR^2, called the domain of the map, with a collection of spatial entities (points, lines, regions). It is possible to consider collections in which the composing entities are related in different ways (e.g., with different degrees of disjunction).

One of the most widely studied situations is when the entities are pairwise disjoint (disjoint covering) and form a plane subdivision, i.e., for each entity of the subdivision, also its border belongs to the subdivision, regions are simply connected and they fit properly together (i.e., they can meet only along common bounding lines). More general collections can be of interest for some applications. For example, in geographic maps, also multiply connected regions, as well as isolated, dangling points and lines inside regions must be considered.

We will define a plane map as a weakly disjoint covering which can be obtained by starting from any collection of entities through a regularization operation followed by an overlay process. In other words, we begin with a non-structured generic collection of spatial entities that we try to arrange into a consistent structure. Here we consider sets of entities having the topological structure of a planar graph, i.e., all relevant points are treated as nodes, all important connections joining such nodes as arcs, and the resulting plane graph satisfies Euler’s formula.

The purpose of this thesis relates to modeling changes in resolution between maps. As already pointed out, two map representations at different resolution can differ in detail and/or accuracy. Here we are interested in describing changes in detail. The combinatorial concepts related to entities in a map defined in this Chapter will then be used in Chapter

3 where a formalization of the combinatorial structure of geographic maps is provided.

The Chapter is organized as follows: Section 1 defines the classes of spatial entities composing a geographic map, while in Section 2 topological relations between spatial entities are presented. In Section 3, the reasons for using sets of entities having particular structures instead of generic sets are discussed. Plane maps are defined in Section 4 as disjoint coverings of a portion of the plane. A method to obtain a plane map from any generic set of entities is proposed in Section 5, which consists of a regularization process followed by an overlay process. Section 6 is dedicated to describing possible topological relations between entities in a plane map. Finally, in Section 7, some combinatorial concepts are defined on entities of a plane map.

2.1 Spatial Entities

We consider collections of spatial entities of three classes, namely points, lines, and regions embedded in the Euclidean plane (i.e., each entity corresponds to a 0-, 1- or 2-dimensional subset of IR^2). We provide definitions of each spatial entity, and of related concepts (interior, border, closure, etc.: see also Appendix A for basic notions).

Definition 2.1.1 A point is uniquely defined by its coordinates in a coordinate system on IR^2.

The border of a point is empty while its interior coincides with the point itself^1.

Definition 2.1.2 A (simple) open line l is a subset of IR^2 that is homeomorphic to the standard open unit interval (0, 1) on the real line.

The (relative) interior of an open line l, denoted i(l), is the line itself. In the following, whenever no ambiguity arises, we will denote both the homeomorphism and the corresponding line by l. By extending the homeomorphism by continuity to the closed interval [0, 1], we define l(0) and l(1) to be the endpoints of a line l (such points define the border of l, denoted b(l)). The line keeps on being simple if it is injective on [0, 1] or on both [0, 1) and (0, 1]. If l(0) = l(1), line l is said to be closed.

Note that a closed line plus its endpoint is homeomorphic to the standard unitary circle S_1 = {p ∈ IR^2 | ||p|| = 1}. A closed line plus its endpoint is also called a loop.

1More precisely, we should talk about the relative interior (instead of interior) of a point p in IR^2, because the interior of p is empty if p is regarded as a subset of IR^2 with the usual topology. However, in the following, if no ambiguity arises, we will talk about the interior of a point to mean its relative interior. The same remark holds for a line.

By Jordan theorem, a loop separates IR^2 into two open sets: one set is bounded, called the internal set, and denoted int(l); the other set is unbounded, called the external set, and denoted ext(l).

A (simple) chain is a sequence of lines c = (l_0, . . . , l_{k−1}) such that ∀i = 1, . . . , k−1, l_{i−1}(1) = l_i(0) and ∪^{k−1}_{i=0} l_i is a (simple) line. A chain is said open or closed if it is open or closed as a line, respectively. With abuse of notation, points l_0(0) and l_{k−1}(1) are called endpoints of c; all other endpoints of lines forming c are called joints of c.

A chain c is said a free chain if for any joint p of c, the only lines having p as an endpoint are those belonging to c. In other words, c meets no other lines, except possibly at its endpoints.

Definition 2.1.3 A region r is characterised by a simple closed line (or chain) l_0, plus possibly a set {l_1, . . . , l_k} of simple closed lines (or chains), such that: (i) no two such lines intersect; (ii) for i = 1, . . . , k line l_i is contained in int(l_0) and in ext(l_j ), ∀ 0 ≠ j ≠ i. Region r is the subset of IR^2 defined as

∩^k_{i=1}ext(l_i) ∩ int(l_0).

Line l_0 is called the outer border, lines l_1, . . . , l_k are called the inner borders; the union, as point sets, of lines l_0, l_1, . . . , l_k defines the Euclidean border of r (i.e., the border of r regarded as a subset of IR^2 with the standard topology), denoted b(r).

Thus a region is the set of points internal to the outer border, and external to all inner borders. Inner borders define holes in the region. The number χ(r) = k + 1 of closed lines defining a region r is called the characteristic of r. A region r without holes has χ(r) = 1, and it is said simply connected, while a region with holes has χ(r) > 1, and it is said multiply connected. The interior and closure of a region r correspond to the standard interior and closure of r regarded as a set of IR^2 with the Euclidean topology. Note that regions are open sets in IR^2 with the standard topology.

2.2 Spatial Relations

As we have seen in Chapter 1, spatial databases must store spatial properties of data. Among others, topological relations seem to be fundamental when querying a spatial information system.

Topological relations between a pair of simply connected regions are usually classified according to the so-called 4-intersection relations [67], which are obtained combinatorially by considering the mutual intersections between interiors and borders. Only eight relations are possible: disjoint, meet, contains, covers, equal, overlap, inside, and coveredBy. For regions with holes the classification is obtained by combining the 4-intersections among the simply connected regions interior to the outer borders (i.e., those obtained by eliminating the holes), and the simply connected regions corresponding to the holes [74]. Topological relations can be extended easily to pairs of atomic entities, including also lines and points: in this case, also relations bounds and boundedBy are possible, between entities of different dimensions, and such that one is contained in the border of the other [54].

Note that, for each pair of entities, the total number of configurations can be very high. However, the actual number of existing relations may be reduced by applying simple topological considerations (also depending on constraints imposed on the set of entities). In particular, in Section 2.6 we will see that the number of relations between entities in a map is highly reduced.

2.3 Generic vs Structured Sets of Entities

As already stressed, in geographic information systems, some topological relations are usually stored explicitly for reasons of efficiency and consistency [103]. Topology is an important criterion for determining the correctness of a database state: neighbouring countries must have a common border, seas and lakes do not overlap, etc. Recomputing topology from geometric information each time a consistency test must be performed would yield an unacceptable overhead. However, it is important to note that if topological relations are required to be explicitly maintained, then all their parts (interior, border and exterior) must be stored as well.

In a generic collection of entities (with no constraint on possible intersections) it is not possible to establish criteria to sort topological relations out. On the contrary, if, for example, only neighbouring relations are allowed between regions of the set, it is possible to sort the list of regions sharing a border line with a given region r. If topological relations cannot be ordered, no efficient way for storing/retrieving them (as well as for answering topological queries) is applicable. Also, the number of topological relations identified among a generic set of entities is often too large for practical use (it can be quadratic in the number of entities).

For the above reasons, sets of entities having a particular geometrical/topological structure (i.e., those composing plane maps) are often dealt with in GIS, which are obtained from generic collections by means of some regularization and/or overlay operations (see Section 2.5).

An overlay of maps consists of producing a new map that is obtained by merging information (i.e., intersecting entities) contained in the input maps. In other words, the resulting entities inherit the thematic attributes of the input maps entities.

A map overlay process consists of two basic steps: (a) computation of the intersection points (and segmentation of the lines into parts remaining on either side of the intersection points); (b) reconstruction of the topology of the resulting map.

Overlay operations are required when a query involving entities whose thematic information are spread over two or more different maps, depending on their semantics, is performed. For instance, given a map describing the hydrography of Europe (in which atomic entities will be assigned semantic values like lake or river) and a map describing the countries of Europe, we may want to perform queries such as “which countries are traversed by a given river” [99]. More generally speaking, modern applications demand vertical integration of several thematic descriptions of a single region. Other examples are: the population of a country, the soil type of a terrain, the land cover/use of a geographic area, etc. This requires the interaction or overlay involving entities of multiple layers.

Map overlay is a complicated operation and it is expensive from the computational point of view. Thus, it seems more convenient to compute it only once, instead of having to recompute it each time such a query is being processed. Obviously, explicitly maintaining the map obtained through the overlay computation allows to efficiently solving such queries. On the other hand, this results in a greater amount of information to be stored, and in a greater segmentation of entities (i.e., original entities are subdivided into smaller pieces, and they must be reconstructed each time one wants to access them as a whole). Also adding an entity to such a map would involve overlay operations. As usual, a tradeoff between storage and computation must be taken into account. Here, the problem is whether to prefer to efficiently inquiring maps or to efficiently building/updating them.

When entities to be handled do not intersect each other, the possible relations between pairs of them are highly simplified. This eases processing queries and, if the information on the original entities are preserved, their semantic meaning is not changed, but specified. Let us consider a road that crosses a river through a bridge: extra boundary points and lines delimiting the intersection area between the two strips will be introduced, thus subdividing the road into “road to the left of the river”, “road on the bridge” and “road to the right of the bridge”; not only this is semantically correct, it also provides the chance to associate more precise information to the map entities.

2.4 Plane Maps

In this Section, we define a plane map and some related notions. In the following we denote by C a generic collection of spatial entities, each belonging to one of three sets: P , the set of points, L, the set of lines, and R, the set of regions.

Definition 2.4.1 The subset of IR^2 obtained as the union of all entities of C, regarded as pointsets, D_C = ( ⋃ p∈P p) ∪ ( ⋃ l∈L l) ∪ ( ⋃ r∈R r) is called the domain of C, and C is said a covering of D_C .

Definition 2.4.2 A disjoint covering of a portion D of the plane IR^2, (called a domain) is a set C of entities such that the interiors of any two such entities never intersect (thus C forms a partition of D).

In other words, if C is a disjoint covering, for each point p ∈ D, p is contained in exactly one of the entities of C.

We consider sets of entities satisfying a weaker constraint: isolated/dangling lines (with their endpoints) and isolated points can be completely contained in a region r: such lines and points are called features of r (the set composed of the features of r is denoted ft(r)), and are different from the remaining lines and points of the map in being not part of the border of any region, and being not endpoints of any line, respectively (see also [54]). More formally, we provide the following definitions.

Definition 2.4.3 A line l is called a lineal feature of a region r if and only if i(l) ⊂ i(r) (l ⊂ r). A point p is called a point feature of r if and only if p ∈ i(r) (p ∈ r) and there is no line l such that p ∈ b(l).

Note that features are defined only for regions; we do not admit point features for lines since no point can intersect the relative interior of a line.

We define the boundary^2 of a region as the union (as pointsets) of the border and the features of the region. For a line and a point the boundary and the border coincide.

Definition 2.4.4 Let r be a region and b(r) its border. The boundary of r is defined as follows

bd(r) = b(r) ∪ {p | p ∈ l, l line feature of r} ∪ {p^′ | p^′s ∈ b(l), l line feature of r} ∪{p^{′′} | p^{′′} point feature of r} Figure 2.1 shows the difference between the border and the boundary of a region.

2Note that the term boundary is used to denote the union of border and features of a region and not as a synonymous of border. We choose this terminology because in the formalism we will adopt in Chapter 3, a relation is defined on a set of cells which is called bounding relation and also includes the features of a cell.

Figure 2.1: In this example, b(r) = {p} ∪ l and bd(r) = b(r) ∪ {p^′} ∪ {p^{′′}, p^{′′′}} ∪ l^′.

Figure 2.2: An example of a weakly disjoint covering: land, lake, and island are its regions; roads, trees, house, and well are features of land; bridge is a feature of lake; rail and gate form the border of land.

Definition 2.4.5 A covering C of a domain D is called a weakly disjoint covering if and only if the interior of no region intersects the interior of a distinct region; the interior of no line intersects the interior of a different line; no point coincides with a different point, or intersects the relative interior of a line.

An example of a weakly disjoint covering of a domain is shown in Figure 2.2. Note that in this case, for each point p ∈ D, p is contained either in a single entity, or in two entities, namely a region and a lower-dimensional entity.

A weakly disjoint covering C of a domain D can be represented as a triple (P, L, R), where sets P , L, and R contain the points, lines, and regions of C, respectively.

We also define the free interior of an entity as the interior of the entity without its features (regarded as pointsets).

Definition 2.4.6 The free interior of a point or a line coincides with its interior. The free interior of a region r, denoted i_f (r), is defined by i_f (r) = i(r) \ (∪_{x∈ft(r)}x).

Note that the set composed of all points, of all (relative interiors of) lines and of all free interiors of regions of a weakly disjoint covering of a domain D form a disjoint covering (subdivision) of D.

Figure 2.3: A non-regular set of entities.

Definition 2.4.7 Let C be a set of entities and D_C its domain. C is said to be regular if, for each e ∈ C, r(e) ⊆ D_C (r(e) denotes the regularization of e).

In other words, in a regular set C, for each region of C, a set of disjoint lines (with their endpoints) covering its border belong to C, and for each open line of C also its endpoints are entities of C. This fact implies that the domain of a regular set is a closed set in IR^2 with the standard topology. For example, the set of entities in Figure 2.2 is regular, while the set of entities in Figure 2.3 is not regular because some of the lines and points covering the border of land do not belong to it.

Definition 2.4.8 A plane map (also geographic map) M = (P, L, R) is a weakly disjoint covering such that P ∪ L ∪ R is a regular set and regions in R correspond to interiors of pointsets obtained by regularizing all maximal portions of the plane such that any two points in their interior can be connected by a line that does not intersect any line of L.

The definition of a region in a map M also includes the unbounded portion of plane surrounding the domain D covered by all other entities of M. Such region, called the infinite region [109] (denoted r_∞), is such that r_∞ = IR^2 \ D. Note that, since we assume the existence of the infinite region, each line in a map either belongs to the border of exactly two regions or is a lineal feature.

Although M is a weakly disjoint covering of the whole plane, we will call D the domain of M. In the following, we will consider domains D such that D = r(D) to avoid dangling and isolated entities in r_∞.

Also, from the definition of regions in a plane map (which actually are subsets of IR^2 conforming to the definition of region given in Section 2.1) it follows that all connected components of D are simply connected subsets of IR^2; in other words, all lines corresponding to holes of regions in D are filled up with regions (i.e., they do not bound the map). This implies the connectivity of r_∞. However, if D has k connected components, r_∞ has characteristic k and b(r_∞) = b(D).

Note that, according to the above properties of its set R of regions, a map M is completely characterised by its sets P and L of points and lines. The motivation for considering regions as obtained from regularizations of some pointsets, is due to the existence of point/lineal features. Furthermore, in this way, we do not allow a region to be subdivided into two disjoint portions by a lineal feature. Indeed, we consider such two portions as different regions. This, for example, means that all closed lines/chains in the map are intended as borders of regions (i.e., no closed line can be a lineal feature of a region). On the other hand, we allow a lineal feature to have both its endpoints on the border of the region r containing it, if this does not disconnect r (see, for example, feature bridge in Figure 2.2).

We do not allow point features on a line l for the same reason: they would disconnect l.

2.5 Regularization and Overlay

In this Section, we show how a plane map can be obtained from a generic collection of entities by applying regularization and overlay operations. Regularization is necessary to get a regular set of entities. Overlay permits to obtain a disjoint covering.

Given a generic collection C of entities, we first apply a regularization operation in order to obtain a regular set:

• for each region r ∈ R, all lines composing b(r), which are not already included in L, are added to L;

• for each line l ∈ L, all endpoints of l, which are not already included in P , are added to P ;

• all regions filling holes as well as r_∞ (if they are missing) are added to R;

• all dangling/isolated points and lines inside r_∞ are eliminated from P and L.

A map can be obtained from a regular set through an overlay process involving only lines and points. Several map overlay algorithms have been developed in the computational geometry literature for the case of plane subdivisions (i.e, partitions of the plane into polygonal faces, with no dangling/isolated entities). Such algorithms essentially exploit methods for reporting segment intersections, enriched with additional information for reconstructing the topology of the output subdivision [9, 21, 38, 39, 40, 44, 90, 107, 108, 119, 129, 132]. Some methods proposed in the GIS literature mainly consist of heuristic “filters”, which try to reduce the number of pairs to be tested if a brute force approach is adopted [84, 92, 130, 152]. Although the filter are not guaranteed to be effective, these techniques are commonly used since they show a good practical performance.

In the following, we describe a simple overlay method for obtaining a plane map from a regular set (P, L, R): no efficiency requirements are taken into account.

The following steps must be performed:

1. for each l, l^′ ∈ L, if (the interior of) l and l^′ intersect, then they are replaced in L by all lines composing the three following sets: the connected components of l \ l^′, the connected components of l^′ \ l, and the connected components of l ∩ l^′ (such lines are deprived of their endpoints); furthermore, each point p which is a connected component of l ∩ l^′ is added to P (and it becomes an endpoint of a line in the connected components of l \ l^′ and of a line in the connected components of l^′ \ l); also, for each line l^{′′} in the connected components of l ∩ l^′, its endpoints are added to P (and each of them becomes an endpoint of a line in the connected components of l \ l^′ and of a line in the connected components of l^′ \ l);

2. for each l ∈ L, p ∈ P , if p is contained in (the interior of) l, then l is subdivided into two open lines l_1 and l_2, both sharing p as an endpoint (i.e., p ∈ b(l_1) and p ∈ b(l_2));

3. for each p ∈ P, p^′ ∈ P , if p and p^′ coincide, then only one of the two points is maintained, while the other is eliminated from P .

At the end of this process, the set L and P of lines and points have already been updated. The initial set R of regions is replaced by a set containing all maximal portions r of the plane such that any two points interior to r can be connected by a line that does not touch any line of L (such regions are regularized). Basically, what we obtain is a partition of the plane having the structure of plane graph (see Appendix C).

As already pointed out, the new spatial entities inherit the semantic/thematic attributes associated to the initial (input) entities they are derived from. For instance, each region of the resulting set may be contained in one or more of the input regions, thus it inherits attributes of such regions.

2.6 Relations in a Plane Map

The number of possible topological relations that can occur between entities in a weakly disjoint covering is highly reduced with respect to the case of a generic collection of spatial entities.

More precisely, we can only have the following situations (summarized in Table 2.1):

• for each p, p^′ ∈ P , p and p^′ are disjoint (since no two points can coincide);

• for each p ∈ P , l ∈ L, either p and l are disjoint or p bounds (i.e., it is an endpoint of) l;

• for each p ∈ P , r ∈ R, we can have one of the following cases (which correspond to all possible relations between a point and a region since no constraint has been imposed in this case):

– p and r are disjoint;

– p bounds r (i.e., it is endpoint of some line on the border of r); – p is inside r (i.e., p is either a point feature of r or an endpoint of a lineal feature of r);

• for each l, l^′ ∈ L, they are either disjoint, or they meet at a common endpoint (since no line can intersect another line);

• for each l ∈ L, r ∈ R, if l is open, we can have one of the following cases:

– l and r are disjoint;

– l and r meet at a single point p, such that p bounds both l and r; – l bounds r;

– l is inside r (i.e., l is a lineal feature of r and no endpoint of l bounds r); – l is coveredBy r (i.e., l is a lineal feature of r and at least one endpoint of l bounds r).

Note that if l is closed, then it cannot be a feature of r.

• for each r, r^′ ∈ R, r and r^′ are either disjoint or they meet at a common border line or point (i.e., the dimension of the intersection can be either 0 or 1).

For each non-symmetric relation listed above, the converse relation is verified too (e.g., l is coveredBy r if and only if r covers l).

2.7 Combinatorial Concepts in a Plane Map

We give the concepts of combinatorial border, combinatorial boundary and combinatorial coboundary (or star) of entities in a map M, where each spatial entity is regarded as an atom. The combinatorial border differs from the topological border defined before in being a collection of entities, rather than a subset of IR^2. The combinatorial boundary includes also point and lineal features.

point line region disjoint disjoint disjoint point bounds bounds inside disjoint disjoint disjoint boundedBy meet bounds line meet inside coveredBy disjoint disjoint disjoint boundedBy boundedBy meet region contains meet contains covers

Table 2.1: Topological relations in a plane map.

The star of a point is formed by all lines and regions having it on their boundary (it is the region containing the point in its interior, for an isolated point) plus the point itself; the star of a line is formed by the (at most two) regions having it as part of their boundary (it is the region containing the line in its interior, for a lineal feature) plus the line itself; the star of a region is the region itself.

Furthermore, the set ft(r) of features of a region r defined in Section 4 is a combinatorial concept.

Definition 2.7.1 We define the combinatorial border, combinatorial boundary and star of an entity e, denoted β(e), ∂(e) and ∗e, respectively, as follows:

β(e) = { b(e) if e ∈ P ∪ L {l ∈ L | l ⊆ b(e)} ∪ {p ∈ P | p ∈ b(e)} if e ∈ R

∂(e) = { β(e) if e ∈ P ∪ L β(e) ∪ ft(e) if e ∈ R

∗(e) = {l ∈ L | e ∈ b(l)} ∪ {r ∈ R | e ∈ b(r) or e ∈ ft(r)} ∪ {e} if e ∈ P {r ∈ R | e ⊆ b(r) or e ∈ ft(r)} ∪ {e} if e ∈ L e if e ∈ R

In the sequel, we will always omit the adjective combinatorial, whenever no ambiguity arises.

We underline again that, since we have assumed the existence of the infinite region, each line belonging to the border of some region has exactly two regions in its star; the only lines having only one region in their star are lineal features.

Remarks

In this Chapter, we have defined the concept of plane map and related notions such as topological relations in a map, combinatorial border and boundary, and star. In Chapter 3, on the basis of the concept of star, we make an abstraction over a map M, by considering only its combinatorial structure, while completely disregarding its metric structure. This fact will allow us to formally define and study purely combinatorial aspects separately from purely metric ones.

Chapter 3

The Combinatorial Structure of Geographic Maps

In this Chapter, we use formal tools to provide a rigorous characterization of the combinatorial structure of geographic maps and to exploit theoretical results to show their properties.

In [141], abstract cell complexes (ACCs) (i.e., concepts defined in algebraic topology [166]) were exploited for modeling the whole combinatorial structure of geographic maps, independently of their geometry. We adopt such formalization and elaborate on it. In the following, we first introduce abstract cell complexes, and show how they capture the combinatorial structure of maps. ACCs are basically sets of cells on which an ordering relation is defined. Thus, they can be seen as topological spaces with the topology induced by a preorder (see Appendix B).

The main results obtained by using such formalization are the following. Combinatorial map transformation, i.e., an operation that relates two consistent maps at different detail, can be expressed through a function between the ACCs representing the maps. In this Chapter, a set of functions between abstract cell complexes is detected, which corresponds to the set of consistent map transformations modeling the combinatorial aspect of some generalization mappings between geographic maps. On this basis, an innovative categorical characterization of ACCs is obtained.

However, not all ACCs represent geographic maps. Thus, we refine the category of ACCs into a subcategory that captures specific characteristics of geographic maps. Within such a category, minimal morphisms are defined. The set of minimal morphisms includes all morphisms that cannot be obtained as composition of other morphisms of the category. Conversely, each non-minimal morphism of the category can be obtained as finite composition of minimal morphisms, i.e., they are sufficient to generate all morphisms of the category (which represent the consistent map transformations). The set of minimal morphisms is partitioned into classes: morphisms within a single class are characterized by an action that transforms the map locally, while leaving the rest of it unchanged. Each such class is called a minimal operator. Minimal operators of the category of GACCs will be characterized in Chapter 6.

We also define an ordering relation on the set of objects of the category, i.e., we define a poset of GACCs. More precisely, such a relation is defined on the set of all ACCs and thus induced on the subset of GACCs. In this way, we can evaluate the “diversity” between two (comparable) GACCs as their minimum distance in the poset. Such a relation is defined in the following way: two objects a and b are in relation if there exists a morphism f in the category mapping a onto b. Thus, by exploiting minimal operators that generate f, we have a way to measure the distance between a and b in the poset (see Chapter 6).

The structure of the Chapter is organized as follows. In Section 1, we introduce the concept of abstract cell complex and related notions. In Section 2, we show how ACCs can represent the combinatorial structure of maps. Section 3 is dedicated to describing how the topology induced by a preorder provides an interpretation of an ACC as a topological space. In Section 4, the set of functions between ACCs formalizing the combinatorial/topological aspects of consistent transformations between geographic maps is described. The category of ACCs is defined in Section 5, while Section 6 introduces the subcategory of GACCs an related concepts.

3.1 Abstract Cell Complexes

In this Section, by following the formalization proposed in [141], we define abstract cell complexes and related notions, that will be used in the following sections [106, 118].

Definition 3.1.1 Let C be a finite set, called the set of cells. An abstract cell complex (ACC) Γ = (C, ⪯, dim) with cells in C is defined as follows:

• ⪯ is a partial ordering on the elements of C (i.e., ⪯ is a reflexive, antisymmetric, and transitive binary relation) called the bounding relation;

• dim : C → IN, called the dimension function, is such that

γ^′ ⪯ γ^{′′} ∧ γ^′ ≠ γ^{′′} ⇒ dim(γ^′) < dim(γ^{′′}).

A cell γ for which dim(γ) = k is called a k-cell. It is not restrictive to have dim such that there always exist some cells of dimension zero. An abstract cell complex is called d-dimensional complex or a d-complex if max_{γ∈C}(dim(γ)) = d.

Note that the bounding relation defines an ordering on the set of cells of an ACC. Thus, basically a d-dimensional ACC is a poset with a dimension function dim : C → {0, . . . , d}, i.e., a poset partitioned into at most d + 1 sets (one for each possible dimension) and with chains of length at most d + 1.

The boundary of a cell γ of Γ is defined as ∂(γ) = {γ^′ ∈ C | γ^′ ⪯ γ} \ {γ}.

The star of a cell γ of Γ is defined as ∗γ = {ξ ∈ C | γ ⪯ ξ}.

The overloading of terms boundary and star - that were already defined in the context of maps - is intentional here.

Note that for each ξ ∈ ∗γ, dim(γ) ≤ dim(ξ) and for each γ^′ ∈ ∂(γ), dim(γ) > dim(γ^′).

A subcomplex Γ^′ = (C^′, ⪯^′, dim^′) of a given complex Γ = (C, ⪯, dim) is a complex whose set C^′ is a subset of C, and relation ⪯^′ and function dim^′ are restrictions of ⪯ and dim to C^′, respectively. Thus, a subcomplex is uniquely determined by the associated subset of cells: we will denote a subcomplex Γ^′ of Γ either by Γ^′ ⊂ Γ or by C^′ ⊂ C.

A subcomplex Γ^′ of Γ is open if for every cell γ of Γ^′ all cells of the star of γ in Γ are also cells of Γ^′. A subcomplex Γ^′ of Γ is closed if for every cell γ of Γ^′ all cells of the boundary of γ in Γ are also cells of Γ^′. A subcomplex Γ^′ of Γ is regular if each cell γ of Γ^′ belongs to the boundary of some cell γ^′ of Γ^′ that has maximal dimension (possibly with γ^′ = γ).

Let Γ = (C, ⪯, dim) be an ACC. We say that Γ is connected if and only if, by closing ⪯ first for symmetry and then for transitivity, it becomes a total relation on C. Whenever no ambiguity arises, we will say that C (instead of Γ) is connected.

3.2 Maps as Abstract Cell Complexes

As stated by Puppo and Dettori in [141], it is possible to define an abstract cell complex on a map, which retains the combinatorial structure of M, while disregarding all its metric aspects. The proof of the following proposition is trivial.

Proposition 3.2.1 Let M = (P, L, R) be a map. Let us define C = P ∪ L ∪ R. Let ⪯ be a relation on C defined as follows: ∀ γ, γ^′ ∈ C, γ ⪯ γ^′ ⇔ γ ⊆ γ^′, where the symbol ⊆ denotes containment between sets of IR^2. Let dim be a function defined as follows:

dim(γ) =

0 if γ ∈ P 1 if γ ∈ L 2 if γ ∈ R

Then, Γ = (C, ⪯, dim) is a 2-dimensional abstract cell complex.

Given a 2-complex Γ corresponding to a map M, we define the set of features of a 2-cell γ of Γ as follows: ξ ∈ ft(γ) ⇔ {ξ^′ ∈ (∗ξ \ {ξ}), dim(ξ^′) = 2} ≡ {γ} Note that ft(γ) ⊂ ∂(γ). The set of features of both a 0- and a 1- cell is empty. The border of a cell γ of Γ is defined as β(γ) = ∂(γ) \ ft(γ) In the following, we will always consider 2-complexes, thus we will omit the dimension. Also, from now on, when dealing with purely combinatorial aspects of maps, we will use interchangeably a map M, and its associated cell complex Γ, whenever no ambiguity arises. Also, we will speak of a submap of M by meaning its associated subcomplex Γ^′ ⊂ Γ. Therefore, we will speak of points, lines, and regions of a complex, by meaning its cells of dimension zero, one, and two, respectively. Also, all figures illustrating examples of ACCs will be drawn interpreting them as maps (although, as we will see, not all ACCs correspond to geographic maps).

Note that purely geometric concepts defined on spatial entities, such as simple line, relative interior, portion, internal and external set, outer and inner border, hole, interior, and closure, have no meaning in the context of an abstract complex. Nevertheless, some concepts like endpoints, open and closed line, chain, characteristic of a region, and, thus, simply and multiply connected region, have a straightforward translation in the context of an abstract complex. For example, a cell γ is an open line if and only if dim(γ) = 1, and there exist two cells σ, σ^′ such that σ ≠ σ^′, dim(σ) = dim(σ^′) = 0 and β(γ) = {σ, σ^′} (conversely, it is closed if β(γ) = {σ}).

It is interesting to notice that in abstract cell complexes we are still able to say whether a region has holes or not, although we cannot decide which adjacent regions lie inside the holes, and which in the outer space: there is indeed no concept of outer space (unless we define the infinite region). Since in a map M we have assumed the existence of the infinite region, we label the 2-cell corresponding to r_∞ in the complex Γ describing M in order to distinguish it from all other 2-cells. This allows us to distinguish between concepts like interior, exterior, etc. (see also [109], for a discussion on the importance of defining the infinite region in order to obtain lossless representations). The concept of characteristic is extended to a regular subcomplex (and its relative submap) by counting the number of closed chains forming the boundary of the subcomplex, as defined before.

3.3 Abstract Cell Complexes as Topological Spaces

An abstract cell complex Γ is a set with an ordering relation (i.e., a reflexive, antisymmetric and transitive relation); thus, we can see it as a topological space with the topology induced by a preorder (see Appendix B for related notions).

It is easy to see that for any cell γ ∈ Γ, its star ∗γ is the smallest open neighbourhood of γ (i.e., it corresponds to U_γ); hence, all cells with maximum dimension are open sets. Also, stars of cells in the complex are a basis of open sets for this topology.

The fact that Γ is a topological space allows the exploitation of results of topology - in particular, results concerning functions between topological spaces and homeomorphisms - to study the combinatorial structure of abstract cell complexes.

By means of functions and homeomorphisms between cell complexes (as topological spaces) we can compare spatial maps. Let Γ = (C, ⪯, dim) and Γ^′ = (C^′, ⪯^′, dim^′) be two cell complexes. We call mapping^1 between Γ and Γ^′ an application f : C → C^′. With abuse of notation, we will indicate f : Γ → Γ^′.

A mapping f defined as above is said continuous if for each U open set of Γ^′ the inverse image f^{−1}(U) is open in Γ. In particular, f is continuous in γ ∈ Γ if f^{−1}(∗f(γ)) is an open neighborhood of γ. As shown in Appendix B, this is equivalent to saying that f preserves the ordering, i.e., it is monotonic, in the terminology of functions between posets. More formally, γ ⪯ ξ and γ ≠ ξ ⇒ f(γ) ⪯^′ f(ξ).

Continuous (monotonic) mappings have nice properties such as preserving connectedness. Thus, if γ, ξ meet in Γ, and f is continuous, then f(γ) and f(ξ) cannot be disjoint in Γ^′.

A one-to-one correspondence f : Γ → Γ^′ for which both f and the inverse function f^{−1} are continuous is a homeomorphism of topological spaces: in this case Γ and Γ^′ are said isomorphic (as complexes) [118]. The isomorphism between two complexes guarantees that their associated maps are combinatorially equivalent, i.e., that both the entities composing the maps, and their spatial relationships are in one-to-one correspondence.

In [75], object homeomorphisms and relation homeomorphisms between sets of spatial entities were defined. The isomorphism between cell complexes incorporates both the object homeomorphism, and the relation homeomorphism when spatial entities are considered in the context of a map.

1In algebraic topology, an application between cell complexes is called a map. Here, we use the term mapping to avoid confusion with geographic maps, which are semantic objects whose structure is represented by cell complexes.

3.4 Consistent Map Transformations

We recall that the bounding relation ⪯ defined on the cells of an ACC defines a partial order on the set of cells, i.e., ACCs are posets. Definitions and concepts related to posets and functions on posets can be found in Appendix B.

In this Section, we identify a set of functions between ACCs (as posets) that characterize the combinatorial/topological aspects of consistent transformations between geographic maps we intend to model. Our aim is to formalize the process of obtaining a less detailed map from a given map by means of functions between the corresponding ACCs.

Different maps that correspond to non-isomorphic ACCs are not topologically equivalent. However, we are interested in studying maps that can be converted into each other by means of reciprocal abstraction/refinement operations, in which details are either discarded or introduced while maintaining consistent the overall structure.

We try to find properties of the set of functions we are defining on the basis of requirements of generalization of geographic maps described in the literature. As outlined in the Introduction, generalization can be used as a tool for obtaining multiple representations. Although it involves changes from different points of view (e.g., metric, semantic, topological), here we only consider topological aspects. Thus, we must informally understand what topological changes can involve transforming a given map into a less detailed map. A first approach to analyze how generalization operations interact with the topological and metric structure of maps was proposed in [59]. As already pointed out, when two maps M and M^′ differ in detail, then some objects can be represented only in the map at higher resolution (let it be M), and some objects that appear in both maps can be represented by entities of lower complexity and/or dimension in the map at lower resolution (let it be M^′). However, any object represented by an entity in the map at lower resolution must also be represented by either an entity or a group of entities in the map at higher resolution. This is the so-called monotonicity assumption. This assumption guarantees that for each entity in map M^′ there must exist a corresponding entity in M; moreover, since each entity of M must correspond to something either simpler or equivalent in M^′, then a single entity of M can correspond to at most one entity in M^′.

On the basis of these simple observations we can conclude that the map-to-map correspondence describing a transformation of M into M^′ can be formalized through a surjective mapping F : Γ → Γ^′, where Γ and Γ^′ are the cell complexes describing M and M^′, respectively.

Let us consider now a generic entity e of a map M. We outline three possible basic transformations of e into an entity of M^′:

• preservation: the object represented by e appears also in M^′ with the same dimension, and possibly with a simplified structure (e.g., if e is a region, its corresponding entity in M^′ will be also a region, possibly with a simplified boundary, or a smaller set of features, or a smaller characteristic); note that preservation of a whole map corresponds to an isomorphism since it implies no topological changes (but maybe some metric change);

• reduction: the object represented by e appears also in M^′, but with a lower dimension (e.g., if e is a region, its corresponding entity in M^′ could be a single point);

• immersion: the object represented by e disappears in M^′, i.e., it is immersed into some larger object.

Obviously, only reductions and immersions correspond to a decrease in topological detail. If we translate the previous cases in terms of mappings on ACCs we obtain:

• preservation: dim(F (γ)) = dim(γ) ∧ ∀τ ∈ ∂γ, dim(F (τ )) < dim(γ);

• reduction: dim(F (γ)) < dim(γ);

• immersion: dim(F (γ)) > dim(γ) ∨ (dim(F (γ)) = dim(γ) ∧ ∃τ ∈ ∂γ : dim(F (τ )) = dim(γ)).

Note that when the image of a cell γ maintains the same dimension as γ itself, it may be either that γ is maintained in the transformation, or that it is immersed into a “larger” cell. Indeed, when a whole submap of M is mapped into a unique region r^′ of M^′, any cell γ corresponding to a region of such submap must have as image γ^′ corresponding to region r^′. The discrimination between preservation and immersion is obtained through the condition on the boundary: indeed, if region r is immersed into region r^′, also one portion of the boundary of r must be immersed inside m^′.

Further constraints on transformations are concerning the consistency of topological relationships in the domain and codomain. For instance, objects that meet cannot possibly be transformed into disjoint objects; also, a point that is disjoint from a region cannot jump inside the region in the less detailed map (unless both the point and the region are immersed into something bigger); on the other hand, it is possible that two disjoint regions r and r^′ will meet after transformation, if, for instance, a third region r^{′′} separating r from r^′ is reduced to a line. An example is provided in Figure 3.1.

A complete analysis of all possible cases arising from the transformation of pairs of entities is possible, on the basis of the admissible relationships between pairs of entities in a map (listed in Chapter 2).

From the above considerations, it follows that functions of ACCs, which are of interest for map generalization include all surjective, monotonic functions preserving connected sets

Figure 3.1: Regions r and r^′ are mapped onto r_0 and r_1, respectively; region r^{′′}, in between r and r^′, and connecting them is mapped onto a line l_0 shared by r_0 and r_1.

by inverse image (preservation of connectivity is implied by monotonicity). Formally, if f : A → B is a function of ACCs, monotonicity is expressed by γ ⪯ ξ, γ ≠ ξ ⇒ f(γ) ⪯ f(ξ), while the preservation of connected sets by inverse image is expressed by ∀B^′ ⊆ B, B^′ connected ⇒ f^{−1}(B^′) connected. Monotonicity guarantees that two objects that are not disjoint in the domain will not be disjoint in the codomain either, while the preservation of connected sets by inverse image does not permit to map sets of completely disjoint entities onto connected sets.

From now on, we will refer to such functions as consistent combinatorial transformations (or, sometimes, for short map transformations).

In the following Sections, such functions will be used to give a categorical characterization of geographic maps and their generalization.

3.5 The category of ACCs

In this Section, we use notions from category theory as tools to provide a formal and rigorous characterization of ACCs and their consistent transformations. As we will see later, this characterization will also allow us to define a set of minimal operators performing atomic steps, and sufficient to generate all consistent transformations on maps (see Chapter 4). Definition 3.5.1 Let O be the (infinite) set of all (finite) ACCs. Let A be the set of all possible functions (also morphisms, or arrows) between objects in O such that they are surjective, monotonic with respect to ⪯ and that preserve connected sets by inverse image. The pair C = (O, A) defines a category called the category of ACCs.

Figure 3.2: In this example, p^′ = f(p) and l^′ = f(l) are related while p and l are not related.

Note that C = (O, A) is a category because both the identity functions and all compositions of functions of A are in A (the composition of surjective monotonic functions preserving connected sets by inverse image is a surjective monotonic function that preserves connected sets by inverse image).

Remark: We assume that two objects A and B in O are identical (and we denote A = B) if and only if they are isomorphic as ACCs; also, two morphisms f and g in A are identical (and we denote f = g) if and only if there exists an isomorphism h in A such that f = h ∘ g or f = g ∘ h. Thus, A and B, as well as f and g are the same (respectively) up to isomorphism.

In the following, we show an important property of injective functions in the category of ACCs: all injective functions f preserve ⪯ in both directions (i.e., both f and f^{−1} are monotonic), so they are isomorphisms.

Proposition 3.5.2 Any injective function in the category of ACCs is an isomorphism.

Proof. Note that, since all functions in ACC are surjective, any injective function in the category of ACCs is a bijection. Given a bijection f : X → Y in the category of ACCs, the only possible situation when f is not an isomorphism is when its inverse function f^{−1} is not monotonic. i.e., ∃y, y^′ ∈ Y such that y ⪯ y^′ and f^{−1}(y^′) ⪯ f^{−1}(y) or f^{−1}(y) and f^{−1}(y^′) are not related. Since f is surjective, ∃x, x^′ ∈ X such that f(x) = y and f(x^′) = y^′; also, x = f^{−1}(y) and x^′ = f^{−1}(y^′) being f injective. If we have f(x) ⪯ f(x^′) (x ≠ x^′), we can’t have x^′ ⪯ x (because otherwise we would have f(x^′) ⪯ f(x) but ⪯ is antisymmetric). Thus, the only possibility is to have that x and x^′ are not related. In this case, f would not preserve connected sets by inverse image. Indeed, f^{−1}({y, y^′}) = {x, x^′} would not be connected (see Figure 3.2 for an example).

3.5.1 Ordering relation between objects in the category of ACCs

In this Section, we define a relation on the set of objects of the category of ACCs, and we show that it is an ordering relation. Thus, the set of ACCs with this relation is a poset and we can measure the minimum distance between two elements of such poset. In particular, two objects are related if and only if there exists a morphism of the category mapping one onto the other.

Definition 3.5.3 Given two elements A and B in O, we say that B ≤ A if and only if there exists a function (morphism) f in A such that f : A → B.

Fact 3.5.4 ≤ is a partial ordering relation (i.e., it is reflexive, antisymmetric and transitive).

Proof. Reflexivity and transitivity are obvious. Antisymmetry: we have to show that, if B ≤ A and A ≤ B, then A = B (for the remark made in Section 3.5, this means A and B are isomorphic, i.e., there exists an isomorphism f^′ such that f^′ : A → B).

By hypothesis, there exist f, g in A (i.e., surjective and monotonic) such that

A f < g > B

Since A and B are finite sets, then they must have the same number of elements, thus, both f and g are bijective (i.e., there exist f^{−1} and g^{−1} such that f ∘ f^{−1} = id_B, f^{−1} ∘ f = id_A, and g ∘ g^{−1} = id_A, g^{−1} ∘ g = id_B) and monotonic.

It follows from Proposition 3.5.2 that f and g are isomorphisms; thus, A and B are isomorphic.

3.5.2 Minimal morphisms in the category

In this Section, we define minimal morphisms of the category and show that every composition of such morphism generating a non-minimal morphism is finite.

A morphism in C is called minimal if it cannot be obtained as composition of two other non-identical morphisms in C. More formally, we provide the following definition.

Definition 3.5.5 A morphism f in C is minimal if, whenever there exist two morphisms g and h in C such that f = g ∘ h, then either g or h is the identity morphism.

Notice that there are an infinite number of minimal morphisms. By definition, non-minimal morphisms can be obtained as compositions of minimal morphisms. The following proposition shows that such compositions are finite.

Proposition 3.5.6 Every non-minimal morphism is obtained as finite composition of minimal morphisms.

Proof. Every non-minimal morphism corresponds to at least one sequence of minimal morphisms. Also, every morphism f : A → B corresponds to a relation B ≤ A between objects A and B. Thus, a sequence of minimal morphism which, composed, generates a given morphism corresponds to a chain of objects in the poset of ACCs. We must show that each such chain is finite. Let A_1, . . . , A_n, . . . be a decreasing chain such that for each i, there exists a minimal morphism f_i : A_i → A_{i+1}. Note that A_i < A_{i+1} because no minimal morphism is an isomorphism (i.e., the chain is strictly decreasing). Also, being f_{i+1} strictly non-injective, |A_{i+1}| < |A_i| (where |A| denotes the finite number of cells of ACC A). Thus each sequence A_1, . . . , A_n, . . . of ACCs corresponds to a strictly decreasing chain of the cardinalities of their sets of cells. Such chain is finite because all the sets A_i (1 ≤ i ≤ n) of cells are finite.

3.5.3 Minimal operators in the category

Minimal operators are defined as classes of minimal morphisms which “operate in a given way”. An operator is given by its description, i.e., by the way it maps a cell (or a set of cells) of a complex to a cell (or a set of cells) of the other complex.

We define minimal operators through “restrictions” of minimal morphisms to the subset of their domain in which they are strictly non-injective.

Definition 3.5.7 Given a morphism f : A → B, its non-injective restriction is defined by f_{|A0} : A^′ → B^′ such that B^′ = {b ∈ B such that f^{−1}(b) contains more than one element} and A^′ = f^{−1}(B^′).

We say that f is strictly non-injective on A^′ because, by definition, ∀a^{′′} ∈ A^′, ∃ a^{′′′} ∈ A^′, a^{′′′} ≠ a^{′′} such that f(a^{′′}) = f(a^{′′′}).

The proof of the following fact is straightforward.

Fact 3.5.8 The non-injective restriction f_{|A0} of a morphism f of the category is a morphism of the category.

Also, by definition, A^′ is the maximal subset of A on which f is strictly non-injective. Furthermore, being B^′ unique, A^′ is also unique. This means that the non-injective restriction of a morphism is uniquely determined.

In the following, we show that applying the non-injective restriction to a morphism corresponds to “subtracting” an isomorphism from it (see Figure 3.3).

Figure 3.3: The non-injective restriction of a morphism.

Fact 3.5.9 Let f : A → B be a morphism and let f_{|A0} be its non-injective restriction. Then:

• f^{−1}(B \ B^′) = A \ A^′;

• f_{|AnA0} : A \ A^′ → B \ B^′ is an isomorphism.

Proof. We show that f^{−1}(B \ B^′) ⊆ A \ A^′ and A \ A^′ ⊆ f^{−1}(B \ B^′). Let a ∈ f^{−1}(B \ B^′); then f(a) ∈ B \ B^′. If we assume by contradiction that a ∈ A^′ (i.e., a ∉ A \ A^′), then, being A^′ = f^{−1}(B^′), we would have f(a) ∈ B^′. Thus it must be a ∈ A \ A^′. Conversely, if a ∈ A \ A^′, then let us assume by contradiction that a ∉ f^{−1}(B \ B^′), then f(a) ∉ B \ B^′. But being f surjective f(a) ∈ B, thus it will be f(a) ∈ B^′, i.e., a ∈ A^′ which is absurd. Thus, f_{|AnA0} is surjective. Also, since f^{−1}(B \ B^′) = A \ A^′ and f preserves connected sets by inverse image, then f_{|AnA0} preserves connected sets by inverse image. We can conclude that f_{|AnA0} is a morphism in the category because it is also monotonic (being a restriction of f). Furthermore, ∀a, a^′ ∈ A \ A^′, f(a) = f(a^′) ⇒ a = a^′, i.e., f is injective on A \ A^′. Thus f_{|AnA0} is an isomorphism.

On the basis of the concept of non-injective restriction, we now define minimal operators in the category.

First, we define an equivalence relation on minimal morphisms of the category: two such morphisms are equivalent if they have the same non-injective restriction (up to isomorphism). In other words, they behave in the same way on the subset of their domain in which they are strictly non-injective. Obviously, the two morphisms do not necessarily have same domain/codomain.

Definition 3.5.10 Let f : A → B, g : C → D be two minimal morphisms. Let A^′ ⊆ A and C^′ ⊆ C be the maximal subsets on which f and g are strictly non-injective, respectively. The relation ∼ is defined as follows: f ∼ g if and only if there exist two isomorphisms p and q such that the following diagram commutes.

Figure 3.4: Equivalence relation between pairs of minimal morphisms. A^′ f -_B′ p ? ? q C^′ g -_D′

Informally speaking, f and g perform the same transformation on isomorphic sets of entities, while they do not affect the rest of their domain (see Figure 3.4). Proposition 3.5.11 ∼ is an equivalence relation. Proof. Obviously, ∼ is reflexive A^′ f -_B′ id_A0 ? ? id_B0 A^′ f -_B′

and symmetric C^′ g -_D′ p^{−1} ? ? q^{−1} A^′ f -_B′_.

Also, if f ∼ g and g ∼ h (with h : E → F ), then f ∼ h. Indeed, since C^′ is unique, there exist two isomorphisms p^{′′} = p^′ ∘ p and q^{′′} = q^′ ∘ q such that the following diagram commutes: A^′ f -_B′ p ? ? q C^′ g -_D′ p^′ ? ? q^′ E^′ f -_F ′

This relation partitions the set of minimal morphisms into classes. Indeed, for each minimal morphism, its non-injective restriction is uniquely defined (i.e. each minimal morphism belongs to one and only one such class). The canonical representative of each class is the non-injective restriction of each morphism of the class (it is the same for all, up to isomorphism). A minimal operator is each such class: we identify it with its canonical representative. Thus, in the following, we will refer interchangeably to the operator (a class of morphisms) and to its canonical representative morphism.

It is obvious that, among all morphisms in a given class the representative morphism is the one having the smallest domain (because the non-injective restriction is unique). Also, the set of minimal operators coincide with the set of minimal morphisms which are strictly non-injective on their domain.

3.5.4 Conservative extension

Given a morphism, defined on a “small” domain, we can consider its “contextualizations”, or in other terms, its extensions to larger contexts (domains). We are interested in what we call conservative extensions. The morphisms we start from are strictly non-injective. Thus, extending them corresponds to the inverse operation of the non-injective restriction of a morphism.

Definition 3.5.12 Let A, B, C, D be ACCs, with C ⊆ A, D ⊆ B; let f : A → B, f_0 : C → D be morphisms in the category of ACCs, with f_0 strictly non-injective. We

Figure 3.5: Conservative extension of a morphism.

say that f is a conservative extension of f_0 if and only if f_0 is the non-injective restriction of f.

In other words, a morphism f is a conservative extension of a morphism f_0 if f is obtained by extending f_0 through an isomorphism defined on the rest of the domain of f (see Figure 3.5).

In particular, we are interested in morphisms which are conservative extension of minimal operators, in the sense that they act on the same entities (i.e., they identify entities affected by such operators) and preserve the others (i.e., they maintain them as distinct). Conservative extensions of minimal operators are minimal morphisms.

Each equivalence class in the relation ∼ defined before is composed of a minimal strictly non-injective morphism and all its conservative extensions.

Thus, conservative extensions of minimal operators generate all and only minimal morphisms. In other words, minimal operators are sufficient to generate all morphisms of the category.

By exploiting the notion of conservative extension, we now give a property of the codomain of minimal morphisms.

Lemma 3.5.13 For each f : A → B, with f a minimal morphism in the category of ACCs, B is connected (this also implies A is connected, since f preserves connected sets by inverse image).

Proof. In case #B = 1, the property holds. If #B > 1, let us assume by contradiction that B is not connected. This means that there exist two non-empty subsets B^′ and B^{′′} of B such that B^′ ∪ B^{′′} = B, B^′ ∩ B^{′′} = ∅ and ∀b^′ ∈ B^′, b^{′′} ∈ B^{′′}, b^′ and b^{′′} are disjoint i.e., neither b^′ ⪯ b^{′′} nor b^{′′} ⪯ b^′ (in this case, we say that B^′ and B^{′′} are not related). Since f is surjective, every element in B has an inverse image. Let A^′ = f^{−1}(B^′) and A^{′′} = f^{−1}(B^{′′}); A = A^′ ∪ A^{′′}, A^′ and A^{′′} are non-empty and A^′ ∩ A^{′′} = ∅. Also, if there was

Figure 3.6: The codomain of a minimal morphism is always connected.

Figure 3.7: Illustration of the proof of Lemma 3.5.13.

a pair of elements a^′ ∈ A^′ and a^{′′} ∈ A^{′′} such that a^′ ⪯ a^{′′} (or a^{′′} ⪯ a^′), then we would have b^′ ∈ B^′, b^{′′} ∈ B^{′′} such that b^′ ⪯ b^{′′} (with b^′ = f(a^′), b^{′′} = f(a^{′′})) for the monotonicity of f. Thus, A must be non-connected as well (see Figure 3.6).

Let f^′ = f_{|A0} : A^′ → B^′ and f^{′′} = f_{|A00} : A^{′′} → B^{′′}; both f^′ and f^{′′} are morphisms in the category of ACCs. Let f^′ be conservative extension of f^′ to A^′ ∪ A^{′′} and let f^{′′} be conservative extension of f^{′′} to A^{′′} ∪ B^′ (more precisely, we should consider function f^{′′} as defined on f^′(A^{′′}) ∪ B^′; but being f^′ an isomorphism on A^{′′}, we have that f^′(A^{′′}) = A^{′′}). Being A^′ and A^{′′} as well as A^{′′} and B^′ not related, both f^′ and f^{′′} are well defined and are morphisms in the category of ACCs and f = f^{′′} ∘ f^′ (see Figure 3.7).

The same result is obtained by first extending f^{′′} and then f^′. Thus, f is not minimal.

3.6 The category of GACCs

In this section, we refine the category of ACCs into a subcategory that characterizes the set of ACCs representing geographic maps. Such a subcategory is composed of all ACCs that have the structure of a planar graph, i.e., they satisfy Euler’s formula.

We first describe properties of geographic maps and then define the subcategory. Then, we show that topological relations between entities in a map can be translated in terms of cells of the corresponding complex. We also provide a definition of minimal morphisms and operators of the subcategory. Minimal operators will be formally characterized in Chapter 6.

3.6.1 Properties of geographic maps

As already stressed, an abstract cell complex is essentially a poset in which the set of cells is partitioned into subsets, each characterized by a dimension.

However, not all abstract cell complexes correspond to geographic maps. First of all, in an abstract cell complex representing a geographic map (called Geographic Abstract Cell Complex, GACC, in the following), cells can only have dimension 0, 1, or 2 (2-dimensional ACC). Furthermore, geographic maps satisfy some additional properties. For example, a 1-cell cannot have more than two bounding 0-cells, and it cannot have more than two 2-cells in its star; also, a 1-cell with only one 0-cell in its boundary (corresponding to a closed line) must always have two 2-cells in its star, etc.

Also, as we have seen in the definition of a geographic map, if an entity belongs to the map, also its boundary belongs to it. For an abstract cell complex, representing the combinatorial structure of a geographic map, we impose that each entity of the complex has a boundary in the complex. For example, each line always has either one (closed line) or two endpoints (open line), and these belong to the complex.

The following property characterizes a GACC.

Definition 3.6.1 Let v be the number of 0-cells, e the number of 1-cells, f the number of 2-cells (including the 2-cell corresponding to the infinite region), and c the number of connected components of the graph formed by all 0-cells and 1-cells of an ACC A. Then A is a GACC if and only if the following formula (Euler formula) is satisfied v − e + f = c + 1. This obviously implies that the set of cells of a GACC corresponds to a regular set of entities, i.e., for each entity in the complex also entities of its boundary are cells of the complex.

In the following, we list some properties of GACCs that are consequences of the above property.

1. For every 0-cell:

a) there is at least one 2-cell in its star (due to the presence of the infinite region);

b) the number of 2-cells in its star is less than or equal to the number of 1-cells plus one.

2. For every 1-cell:

a) its boundary is composed of either one or two 0-cells (closed line and open line, respectively): this follows from the definition of edge in a graph;

b) its star can be composed of either one or two regions (line feature and boundary line, respectively): this follows from the planarity of the graph; in particular, every closed line is a boundary line and is the only line on the boundary of both regions in its star; on the other hand, an open boundary line cannot be the only line on the boundary of the two regions in its star, i.e., there exists at least another open line bounding the same two regions; this property follows from the definition of face in a planar graph.

3. For every 2-cell:

a) its boundary contains at least one 1-cell, with the exception of a geographic map composed of only the infinite region, or only isolated points and the infinite region: this follows from the definition of face in a planar graph;

b) its boundary contains at least one 0-cell, with the exception of a map composed of only the infinite region (as a consequence of a);

c) the number of 1-cells in its boundary is less than or equal to the number of 0-cells; this follows again from the definition of face.

Properties 2a) and 2b) imply that every 1-cell l always belongs to (at least) one complete chain p ⪯ l ⪯ r. Similarly, from properties 3a) and 3b) it follows that, for every 2-cell r other than the infinite region, there always exists at least a complete chain containing r.

In the following we define the category of GACCs.

Definition 3.6.2 The category of GACCs is defined as a full subcategory^2 of the category of ACCs whose objects are all ACCs satisfying Euler’s formula.

Note that the ordering relation on the set of ACCs is inherited by the set of GACCs.

3.6.2 Topological Relations in a GACC

In this Section, we show that all topological relations defined between entities of a map (as described in Chapter 2) can be translated into relations between cells of the corresponding complex. Such relations are expressed by means of constraint on boundary and star of

2A full subcategory S of a category C is determined by giving only the set of its objects, and taking all morphisms between any two of such objects s, s0.

cells. Indeed, according to the definition of ⪯ in a cell complex representing a plane map, γ ⪯ γ^′ (i.e., γ ∈ ∂(γ^′)) if and only if γ inside, bounds or coveredBy γ^′ (remember that γ ⪯ γ^′ and γ ≠ γ ⇒ dim(γ) < dim(γ^′)).

Given a GACC (C, ⪯, dim), for each γ, γ^′ ∈ C (γ ≠ γ^′), only one of the following situations may arise:

1. if dim(γ) = dim(γ^′) = 0, then • γ disjoint γ^′; 2. if dim(γ) = 0, dim(γ^′) = 1, then • γ disjoint γ^′ iff γ ∉ ∂(γ^′); • γ bounds γ^′ iff γ ∈ ∂(γ^′); 3. if dim(γ) = 0, dim(γ^′) = 2, then • γ disjoint γ^′ iff γ ∉ ∂(γ^′); • γ bounds γ^′ iff γ ∈ β(γ^′); • γ inside γ^′ iff γ ∈ ft(γ^′); 4. if dim(γ) = dim(γ^′) = 1, then • γ disjoint γ^′ iff β(γ) ∩ β(γ^′) = ∅; • γ meets γ^′ iff β(γ) ∩ β(γ^′) ≠ ∅ (this is enough because in a map interiors of two different regions are disjoint);

5. if dim(γ) = 1, dim(γ^′) = 2, then • γ disjoint γ^′ iff ∂(γ) ∩ ∂(γ^′) = ∅; • γ meets γ^′ iff β(γ) ∩ β(γ^′) ≠ ∅ and γ ∉ ∂(γ^′); • γ bounds γ^′ iff γ ∈ β(γ^′); • γ coveredBy γ^′ iff γ ∈ ft(γ^′) and β(γ) ∩ β(γ^′) ≠ ∅; • γ inside γ^′ iff γ ∈ ft(γ^′) and β(γ) ∩ β(γ^′) = ∅; 6. if dim(γ) = dim(γ^′) = 2, then • γ disjoint γ^′ iff β(γ) ∩ β(γ^′) = ∅ (note that within a map this condition is equivalent to ∂(γ) ∩ ∂(γ^′) = ∅, for γ and γ^′ regions); • γ meets γ^′ iff β(γ) ∩ β(γ^′) ≠ ∅.

Figure 3.8: Mapping of a non-complete chain (composed of a region r and a point p) through an isomorphism that does not fulfill the condition on dimension.

3.6.3 Isomorphisms of GACCs

In the following, we show an important result on isomorphisms between GACCs: they map an entity to an entity of the same dimension. This condition follows from the constraints imposed on GACCs. Indeed, it does not hold for generic ACCs.

Proposition 3.6.3 Let A and B be GACCs and let f : A → B be an isomorphism in the category of GACCs. Then, ∀a ∈ A, we have dim(f(a)) = dim(a).

Proof. By definition, in a GACC we can only have chains of strict inequalities having at most length three (indeed we cannot have x ⪯ x^′, with dim(x) = dim(x^′) and x ≠ x^′). In other words, the dimension function is strictly increasing. Note that an isomorphism maps entities belonging to chains of length three (that we call complete chains) to entities of the same dimension (because it preserves ⪯).

The only case in which we can have problems (i.e., an entity which is mapped to an entity of different dimension by an isomorphisms between ACCs) is when we consider mappings involving non-complete chains. The only possible non-complete chains in two-dimensional ACCs are: p ⪯ l, p ⪯ r, l ⪯ r. However, the only possible case for GACCs is a noncomplete chain p ⪯ r, where r is the infinite region and p is an isolated point inside r, because, as we have already seen, in a geographic map each line belongs to a complete chain.

The only possible mapping of the p − r chain through isomorphism that does not fulfill the condition on dimension is

• f(p) = l^′, f(r) = r^′ with l^′ ⪯ r^′

An example is shown in Figure 3.8. However, this case is not possible either, because any line has at least one endpoint so l^′ would have an endpoint p^′ thus forming a complete chain p^′ ⪯ l^′ ⪯ r^′.

Figure 3.9: Example of minimal operator in the category of ACCs which is not a morphism in the category of GACCs.

3.6.4 Minimal morphisms and operators

Minimal morphisms in the category of GACCs are morphisms that cannot be obtained as compositions of other non-identical morphisms in the category. A minimal morphism in the category of GACCs may not be minimal in the category of ACCs.

We again define minimal operators in the category of GACCs as equivalence classes of minimal morphisms. The difference with respect to minimal operators in the category of ACCs is the fact that there is no canonical representative (the non-injective restriction of a minimal morphism is not necessarily a morphism in the category of GACCs).

Note that minimal operators in the category of ACCs may be defined on sets of entities which are not necessarily geographic maps. An example of minimal operator in the category of ACCs is depicted in Figure 3.9. In this example, the morphism maps r and l to r_0 and it is minimal in the category of ACCs, but it is not a morphism in the category of GACCs (since l has no endpoint).

Definition 3.6.4 Let f : A → B, g : C → D be two minimal morphisms in the category of GACCs. Let A^′ be the maximal subset of both A and C on which f and g are strictly non-injective. The relation ∼ is defined as follows: f ∼ g if and only if f_{|A0} = g_{|A0} .

Similarly to what we have done for ACCs, it is easy to show that this is an equivalence relation. This relation is well-defined and it partitions the set of minimal morphisms in the category of GACCs into classes. A minimal operator is each such class. We identify the class with the non-injective restriction of each morphism of the class (it is a morphism in the category of ACCs).

Also, the definition of conservative extension holds in the category of GACCs as well. In the following, we state a property of the codomain of a minimal morphism.

Lemma 3.6.5 For each f : A → B, with f a minimal morphism in the category of GACCs, B is connected (this also implies A is connected, since f preserves connected sets by inverse image).

Proof. The proof is the same as for the case of ACCs (see Lemma 3.5.13), i.e., it is made by contradiction. We assume that B is not connected; thus, there exist two subsets B_1 and B_2 of B such that B_1 ≠ ∅, B_2 ≠ ∅, B_1 ∪ B_2 = B, B_1 ∩ B_2 = ∅, B_1 and B_2 are not related. Let A_1 = f^{−1}(B_1) and A_2 = f^{−1}(B_2). Then A_1 ≠ ∅, A_2 ≠ ∅, A_1 ∪ A_2 = A, A_1 ∩ A_2 = ∅, and A_1 and A_2 are not related. Thus A is also non-connected.

Let f_1 = f_{|A1} : A_1 → B_1 and f_2 = f_{|A2} : A_2 → B_2. Let f_1 be conservative extension of f_1 to A_1 ∪ A_2 and let f_2 be conservative extension of f_2 to A_2 ∪ B_1. Being A_1 and A_2 as well as A_2 and B_1 not related, both f_1 and f_2 are well defined. We must show that A_2 ∪ B_1 is a GACC. A_1, A_2, B_1, are all not related with each other B_2. Thus, in order for A and B to be GACCs, such subsets must also be GACCs. Thus A_2 ∪ B_1 is a GACC (the union of GACCs, intended as union of the sets of cells, with their respective bounding relation, and without any relation between the different sets of cells, returns a GACC). Thus, f_1 and f_2 are morphisms in the category of GACCs and f = f_2 ∘ f_1 (i.e., non-minimal).

Similarly, it can be shown that the codomain of the non-injective restriction of any minimal morphism is connected.

Lemma 3.6.6 For each f : A → B, with f a minimal morphism in the category of GACCs, let B^′ be the codomain of the non-injective restriction of f. B^′ is connected.

Proof. We assume by contradiction that B^′ is not connected. Then there exist B^′_1, B^′_2, A^′_1, and A^′_2 as in the proof of Lemma 3.6.5. Also, let f^′ : A^′ → B^′, f^{′′} : A^{′′} → B^{′′} (f^{′′} = f_A00 isomorphism, with B = B^′ ∪ B^{′′} and A = A^′ ∪ A^{′′}), f^′_1 = f^′_{|A01} : A^′_1 → B^′_1 and

f^′_2 = f^′_{|A02} : A^′_2 → B^′_2. Let f^′_1 be conservative extension of f^′_1 to A^′_1 ∪ A^′_2 and let f^′_2 be conservative extension of f^′_2 to A^′_2 ∪ B^′_1. Being A^′_1 and A^′_2 as well as A^′_2 and B^′_1 not related, both f^′_1 and f^′_2 are well defined. Let f̂^′_1 : A^′ ∪ A^{′′} → B^′_1 ∪ A^′_2 ∪ A^{′′} be the conservative extension of f^′_1 to A^{′′} and let f̂^′_2 : B^′_1 ∪ A^′_2 ∪ A^{′′} → B^′ ∪ A^{′′} be the conservative extension of f^′_2 to A^{′′}. f̂^′_1 and f̂^′_2 are well defined because B^′_1 and A^′_2 are not related and it is possible to define the conservative extension to A^{′′} (being f the conservative extension of f^′ to A^{′′}); thus, entities and relations can be preserved. We can make similar considerations as in the proof of Lemma 3.6.5. In particular, since A^′_1 and A^′_2 are not related, transformations on them can be applied independently. Although A^{′′} can be related to entities in A^′_1 and A^′_2, tranformations on each of them do not affect neither entities in A^{′′} nor relations involving such entities. Thus, we can conclude that f̂^′_1 and f̂^′_2 are morphisms in the category of GACCs such that f = f̂^′_2 ∘ f̂^′_1 (f non-minimal).

Chapter 4

Combinatorial Transformations of Geographic Maps

In the previous Chapter, we have provided a formalization of combinatorial transformations of geographic maps through mappings between GACCs. We have also defined minimal operators in the corresponding category without providing a method to explicitly detect the set of such operators. In this Chapter, we list a set of morphisms in the category of ACCs, that we call atomic operators, and we prove that they correspond to the set of minimal operators in the category of GACCs, i.e., they partition the set of minimal morphisms of such category into classes. Thus, from the representative of each class (which is a strictly non-injective morphism in the category of ACCs), we obtain, through conservative extension to wider domains, all minimal morphisms of the category of GACCs. In other words, they are sufficient to generate, through extension and composition, all consistent map transformations. Thus, consistency is implicit in multiple representation models built on the basis of such operators.

Atomic operators provide rules to define a map transformation that performs gradual changes. Indeed, so far we have described which map transformation are to be considered as consistent, but we have not given any constraint to guarantee the graduality of changes in detail during such transformations. As we have seen, surjectivity, monotonicity and preservation of connected sets by inverse image guarantee consistency but they are not sufficient to guarantee graduality: for instance, mapping an arbitrarily complex map into a single point is a consistent transformation but it is not of much interest! On the contrary, we wish to have transformations that do not modify maps too abruptly skipping meaningful intermediate representations.

We will exploit atomic operators as units to evaluate the diversity between two geographic maps; two alternative definitions are provided in this Chapter.

The rest of the Chapter is organized as follows: in Section 1 we define atomic operators, in Section 2 we show that they are morphisms in the category of ACCs, while in Section 3 we show that every conservative extension of atomic operators in the category of GACCs is a minimal morphism in the category of GACCs. In Section 4, the sufficiency of atomic operators is shown. Finally, Section 5 defines the concept of diversity between maps.

4.1 Atomic Operators

In this Section, we define a set of functions f : A → B (with A and B ACCs) and we show that such functions are morphisms in the category of ACCs. Basically, they make immersions or reductions of an entity e and, possibly, reductions/immersions of elements of β(e) and ∗e.

Since we are interested in applying these morphisms to GACCs, we will consider conservative extensions which are morphisms in the category of GACCs. This often means to add/complete the border of entities.

Also, by extending conservatively, we are guaranteed that we reduce/immerse a single entity without transforming entities of higher dimension in its star: in other words, entities in ∗e that are involved in the mapping do not change dimension.

Each function f : A → B we define fulfills the following property: it maps either two or three entities (cell complex A) onto one entity (cell complex B). For this reason, we call it an atomic operator.

In the following, we list the set of atomic operators:

• line-to-point contraction (lp contr): let l be an open line^1 and let p and p^′ (p ≠ p^′) be its endpoints; l as well as p and p^′ reduce to a point p_0 (Figure 4.1). In synthesis: lp contr : A → B where A = {p, l, p^′} with p ⪯ l, p^′ ⪯ l, and B = {p_0} such that lp contr(l) = lp contr(p) = lp contr(p^′) = p_0. • region-to-point contraction (rp contr): a simply connected region r and such that β(r) = {l, p} with l a closed line and β(l) = {p} reduces to a point p_0 (Figure 4.2); in this case, elements of the border of r are also reduced to p_0. In synthesis: rp contr : A → B 1The case of a closed line is included in the region-to-point contraction operator.

Figure 4.1: Contraction of an open line to a point. where A = {p, l, r} with p ⪯ l ⪯ r, and B = {p_0} such that rp contr(p) = rp contr(l) = rp contr(r) = p_0.

Figure 4.2: Contraction of a region to a point.

• region-to-line contraction (rl contr): a simply connected region r such that β(r) = {l, l^′} reduces to a line l_0 (Figure 4.3); in this case l and l^′ reduce to l_0. In synthesis we have: rl contr : A → B where A = {l, l^′, r} with l ⪯ r, l^′ ⪯ r, and B = {l_0} such that rl contr(l) = rl contr(l^′) = rl contr(r) = l_0.

Figure 4.3: Contraction of a region to a line.

• line merge (l merge): let l, l^′, l ≠ l^′ (the case l = l^′ has no meaning for a GACC because we cannot eliminate the endpoint from a closed line), be two lines with a common endpoint p; p is immersed into a line l_0 including also l and l^′ (see Figure 4.4). In synthesis:

l merge : A → B where A = {l, p, l^′} with p ⪯ l, p ⪯ l^′, and B = {l_0} such that l merge(p) = l merge(l) = l merge(l^′) = l_0.

Figure 4.4: Merging two lines into one.

• region merge (r merge): let r, r^′, r ≠ r^′ (if r = r^′, the operator reduces to line abstraction), be two regions having a common bounding line l; l is immersed into a region r_0 including also r and r^′ (see 4.5). In synthesis: r merge : A → B where A = {l, r, r^′} with l ⪯ r, l ⪯ r^′, and B = {r_0} such that r merge(l) = r merge(r) = r merge(r^′) = r_0.

Figure 4.5: Merging two regions into one.

• point abstraction (p abs): a point p is immersed into the region r containing it (i.e., p is a point feature of r, see Figure 4.6). In synthesis: p abs : A → B where A = {r, p} with p ⪯ r, and B = {r_0} such that p abs(p) = p abs(r) = r_0.

Figure 4.6: Immersion of a point in the region containing it.

Figure 4.7: Immersion of a line in the region containing it.

• line abstraction (l abs): a line l is immersed into the region r containing it (i.e., l is a line feature of r, see Figure 4.7). In synthesis: l abs : A → B where A = {r, l} with l ⪯ r, and B = {r_0} such that l abs(l) = l abs(r) = r_0.

Remark

Note that, according to the classification of basic transformations of an entity into preservations, reductions and immersions (made in Section 3.4), contraction operators correspond to reductions, while merge and abstraction operators correspond to immersions.

4.2 Atomic operators as morphisms in the category of ACCs

In this Section, we show that the set of operators we have defined are functions between ACCs which are surjective, monotonic, and preserve connected sets by inverse image, i.e., they are morphisms in the category of ACCs. Also, we show that they are strictly noninjective on their domain.

• surjectivity and strict non-injectivity: each operator we have defined is surjective and strictly non-injective; indeed, the codomain B is always composed of one entity b, while the domain A consists of 2 or 3 entities and ∀a ∈ A, a ∈ f^{−1}(b);

• monotonicity: since ∀a ∈ A, f(a) = b, the condition ∀a, a^′ ∈ A, a ⪯ a^′, a ≠ a^′ ⇒ f(a) ⪯ f(a^′) is always satisfied;

• preserving connected sets by inverse image: for each operator, the inverse image A of b is a connected set:

– line-to-point contraction: A = {l, p_0, p_1}, with p_0 ⪯ l, p_1 ⪯ l; – region-to-point contraction: A = {p, l, r} with p ⪯ l ⪯ r; – region-to-line contraction: A = {l, l^′, r} with l ⪯ r, l^′ ⪯ r; – line merge: A = {p, l, l^′} with p ⪯ l, p ⪯ l^′; – region merge: A = {l, r, r^′} with l ⪯ r, l ⪯ r^′; – point abstraction: A = {p, r} with p ⪯ r; – line abstraction: A = {l, r} with l ⪯ r.

4.3 Atomic Operators as Minimal Morphisms

In this Section, we show that each conservative extensions of the operators we have defined is a minimal morphism in the category of GACCs. On the other hand, not all such operators are minimal morphisms in the category of ACCs.

In order to show that conservative extensions of our operators are minimal morphisms in the category of GACCs, we will show that they can only be obtained as composition of two morphisms in the category of ACCs that, even extended conservatively, are not morphisms in the category of GACCs. On the other hand, it is easy to show that such morphisms are minimal in the category of ACCs (since their non-injective restriction maps two entities into one).

Also, it is easy to see that these are the only possible compositions because we can only play on mappings of entities which belong to the non-injective restriction of morphisms, while preserved entities must as well be preserved in intermediate steps. In other words, let op be one of our operators, for each conservative extension F of op such that F is a morphism in the category of GACCs, all entities that are added to the domain of op must also be present in its codomain as well as in all intermediate domains of morphisms composed to obtain F . Furthermore, morphisms in the category of ACCs are monotonic; thus, also constraints on monotonicity restrict the possible compositions.

• Line-to-point contraction: for each morphism f in the category of ACCs, due to monotonicity constraints (i.e., it must be f(p^′) ⪯ f(l), f(p) ⪯ f(l)), f(l) can only be a line or a region. In the following we consider both cases.

a) l mapped to a line: lp contr = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs):

1. g(p) = g(l) = l^′, g(p^′) = p^′, with p^′ ⪯ l^′; 2. h(p^′) = h(l^′) = p_0.

Note that each conservative extension F of lp contr such that F is a morphism in the category of GACCs should include either one or two regions in the star of open line l (l line feature and l bounding line, respectively). Line l^′ must be a closed line. Indeed, if it was open, then it would have two endpoints p^′ and p^{′′}, then p^{′′} would be a preserved point. In this case, F^{−1}({p^{′′}, l^′}) = {p^{′′}, p, l} is not connected (indeed, p^{′′} ≠ p is not an endpoint of l). Let us consider the case when l is a line feature of a region r (possibly, r = r_∞). Since l^′ is closed, then it is a bounding line for two regions r and r. But in this case F^{−1}({l^′, r}) is not connected.

On the other hand, if l is a bounding (open) line, let r and r^′ be the regions bounded by l; l cannot be the only bounding line for r and r^′; thus, there must exist a line l_1 incident at p which is mapped onto itself by a conservative extension of g. In this case, monotonicity is not preserved because p ⪯ l_1 but l^′ and l_1 are not related.

b) l mapped to a region: lp contr = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs):

1. g(p) = g(l) = r^′, g(p^′) = p^′, with p^′ ⪯ r^′; 2. h(p^′) = h(r^′) = p_0.

Each conservative extension F of h, such that F is a morphism in the category of GACCs, contains a further line l^′ such that l^′ ⪯ r^′. Since F (r^′) = p_0, then to preserve monotonicity, it must be F (l^′) = p_0, i.e., F is not a conservative extension of h.

In both cases a) and b), the same is obtained by first identifying p^′ and l.

• Region-to-point contraction: for each morphism f in the category of ACCs, due to monotonicity constraints (i.e., it must be f(l) ⪯ f(r), f(p) ⪯ f(l)), p and l can only be mapped to a line or a point (if f(r) = r), while l and r can only be mapped to a region or a line (if f(p) = p). In the following we consider all four cases.

a) p and l mapped to a line: rp contr = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs):

1. g(p) = g(l) = l^′, g(r) = r, with l^′ ⪯ r; 2. h(r) = h(l^′) = p_0.

All conservative extensions F of g and F^′ of h, such that F and F^′ are morphisms in the category of GACCs, contain a further point p^′ such that p^′ ⪯ l^′, in their codomain and domain, respectively. Being F a conservative extension, F (p^′) = p^′. Thus, F^{−1}({p^′, l^′}) = {p, p^′, l}. In order for this set of entities to be connected, p^′ must be an endpoint of l. In this case, l is an open line, and thus, there exists another line l_1 bounding r. But if we extend the domain of rp contr with another line bounding r such line must also be mapped onto p_0 (thus, F’ is not a conservative extension). This means l must be closed and, since there exists a point p^′ such that p^′ ⪯ l^′, we have that F^{−1}({p^′, l^′}) is not connected.

b) p and l mapped to a point: rp contr = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs):

1. g(p) = g(l) = p^′, g(r) = r, with p^′ ⪯ r; 2. h(r) = h(p^′) = p_0.

Each conservative extension F of h, such that F is a morphism in the category of GACCs, contains a further line l^′ such that l^′ ⪯ r. Since F (r) = p_0, then to preserve monotonicity, it must be F (l^′) = p_0, i.e., F is not a conservative extension of h.

c) r and l mapped to a line: rp contr = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs): 1. g(r) = g(l) = l^′, g(p) = p, with p ⪯ l^′; 2. h(p) = h(l^′) = p_0.

Let us consider a conservative extension F of h, such that F is a morphism in the category of GACCs. Line l^′ must be a closed line. Indeed, if it was open, let p and p^′ be its endpoints. Since h(l^′) = p_0, to preserve monotonicity, it must be F (p^′) = p_0, i.e., F is not conservative. If l^′ is closed, then it externally bounds a region that must as well be mapped onto p_0 by any monotonic morphism. Thus F is not conservative.

d) r and l mapped to a region: rp contr = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs): 1. g(r) = g(l) = r^′, g(p) = p, with p ⪯ r^′; 2. h(p) = h(r^′) = p_0.

We can conclude as in case b).

• Region-to-line contraction: for each morphism f in the category of ACCs, due to monotonicity constraints (i.e., it must be f(l^′) ⪯ f(r), f(l) ⪯ f(r)), f(r) can only be a region.

Thus rl contr = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs):

1. g(r) = g(l) = r, g(l^′) = l^′, with l^′ ⪯ r;

2. h(r) = h(l^′) = l_0.

Note that in order for the domain of rl contr to become a GACC, we must add endpoints of l and l^′ (either two or one) as well as other regions bounded by l and l^′ (let them be r^′ and r^{′′}, respectively, possibly with r^′ = r^{′′}); the following two situations are possible^2:

– l and l^′ open lines^3:

in this case, if we map l and r to a region r, since l ⪯ r^′, also r^′ must be mapped to the same region (but r^′ must be preserved by a conservative extension of rl contr). – l and l^′ closed lines (with an endpoint in common):

in this case, if we map l and r to a region r, since l ⪯ r^′, also r^′ must be mapped to the same region (but r^′ must be preserved).

Note that l and l^′ must have the same endpoint. In this example:

2It is easy to show that in the case of an open and a closed line the defined mapping does not preserve connected sets by inverse image.

3Note that if we had more than two lines on the border of r, we might first merge all lines and reduce to having only two lines.

we would have a mapping that does not preserve connected sets by inverse image (f(p) = f(l) = f(l^′) = f(r) = l_0 and f^{−1}({p^′, r^′}) = {p^′, r^′} is not connected), while in the case:

we can first reduce to the case when l and l^′ have the same endpoint (through lp contr). The same is obtained by first identifying l^′ and r.

• Line merge: for each morphism f in the category of ACCs, due to monotonicity constraints (i.e., it must be f(p) ⪯ f(l), f(p) ⪯ f(l^′)), p and l can only be mapped to a point.

Thus l merge = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs):

1. g(l) = g(p) = p, g(l^′) = l^′, with p ⪯ l^′; 2. h(p) = h(l^′) = l_0;

Note that in order for the domain of l merge to be a GACC, we must add the second endpoint of l and l^′ (p^′ and p^{′′}, respectively); the following two situations are possible:

– p^′ ≠ p^{′′}:

in order for the first mapping to preserve the connectivity of {p, l, p^′}, also p^′ should be mapped to p (but p^′ must be preserved).

– p^′ = p^{′′}:

again, to preserve connectivity, the first mapping should as well map p^′ to p (but p^′ must be preserved).

The same is obtained by first identifying l^′ and p.

• Region merge: for each morphism f in the category of ACCs, due to monotonicity constraints (i.e., it must be f(l) ⪯ f(r), f(l) ⪯ f(r^′)), if r ≠ r_∞^4, r and l can only be mapped to a line or a point (if f(r^′) = r^′). In the following we consider both cases.

a) r and l mapped to a line: r merge = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs): 1. g(l) = g(r) = l, g(r^′) = r^′, with l ⪯ r^′; 2. h(r^′) = h(l) = r_0;

In order for the domain of r merge to be a GACC, it must include endpoints p and p^′ of l and lines bounding r and r^′; the following two situations are possible: ∗ p ≠ p^′:

in this case, there must exist another line l^′ bounding r (because r ≠ r_∞, r ≠ r^′ and l open). Thus, if we map l and r to a line l, for each l^′ such that l^′ ⪯ r, also l^′ must be mapped to l (but lines l^′ must be preserved).

∗ p = p^′:

4If r = r1, it cannot be mapped to a line or a point.

in this case, if we map l and r to a line l, for each line l^′, l^′ ≠ l such that l^′ ⪯ r (there must be some such line, being r ≠ r_∞), l^′ must as well be mapped to l (with l ⪯ r^′, being l ⪯ r^′); but such lines must be preserved.

b) r and l mapped to a point: r merge = h ∘ g, where g and h are the following two morphisms (which are minimal in the category of ACCs):

1. g(r) = g(l) = p, g(r^′) = r^′, with p ⪯ r^′; 2. h(r^′) = h(p) = r_0.

In this case, the endpoints p and p^′ of l (possibly with p = p^′) will have to be mapped to p by any monotonic extension F of g. Thus, F is not a conservative extension.

• Point abstraction: minimal morphism in the category of ACCs;

• Line abstraction: minimal morphism in the category of ACCs.

Remark: we have seen that every conservative extension of atomic operators is a minimal morphism in the category of GACCs. Furthermore, they are all necessary: they are all minimal and different (i.e., they are not equivalent to each other).

4.4 Sufficiency of Atomic Operators

We have defined a set of atomic operators (reductions and immersions) with the property of being surjective monotonic functions preserving connected sets by inverse image, and of not implying changes of dimension of entities belonging to the star of the reduced/immersed entity.

In this Section, we show that they are sufficient to describe all consistent combinatorial transformations between geographic maps, i.e., each such transformation can be obtained through a sequence (composition) of atomic operations.

In other words, we will show that the set of operators we have defined corresponds to the set of minimal operators in the category of GACCs. This means that such morphisms are sufficient to generate all morphisms in the category.

In the following Lemmas, we assume that f : A → B is a minimal morphism in the category of GACCs. We will denote by A^′ and B^′ the domain and codomain of the non-injective restriction of f. Also, we will use p, l, and r (with both superscripts and subscripts) to denote a point, a line, and a region, respectively; e will denote a generic entity.

In particular, Lemmas 4.4.12, 4.4.13 and 4.4.14 characterize inverse image of entities in the codomain of f. More specifically, such Lemmas show that the inverse image of any entity through a minimal morphism corresponds to the domain of one of our operators. In other words, each entity in the more generalized geographic map is obtained through one of our operators. The proof is made by contradiction, and shows that when the inverse image of an entity through the considered morphism is larger than all domains of our operators, it is always possible to reduce to one such domain by applying our operators (in which case, the given morphism would not be minimal). Furthermore, we show that the codomain of each minimal operator (i.e., of the morphism in the category of ACCs, corresponding to the representative of the class) contains only one entity (Lemma 4.4.15). From such Lemma and Lemmas characterizing the inverse image of entities, we obtain the sufficiency proof (Theorem 4.4.16)

Lemma 4.4.1 states a property of a connected GACC. The proof follows trivially from the definition.

Lemma 4.4.1 Let M be a connected GACC^5. For each r_i ∈ M (r_i ≠ r_∞), there is a region r_j such that either r_i and r_j share some line (or some chain of lines and points) or they are connected through a point or a chain of lines and points.

Figure 4.8 illustrates Lemma 4.4.1.

Figure 4.8: Regions r_1 and r_2 share a chain of lines and points, while r_3 and r_4 are connected through a chain of lines and points.

The following Lemma states a property of ∗e, for each e in the inverse image of a region and is illustrated in Figure 4.9.

5We assume that M is connected also if deprived of r1.

Lemma 4.4.2 For each r_0 ∈ B^′, for each e ∈ f^{−1}(r_0), all entities in ∗e belong to f^{−1}(r_0).

Proof. Since there cannot be any entity e^′ such that r ⪯ e^′, for the monotonicity of f entities in ∗e are also mapped to r_0. From a topological point of view, this corresponds to saying that f^{−1}(r_0) is an open set.

Figure 4.9: Regions r_i and r_j must belong to f^{−1}(r_0) because they are in the star of entities of f^{−1}(r_0) (Lemma 4.4.2).

Lemma 4.4.3 states a property of ∂(e), for each e in the inverse image of a point p_0.

Lemma 4.4.3 For each p_0 ∈ B^′, for each e ∈ f^{−1}(p_0), all entities in ∂(e) belong to f^{−1}(p_0).

Proof. Since there cannot be any entity e^′ such that e^′ ⪯ p_0, for the monotonicity of f entities in ∂(e) are also mapped to r_0. From a topological point of view, this corresponds to saying that f^{−1}(p_0) is a closed set.

Lemma 4.4.4 states a property of the boundary of entities in the inverse image of a line l_0.

Lemma 4.4.4 For each l_0 ∈ B^′, let p_0 and p_1 (possibly, with p_0 = p_1) be the endpoints of l_0 in B. Let ∂(f^{−1}(l_0)) be the set of entities of A bounding f^{−1}(l_0). More formally, ∂(f^{−1}(l_0)) = {e ∈ A | ∃e^′ ∈ f^{−1}(l_0), e ⪯ e^′, and ∃e^{′′} ∈ A \ f^{−1}(l_0), e^{′′} ∈ ∗e}. Then ∂(f^{−1}(l_0)) is partitioned into four connected sets X_1, X_2, X_3, X_4 such that:

• f(X_1) = f(X_2) = l_0; • f(X_3) = p_0; • f(X_4) = p_1.

Also, X_1 and X_2, as well as X_3 and X_4 are not connected to each other.

Proof. Part of ∂(f^{−1}(l_0)) is mapped to endpoints (either one or two) of l_0 (as a consequence of the monotonicity of f). Thus, a part of ∂(f^{−1}(l_0)) is mapped to p_0, a part to p_1 and a part to l_0 as well. Actually, the only possibility is to have four connected parts (i.e., chains of lines and points), two (X_3 and X_4) mapped to the endpoints, and the other two (X_1 and X_2) mapped to l_0 (since the two parts mapped to endpoints of l_0 cannot be connected to each other, due to the monotonicity of f). If l_0 is closed (i.e., p_0 = p_1), then there will be only three such parts.

Note that X_3 and X_4 cannot contain features and internal boundaries of regions in f^{−1}(l_0).

Indeed, if isolated points and lines inside regions of f^{−1}(l_0) were mapped to endpoints of l_0, then connected sets would not be preserved by inverse image. For a dangling line feature (i.e., a line attached to the boundary of the region containing it through a point p, see Figure 4.10), if it is mapped to an endpoint, say p_0, of l_0, then it would be possible to previously map it to p and then p would be mapped to p_0 (both endpoints of such lines must be mapped to p_0) and, thus, f would not be minimal.

Figure 4.10: Dangling feature in f^{−1}(l_0).

Furthermore, if an internal border of a multiply connected region r of f^{−1}(l_0) were mapped onto endpoints of l_0, connected sets would not be preserved by inverse image (unless such border was connected to the external border through a point or a chain of points, in which case, however it would be possible to contract it to a point previously, see Figure 4.11).

Figure 4.11: Internal border of a region in f^{−1}(l_0).

Thus, the only possibility is that internal borders of regions in f^{−1}(l_0) belong to f^{−1}(l_0) too.

Lemma 4.4.5 shows that there can be no features in f^{−1}(e), for each entity e in B.

Lemma 4.4.5 For each e ∈ B^′, f^{−1}(e) can contain point and line features only in the following cases: f^{−1}(e) = dom(p abs) and f^{−1}(e) = dom(l abs), for e = r_0.

Proof. If f^{−1}(e) contains more than one region and also some of their features, then it is possible to first merge such features into the region r containing them (by composing p abs applied to isolated points, and lp contr, l merge and l abs applied to line features, see Figure 4.12) and then map r to e without changing the effect of the morphism. Indeed, isolated features are not related to other entities (except the region r containing them); in the case of a dangling line connected to the boundary through a point p, we can contract the line to p (as in Figure 4.10).

Figure 4.12: Merging features into the region they are contained.

Thus, f would not be minimal, except for the two cases: f^{−1}(r_0) = {r, p}, with p ⪯ r, and f^{−1}(r_0) = {r, l}, with l ⪯ r, corresponding to dom(p abs) and dom(l abs), respectively. In both cases f^{−1}(r_0) contains only one region. Note that if there was more than one feature or the line features where composed of chains inside such region, then it would be possible to reduce (by contractions and abstractions) to the case of only one point/line feature (f would not be minimal).

Lemmas 4.4.6 and 4.4.7 state that there cannot be chains of lines and points with more than three entities in f^{−1}(e).

Lemma 4.4.6 For each e ∈ B^′, f^{−1}(e) does not contain free chains lines and points, with more than one line, that bound regions also belonging to f^{−1}(e).

Proof. Let us assume by contradiction that there are free chains of bounding lines and points with more than one line. Such chains cannot be line features (by Lemma 4.4.5). If such chains were shared by two regions, then it would be possible to contract/merge lines in such chains in order to have only one line shared by the two regions that can then be merged (f non minimal, see Figure 4.13).

Figure 4.13: Contracting/merging chains of lines shared by two regions.

If such chains bound only one region r in f^{−1}(e) (impossible in the case of e = r_0, for Lemma 4.4.2), then again it would be possible to reduce such chains to having only one line. More precisely, in the case of e = p_0, we would reduce to having only one closed line plus its endpoint (because the border of r is all contained in f^{−1}(p_0) for Lemma 4.4.3, see Figure 4.14). Thus, f is not minimal except when f^{−1}(p_0) = dom(rp contr). Similarly, if

Figure 4.14: Contracting/merging chains of lines on the border of a region in f^{−1}(p_0).

e = l_0, it is possible to reduce each such chain to having only one line (f non-minimal, see Figure 4.15 for an example).

Figure 4.15: Contracting/merging chains of lines on the border of a region in f^{−1}(l_0).

Lemma 4.4.7 For each e ∈ B^′, if f^{−1}(e) contains open chains of lines and points that are not features and do not bound any regions of f^{−1})(e), then the only possibilities are: • f^{−1}(e) = dom(lp contr), with e = p_0; • f^{−1}(e) = dom(l merge), with e = l_0;

Proof. If e = r_0, the property holds for Lemma 4.4.2 and for the fact that in a GACC, any line/point has at least a region in its star. If e = p_0, then each line also contains its endpoints (Lemma 4.4.3), then we can contract (lp contr, see Figure 4.16) each such line (f non-minimal, except when f^{−1}(p_0) = dom(lp contr)).

Figure 4.16: Contracting/merging chains of lines in f^{−1}(p_0) not bounding any region.

If e = l_0, let us assume that there are chains of lines and points not bounding any region. Then each line in one of such chains can either have both endpoints or lack one of them. However only two lines can lack an endpoint (the two parts mapped onto endpoints of l_0, Lemma 4.4.4). Thus, we can reduce to the case f^{−1}(l_0) = dom(l merge) (f non-minimal, see Figure 4.17).

Figure 4.17: Contracting/merging chains of lines in f^{−1}(l_0) not bounding any region.

The following Lemma excludes the presence of more than two adjacent regions in the inverse image of entities of B.

Lemma 4.4.8 For each e ∈ B^′, if e is either a point or a line, f^{−1}(e) does not contain regions sharing lines (adjacent regions). If e is a region, then there can be at most two adjacent regions and such regions, only share one line.

Proof. For Lemma 4.4.5 and Lemma 4.4.6 regions in f^{−1}(e) do not have features and they cannot share chains of lines and points.

Pairs of adjacent regions could be previously merged (by applying r merge) and reduce to the case when f^{−1}(e) contains only two regions r and r^′ sharing only one line (see Figure 4.18).

Figure 4.18: Merging adjacent regions.

This includes the case of multiply connected regions: if also (part of) internal boundaries of regions are contained in f^{−1}(e), then the multiply connected region and the regions filling its holes can be merged (such regions would also belong to f^{−1}(e) if e is a region r_0 being on the star of lines in f^{−1}(r_0) for Lemma 4.4.2). In any of the above described cases, f would not be minimal.

Furthermore, if regions shared more than one line as in Figure 4.19, we could merge them eliminating one of such lines and then merge the others as features of the single resulting region (f non-minimal).

Figure 4.19: Regions in f^{−1}(e) sharing more than one line.

For e = p_0, also the boundary of the two regions belongs to f^{−1}(p_0) (Lemma 4.4.3). Thus, we can merge also such regions and reduce to one region plus its border (one line and its endpoint, no chains for Lemma 4.4.6), i.e., to dom(rp contr) (see Figure 4.20, for an example). Thus f is not minimal.

Figure 4.20: Merging two adjacent regions belonging to f^{−1}(p_0) into one.

For e = l_0, part of the border of regions is mapped to endpoints of l_0. Again, the two regions can be merged into one and reduced to dom(rl contr) (see Figure 4.21).

Figure 4.21: Merging two adjacent regions belonging to f^{−1}(l_0) into one.

So there can be at most two adjacent regions in f^{−1}(r_0) and they can only share one line.

Lemma 4.4.9 excludes the presence of cycles of lines and points (closed chains) in f^{−1}(e) such that the “enclosed” region does not belong to f^{−1}(e).

Lemma 4.4.9 For each e ∈ B^′, there is no closed chain of lines and points in f^{−1}(e), unless the region having such chain as its border belongs to f^{−1}(e) as well.

Proof. Let us assume that such chains are in f^{−1}(e). Examples are provided by two regions sharing more than one point as in Figure 4.22 and by cycles of regions as in Figure 4.23. In both Figures, filled regions belong to f^{−1}(e) while r^{′′} (in Figure 4.22) and r (in Figure 4.23) are not included.

This is impossible if e = r_0 for Lemma 4.4.2. If e = p_0, then in order to preserve monotonicity and connected sets by inverse image, also the enclosed regions (r^{′′} in Figure 4.22 and r

Figure 4.22: Two regions sharing more than one point.

Figure 4.23: A cycle of regions.

in Figure 4.23) would belong to f^{−1}(p_0). Thus we would have adjacent regions (impossible for Lemma 4.4.8).

The same holds for e = l_0 since internal boundaries of regions in f^{−1}(l_0) also belong to f^{−1}(l_0) (they cannot be mapped to endpoints of l_0 for Lemma 4.4.4). In this case, also the enclosed region must belong to f^{−1}(l_0), resulting in adjacent regions (impossible for Lemma 4.4.8).

We now define a tree of regions, a concept that will be used in Lemma 4.4.11 (see Figure 4.24 for an example).

Definition 4.4.10 We define a tree of regions as a tree in which nodes are simply connected regions and there exists an arc between two nodes if and only if the corresponding regions share only one bounding point.

Lemma 4.4.11 For each e ∈ B^′, the set of all regions in f^{−1}(e) cannot form a tree of regions (with more than one node).

Proof. If e is a region r_0, the property holds because, for Lemma 4.4.2, for each point shared by two regions (i.e., corresponding to an arc of the tree) also the other regions in its star would belong to f^{−1}(e). If e is a point p_0, let us assume that regions f^{−1}(p_0) form a tree of regions with more than one node. For Lemma 4.4.3 all such regions have

Figure 4.24: A tree of regions.

all their boundary in f^{−1}(p_0). Thus we can contract all regions (but one) in f^{−1}(p_0) to a point through rp contr and at the same time reduce their borders to only one line plus its endpoint (lp contr), see Figure 4.25 for an example.

Figure 4.25: Contracting a tree of regions.

Thus f is not minimal. The only possible case is f^{−1}(p_0) = {r, l, p}, corresponding to rp contr. If e is a line l_0, let us assume that regions in f^{−1}(l_0) form a tree of regions with more than one node. For Lemma 4.4.4, two connected parts of the boundary of entities in f^{−1}(l_0) are mapped to endpoints of l_0. Each such part belongs to the boundary of a single region in f^{−1}(l_0) (or we would disconnect the tree of regions, see Figure 4.26) and it must be a chain including endpoints (each line contracted to a point induces also its endpoints to be mapped to the same point), see Figure 4.27 for an example.

Figure 4.26: A non-connected tree of regions.

In other words, at most two regions in f^{−1}(l_0) can have part of their boundary which is not mapped to l_0. Thus, all the other regions can be contracted (rp contr). Also in this case, f would not be minimal. Thus, we can have at most two regions in f^{−1}(l_0) if they

Figure 4.27: Parts mapped to endpoints of l_0 are chains including endpoints.

form a tree of regions. If we have two regions, the only possibility is that they share a point p and part of the boundary of both is not contained in f^{−1}(l_0) (see Figure 4.28).

Figure 4.28: Two regions sharing one point in f^{−1}(l_0).

In this case, however, it is possible to apply separately rl contr to each region (since its boundary is composed of two lines^6 sharing p) and then l merge to the resulting configuration. Thus, f would not be minimal (see Figure 4.29).

Figure 4.29: An example where f is obtained as composition of rl contr and l merge. Lemma 4.4.12 characterizes the inverse image of a region r_0.

Lemma 4.4.12 For each r_0 ∈ B^′, f^{−1}(r_0) can only be equal to one of the following ACCs: 1. {r, r^′, l}, with l ⪯ r and l ⪯ r^′ (i.e., dom(r merge)); 2. {r, p}, with p ⪯ r (i.e., dom(p abs)); 3. {r, l}, with l ⪯ r (i.e., dom(l abs)). Proof. For Lemma 4.4.2, f^{−1}(r_0) must contain at least one region (because each line and point in a geographic map has at least one region in its star). Let us assume by contradiction that there are more than two regions in f^{−1}(r_0), let them be r_1, r_2, . . . , r_n, n > 2. 6Note that such lines must exist since the part of boundary mapped to the endpoint of l0 must include endpoints but cannot include the point shared by r and r0.

Being f^{−1}(r_0) connected, Lemma 4.4.1 holds. However, it is not possible that two regions are connected through a point or a chain of lines and points (as r_3 and r_4 in Figure 4.30), because in this case also regions in the star of those lines and points would belong to f^{−1}(r_0) (for Lemma 4.4.2). Furthermore, for Lemma 4.4.8, there can be at most two adjacent regions r and r^′, and they share only one line. In this case, there cannot be other

Figure 4.30: Regions connected through chains of lines and points.

line/points in f^{−1}(r_0). Indeed, for Lemma 4.4.5, there cannot be features; other points/line on the border of either r or r^′ (except the shared line) would cause other regions in their star to be included in f^{−1}(r_0) too (Lemma 4.4.2). Thus, we can only have f^{−1}(r_0) = {r, r^′, l}, with l ⪯ r and l ⪯ r^′ (i.e. dom(r merge)). If f^{−1}(r_0) contains only one region (no chains for Lemma 4.4.6), the only possibilities are: f^{−1}(r_0) = {r, p}, with p ⪯ r, and f^{−1}(r_0) = {r, l}, with l ⪯ r, corresponding to dom(p abs) and dom(l abs), respectively (since points and lines on the border of r would cause other regions on their star to belong to f^{−1}(r_0) too, for Lemma 4.4.2).

Lemma 4.4.13 characterizes the inverse image of p_0.

Lemma 4.4.13 For each p_0 ∈ B^′, f^{−1}(p_0) can only be equal to one of the following ACCs: 1. {r, l, p} with p ⪯ l ⪯ r (i.e., dom(rp contr)); 2. {l, p, p^′}, with p ⪯ l and p^′ ⪯ l (i.e., dom(lp contr)). Proof. Let us assume by contradiction that there is more than one region in f^{−1}(p_0), let them be r_1, r_2, . . . , r_n, n > 1. Such regions cannot have features for Lemma 4.4.5. Being f^{−1}(p_0) connected, Lemma 4.4.1 holds.

For Lemma 4.4.8, there cannot be adjacent regions. For Lemma 4.4.7, regions cannot be connected by chains of lines and points (not bounding regions in f^{−1}(p_0)), so the only possibility is that all lines in f^{−1}(p_0) bound some region and regions are all connected through shared points. Also, there cannot be cycles of regions (Lemma 4.4.9). For Lemma 4.4.11, f^{−1}(p_0) cannot be a tree of regions with more than one region (in which case it would correspond to dom(rp contr)). If there is no region in f^{−1}(p_0) (i.e., lines in f^{−1}(p_0) bound no region), then the only possibility is f^{−1}(p_0) = {p, p^′, l} = dom(lp contr) (Lemma

4.4.7).

Lemma 4.4.14 characterizes the inverse image of a line l_0.

Lemma 4.4.14 For each l_0 ∈ B^′, f^{−1}(l_0) can only be equal to one of the following ACCs: 1. {p, l, l^′}, with p ⪯ l and p ⪯ l^′ (i.e., dom(l merge)); 2. {l, l^′, r}, with l ⪯ r and l^′ ⪯ r (i.e., dom(rl contr)). Proof. For Lemma 4.4.4, ∂(f^{−1}(l_0)) is partitioned into four connected sets. Also, each part mapped onto an endpoint of l_0 is either a chain including endpoints (each line contracted to a point induces also its endpoints to be mapped to the same point) belonging to only one region, or is a missing endpoint of a dangling line.

Let us assume by contradiction that there is more than one region in f^{−1}(l_0), let them be r_1, r_2, . . . , r_n, n > 1. For Lemma 4.4.5, there are no features inside regions in f^{−1}(l_0). Also, being f^{−1}(l_0) connected, Lemma 4.4.1 holds. For Lemma 4.4.8, there cannot be adjacent regions, while for Lemma 4.4.6, regions cannot be connected by chains of lines and points.

Thus, the only lines in f^{−1}(l_0) bound some region or are dangling lines (with an endpoint missing^7) attached to the boundary of some region and regions are all connected through shared points (see Figure 4.31).

Figure 4.31: Entities in f^{−1}(l_0).

However, for Lemma 4.4.9 there cannot be cycles of regions, while, for Lemma 4.4.11, regions cannot form a tree with more than one node.

This means that f^{−1}(l_0) can contain at most one region r. Let f^{−1}(l_0) contain one region. In this case, we have two possibilities:

• the only lines belonging to f^{−1}(l_0) bound r as in Figure 4.32 (note that there cannot be bounding chains for Lemma 4.4.6).

Thus, we have f^{−1}(l_0) = {l, l^′, r} with l ⪯ r, l^′ ⪯ r (corresponding to dom(rl contr)).

7If an endpoint was not missing, such lines could be contracted to a point.

Figure 4.32: Lines in f^{−1}(l_0).

• some of the lines belonging to f^{−1}(l_0) bound r, and there is an additional dangling line attached to the connection point p lacking the other endpoint (see Figure 4.33).

Figure 4.33: An example of f^{−1}(l_0).

As in the case of Figure 4.29, it is possible to apply rl contr to r (again its boundary is composed of two lines without their endpoints sharing p) and then l merge to the resulting configuration (i.e., f is not minimal, see Figure 4.34).

Figure 4.34: f is obtained as composition of rl contr and l merge.

When f^{−1}(l_0) does not contain any region, then for Lemma 4.4.7, the only possibility is f^{−1}(l_0) = {p, l, l^′} with p ⪯ l and p ⪯ l^′ (i.e., dom(l merge)). The following Lemma shows that the codomain of the non-injective restriction of a minimal morphism in the category of GACCs is composed of only one entity.

Lemma 4.4.15 For each minimal morphism f : A → B, |B^′| = 1.

Proof. Let us assume by contradiction that |B^′| > 1. Then there exist two entities b, b^′ ∈ B^′ such that b ⪯ b^′ (since B^′ is connected for Lemma 3.6.6). Since f preserves connected sets by inverse image, f^{−1}({b, b^′}) must be connected, i.e., there exist some entity a ∈ f^{−1}(b) and some entity a^′ ∈ f^{−1}(b^′) such that a ⪯ a^′.

Being b ⪯ b^′, b cannot be a region and b^′ cannot be a point. Three cases are possible for b and b^′:

1. b is a line and b^′ is a region;

2. b is a point and b^′ is a line;

3. b is a point and b^′ is a region.

For each such case, we consider the possible inverse images of b and b^′ according to Lemmas 4.4.12, 4.4.13, 4.4.14. Thus we have 6 possibilities for case 1), 4 possibilities for case 2), and 6 possibilities for case 3). Also, we consider all possible relations between entities in f^{−1}(b) and f^{−1}(b^′). We examine each case separately and show that in each of them we obtain a contradiction, i.e., f is not minimal.

1. let b = l_0, b^′ = r_0 with l_0 ⪯ r_0;

a) f^{−1}(l_0) = {l, l^′, p} (l merge) and f^{−1}(r_0) = {p, r} (p abs); the only possible relations between f^{−1}(l_0) and f^{−1}(r_0) are l ⪯ r and l^′ ⪯ r (and thus also p ⪯ r); indeed it is not possible to have p ⪯ l or p ⪯ l^′ because it is l_0 ⪯ r_0. Thus, we can apply l merge to {l, l^′, p} and p abs to {p, r} independently, i.e., f is not minimal.

b) f^{−1}(l_0) = {l, l^′, p} (l merge) and f^{−1}(r_0) = {l, r} (l abs); the only possible relations between f^{−1}(l_0) and f^{−1}(r_0) are p ⪯ l, l ⪯ r and l^′ ⪯ r (and thus also p ⪯ r). Thus, we can apply l abs to {l, r} and then l merge to {l, l^′, p}, i.e., f is not minimal^8.

c) f^{−1}(l_0) = {l, l^′, p} (l merge) and f^{−1}(r_0) = {l, r, r^′} (r merge); the only possible relations between f^{−1}(l_0) and f^{−1}(r_0) are p ⪯ l, l ⪯ r, l^′ ⪯ r, l ⪯ r^′, and l^′ ⪯ r^′ (and thus also p ⪯ r). Thus, we can apply r merge to {l, r, r^′} and then l merge to {l, l^′, p}, i.e., f is not minimal^9.

8Note that if p ⪯ l, the order in which we apply the two operators matters. 9Note that if p ⪯ l, the order in which we apply the two operators matters.

d) f^{−1}(l_0) = {r, l, l^′} (rl contr) and f^{−1}(r_0) = {p, r} (p abs); the only possible relations between f^{−1}(l_0) and f^{−1}(r_0) are l ⪯ r and l^′ ⪯ r. Thus, we can apply rl contr to {r, l, l^′} and p abs to {p, r} independently, i.e., f is not minimal.

e) f^{−1}(l_0) = {r, l, l^′} (rl contr) and f^{−1}(r_0) = {l, r} (l abs); the only possible relations between f^{−1}(l_0) and f^{−1}(r_0) are l ⪯ r and l^′ ⪯ r. Thus, we can apply rl contr to {r, l, l^′} and l abs to {l, r} independently, i.e., f is not minimal.

f) f^{−1}(l_0) = {r, l, l^′} (rl contr) and f^{−1}(r_0) = {l, r, r^′} (r merge); the only possible relations between f^{−1}(l_0) and f^{−1}(r_0) are l ⪯ r, l^′ ⪯ r, l ⪯ r^′ and l^′ ⪯ r^′. Thus, we can apply rl contr to {r, l, l^′} and r merge to {l, r, r^′} independently, i.e., f is not minimal.

2. let b = p_0, b^′ = l_0 with p_0 ⪯ l_0;

a) f^{−1}(p_0) = {r, l, p} (rp contr) and f^{−1}(l_0) = {l, l^′, p} (l merge); the only possible relations between f^{−1}(p_0) and f^{−1}(l_0) are p ⪯ l, p ⪯ l^′. Thus, we can apply rp contr to {r, l, p} and l merge to {l, l^′, p} independently, i.e., f is not minimal.

b) f^{−1}(p_0) = {r, l, p} (rp contr) and f^{−1}(l_0) = {l, l^′, r} (rl_contr); the only possible relations between f^{−1}(p_0) and f^{−1}(l_0) are p ⪯ l, p ⪯ l^′ (and thus, p ⪯ r). Indeed, it cannot be l ⪯ r because otherwise, l, p, and r should be mapped to l_0 instead of p_0. Thus, we can apply rp contr to {r, l, p} and rl contr to {l, l^′, r} independently, i.e., f is not minimal.

c) f^{−1}(p_0) = {p, p^′, l} (lp contr) and f^{−1}(l_0) = {l, l^′, p} (l merge); the only possible relations between f^{−1}(p_0) and f^{−1}(l_0) are p ⪯ l, p ⪯ l^′, p^′ ⪯ l, and p^′ ⪯ l^′ (p, p^′ ≠ p). Thus, we can apply lp contr to {p, p^′, l} and l merge to {l, l^′, p} independently, i.e., f is not minimal.

d) f^{−1}(p_0) = {p, p^′, l} (lp contr) and f^{−1}(l_0) = {l, l^′, r} (rl contr); the only possible relations between f^{−1}(p_0) and f^{−1}(l_0) are p ⪯ l, p ⪯ l^′, p^′ ⪯ l, p^′ ⪯ l^′, and l ⪯ r (however, if l ⪯ r, p and p^′ cannot contemporarily be endpoints of both l and l^′, see the example).

Thus, we can apply lp contr to {p, p^′, l} and l merge to {l, l^′, p} (order matters if l ⪯ r), i.e., f is not minimal.

3. let b = p_0, b^′ = r_0 with p_0 ⪯ r_0;

a) f^{−1}(p_0) = {r, l, p} (rp contr) and f^{−1}(r_0) = {p, r} (p abs); the only possible relations between f^{−1}(p_0) and f^{−1}(r_0) are p ⪯ r, l ⪯ r (i.e., p ⪯ l ⪯ r. Thus, we can apply rp contr to {r, l, p} and p abs to {p, r} independently, i.e., f is not minimal.

b) f^{−1}(p_0) = {r, l, p} (rp contr) and f^{−1}(r_0) = {l, r} (l abs); the only possible relations between f^{−1}(p_0) and f^{−1}(r_0) are p ⪯ l (and thus p ⪯ r), p ⪯ r (with p ⪯̸ l), and l ⪯ r. Thus, we can apply rp contr to {r, l, p} and l abs to {l, r} independently, i.e., f is not minimal.

c) f^{−1}(p_0) = {r, l, p} (lp contr) and f^{−1}(r_0) = {p, r, r^′} (r merge); the only possible relations between f^{−1}(p_0) and f^{−1}(r_0) are p ⪯ l, p ⪯ r, p ⪯ r^′, l ⪯ r, l ⪯ r^′.

Thus, we can apply rp contr to {r, l, p} and r merge to {l, r, r^′} independently, i.e., f is not minimal.

d) f^{−1}(p_0) = {l, p, p^′} (lp contr) and f^{−1}(r_0) = {p, r} (p abs); the only possible relations between f^{−1}(p_0) and f^{−1}(r_0) are p ⪯ r, p^′ ⪯ r, l ⪯ r. Thus, we can apply lp contr to {l, p, p^′} and p abs to {p, r} independently, i.e., f is not minimal.

e) f^{−1}(p_0) = {l, p, p^′} (lp contr) and f^{−1}(r_0) = {l, r} (l abs); the only possible relations between f^{−1}(p_0) and f^{−1}(r_0) are p ⪯ r, p^′ ⪯ r, p ⪯ l, p^′ ⪯ l, l ⪯ r (actually, since l must be a line feature of r, it cannot have both p and p^′ as endpoints). Thus, we can apply lp contr to {l, p, p^′} and l abs to {l, r} independently, i.e., f is not minimal.

f) f^{−1}(p_0) = {l, p, p^′} (lp contr) and f^{−1}(r_0) = {l, r, r^′} (r merge); the only possible relations between f^{−1}(p_0) and f^{−1}(r_0) are p ⪯ l, p^′ ⪯ l, l ⪯ r, l ⪯ r^′, p ⪯ r, p ⪯ r^′, p^′ ⪯ r, p^′ ⪯ r^′. Thus, we can apply lp contr to {l, p, p^′} and r merge to {l, r, r^′} independently, i.e., f is not minimal.

Theorem 4.4.16 The set of minimal operators in the category of GACCs coincides with the set {lp contr, rp contr, rl contr, l merge, r merge, p abs, l abs}. Proof. It follows from Lemmas 4.4.13, 4.4.12, 4.4.14 and 4.4.15.

4.5 Diversity between ACCs

In this Section, we provide a formalization of the concept of diversity between geographic maps, as a way to measure to what degree a map is the generalization of another one. We consider two possible definitions:

• global diversity: it corresponds to the total number of minimal operators applied to the first map in order to obtain the second one;

• local diversity: for each entity in the less detailed map, we consider the number of operators we must apply in order to obtain it from the group of entities in its inverse image, and then we get the maximum over all the entities.

An interesting problem is the following: given a non-minimal morphism f do all sequences of minimal (non-identical) morphisms such that their composition gives f have the same length?

In Figure 4.35, we show an example of a non-minimal morphism (Figure 4.35(a)) obtained as composition of minimal morphisms in two different ways (Figure 4.35(b)(1) and 4.35(b)(2)). Note that the two sequences have different lengths: in particular, in Figure 4.35(b)(1), lp contr, p abs, and rp contr are applied in the order, while in Figure 4.35(b)(2), the sequence is l abs, p abs, p abs, and rp contr.

Figure 4.35: Sequences of different lengths.

In Figure 4.36 a similar example is shown where, on the contrary, the sequences have the same length.

Here we consider the sequence with the minimum length.

Definition 4.5.1 Let f : A → B be a consistent map transformation. Let f_1, . . . , f_n be the minimum sequence of minimal operators applied to A in order to obtain B through f. We say that the global diversity between A and B is of degree n.

Figure 4.36: Sequences with same length.

This definition corresponds to the distance between two objects in a generalized metric space (defined as an augmented category on IR_+, see [112]). In the following, we provide an alternative definition of diversity.

Definition 4.5.2 Let f : A → B be a consistent map transformation such that |B| = m. Let f_{i,1}, . . . , f_{i,pi} be the minimum sequence of minimal operators applied to f^{−1}(e_i) to obtain e_i (1 ≤ i ≤ m) through f. Let k = max^m_{i=1}{p_i}. We say that the local diversity between A and B is of degree k.

The above defined numbers (degrees of diversity) provide evaluations of the computational effort involved in the process of obtaining a less detailed map (each minimal operator is considered to have unit cost), and of the resulting reduction of information.

Chapter 5

From the Category to a Multiresolution Data Structure

The main topic of this thesis is the representation of geographic maps at different levels of detail. Multiple representations are usually maintained in a spatial database in order to avoid on-line computation when a representation less detailed than the stored one is required.

Within a multiple representation database, given a representation of a portion of a map or of a single entity, it is often useful to have a fast way to access other representations of the same portion/entity. In other words, for some applications, methods for “vertically” navigating through the levels are required. By enriching multiple representations of a geographic map through information on relations between different representations of the same entity at different levels, we obtain a multiresolution model. Different kinds of models are obtained depending both on how the model was built and on which relations are explicited.

In this Chapter, we consider a multiresolution model that was previously proposed in [141]. The model is composed of a sequence of representations (corresponding to decreasing levels of detail), each describing the same area. The model is built on the basis of a sequence of map transformations. We assume that such sequence is composed of consistent transformations, i.e., transformations obtained as compositions of atomic operators. The resulting model is implicitly consistent: no a posteriori check is required.

Only representations at consecutive levels of detail are related. Thus, if M_0, . . . , M_n is a sequence of map representations of the same area, an entity e of M_i is linked to the set of entities of M_{i+1} that are mapped onto e through the function transforming M_i into M_{i+1}.

We also define data structures for encoding and manipulating the model. A data structure for encoding a multiresolution model combines a data structure for each map in the model with information on relations between different maps. We provide data structures both for individual maps and for the multilevel model.

The content of this Chapter both completes the theoretical work developed in the thesis and, at the same time, provides a first step towards future devlopments: both designing an implementation of such work and modeling changes in accuracy in geographic maps. Indeed, the realization of a prototype system as well as combining changes in detail and accuracy within the same framework are major aims of our future work (see also Conclusions).

The Chapter is subdivided into the following three Sections: Section 1 defines multiresolution models, while Section 2 presents data structures for efficiently encoding the model. Finally, Section 3 describes a first attempt of formalization of metric changes in maps through the concept of line homotopy.

5.1 Multiresolution Model

In this Section, we describe the multiresolution model proposed in [141]. Such model is defined independently of the particular map transformations considered. Here, we consider an instantiation of the model as built on the basis of consistent transformations.

Let M_0 be a map at the maximum available resolution, and let M_1 be a map obtained by a combinatorial transformation f_1 of M_0. If we apply a transformation f_2 : M_1 → M_2, and so on iteratively, we obtain a whole sequence of upward compatible maps,

M_0^{f1}→ M_1^{f2}→ . . .^{fn}→ M_n,

corresponding to less and less detailed descriptions of the same area. Note that the composed transformation f^i = f_1 ∘ f_2 ∘ · · · ∘ f_i : M_0 → M_i,

∀i = 1, . . . , n, is itself consistent, and it describes a macro-transformation of M_0, modifying it abruptly from the full resolution to the i-th degree of detail. The sequence M_0, . . . , M_n is called a multiple representation sequence.

As stated before, by adding information on relations between different representations to a multiple representation sequence M_0, . . . , M_n, we obtain a multiresolution model. Such relations are formalized by the sequence of transformations used to build M_0, . . . , M_n. More formally, we provide the following definition.

Definition 5.1.1 Let M = {M_i | i = 0, . . . , n} be the family of maps of a multiple representation sequence, and let F = {f_i | i = 1, . . . , n} be the corresponding family of transformations, as defined above. The pair (M, F) is called a layered multiresolution model.

A layered multiresolution model represents the map of a domain at different levels of resolution through different independent representations that cover the whole domain. Representations that are consecutive in the sequence are related through combinatorial transformations, which can be implemented as “vertical” links that allow browsing the model through the different levels of resolution, while “horizontal” browsing happens in the context of a single map (and is performed by means of links implementing topological relations between the entities).

5.2 Encoding a Multiresolution Model

A data structure for encoding a multiresolution model combines a data structure for each map in the model with information on relations between different maps.

Usually only relations between consecutive levels are explicitly encoded while relations between non-consecutive levels are obtained as composition of them.

In next sections, we present two different data structures for plane maps, which are extensions of well-known data structures in the computational geometry literature (described in Chapter 1): the DCEL structure and the symmetric structure. Finally, we show how to augment such structures to use them in a multiresolution context.

5.2.1 A Data Structure for a Plane Map

A plane map is described by a triple M = (P, L, R), such that

• P is a set of points in the plane;

• lines in L are chains of straightline segments^1 (i.e., sequences of points (p_0, p_1, . . . , p_{n−1}, p_n)) with endpoints (p_0, p_n) in P such that no two lines in L cross.

• R is a set of regions r which are maximal portions of the plane bounded by lines in L and such that any two points inside r can be connected by a line that does not intersect lines in L.

We define incidence relations between pairs of entities in a map in the following way:

1Here, for simplicity, we consider lines as polygonal chains.

• P P (p) = endpoints of lines incident at p (none if p is a point feature); • P L(p) = lines incident at p (none if p is a point feature);

• P R(p) = regions in the star of p (the region containing p if p is a point feature); • LP (l) = endpoints of l: 2 if the line is open, 1 if it is a self-loop with endpoints, 0 if it is closed;

• LL(l) = lines sharing an endpoint with l;

• LR(l) = regions in the star of l: 2 if the line is a bounding line, 1 if it is a feature; • RP (r) = points on the border of r plus point features of r; • RL(r) = lines on the border of r plus line features of r; • RR(r) = regions sharing some bounding line with r (at least one).

Since we allow the presence of features, some of the above described relations (namely, P R, LR, RP , RL) combine the usual incidence information (as relations defined for plane subdivisions [139]) with containment information (e.g., for an isolated point P R corresponds to the region containing it in its interior).

Note that for closed lines relation LR always contains 2 regions (a closed line is always the border of 2 regions, see Property 2b) in Chapter 3). For point features, only relation P R is defined.

We can also define partial relations in the same way as they are defined for plane subdivisions: given a relation R and an entity e, R^∗(e) returns only a subset of R(e). We consider a data structure for representing a plane map (which is essentially an extension of the DCEL structure, see Chapter 1) and that was proposed in [54]. The following information are stored:

• for each p ∈ P :

– its coordinates;

– if p is a point feature, the region containing it (P R); – otherwise, a line incident to it (P L^∗);

• for each l ∈ L:

– its geometry;

– its endpoints (LP );

– regions “bounded” by l (LR);

– 4 lines sharing an endpoint with l (LL like in DCEL structure);

• for each r ∈ R:

– list of lines bounding it (one for each connected component of the border: subset of RL);

– list of lines composing linear features (one for each connected component of the set of linear features: subset of RL);

– list of point features (subset of RP ).

Note that we also include metric information in the structure (coordinates of the points, geometry of the lines). As already noted in Chapter 1, such information can be easily added/eliminated from an ACC-based structure, since all entities are stored.

It can be shown that the relations stored in this data structure allow to retrieve all other non-stored topological relations as well as all to complete all relations which are only partially stored. Basically, the retrieval of such relations is performed in the same way as in the classical DCEL structure (indeed, for some of extensions allowed additional information is explicitly encoded, e.g., for isolated points P R relation is maintained).

In the following, we list the rules for retrieving all relations:

• The complete RL relation is obtained by combining partial relation RL^∗ with LL relation; given a region r, for each connected component in its boundary, the first line l_1 is found using relation RL^∗; then, using relation LL, we find the successor l_2 of l_1 (in counterclockwise order) on that boundary component: if l_1 is oriented in such a way that r lies on the left side of l_1, then l_2 is the first element of the lines associated with l_1 through LL; otherwise, l_2 is the second element. We apply the same method to find all the other lines on the boundary component until we reach l_1 again. The same method is applied for linear features but for each of them, we stop when no more lines belonging to that feature are left.

• In order to retrieve complete RP relation (i.e., in order to retrieve points bounding a region, since its features are explicitly encoded), we can combine relations RL and LP . For each line l_i incident at a point p (found through P L), the regions bounded by l_i are retrieved.

• RR relation is obtained by combining relations RL and LR. For each boundary line l_i of a region r (found through RL), the region adjacent to r along l_i is returned.

• Complete P L relation is obtained by combining partial relation P L^∗ with LL. Given a point p, the first line l_1 is found that is incident at p using relation P L^∗. Then, through relation LL, the line l_2 following l_1 (in counterclockwise order) around p is obtained: if p is the first endpoint for l_1, then l_2 is the first among the lines associated with l through LL (in counterclockwise order); otherwise, l_2 is the second element. The same method can be applied to find all other lines incident at p (until l_1 is met again).

• P P relation can be obtained as a combination of relations P L and LP . For each line l_i incident at a point p (found through P L), the endpoint of l_i different from p is retrieved. P R relation (for non-isolated points) can be obtained as a combination of relations P L and LR. For each line l_i incident at a point p (found through P L), regions bounded by l_i are retrieved.

5.2.2 An Alternative Data Structure

An alternative data structure for representing a map is based on an extension of the symmetric structure for encoding plane subdivisions [139]. Such structure stores:

• for each p ∈ P :

– its coordinates;

– if p is a point feature, the region containing it (P R); – otherwise, all lines incident at p (P L);

• for each l ∈ L:

– its geometry;

– its endpoints (LP );

– regions “bounded” by l (LR);

• for each r ∈ R:

– list of lines bounding it: both external and internal borders (one for each connected component of the border: subset of relation RL);

– list of lines composing linear features (one for each connected component of the set of linear features: subset of relation RL);

– list of point features (subset of relation RP ).

The basic difference with the classical symmetric structure is that explicit relations RP and P R must be encoded in the case of point features (in order to relate such points with other entities in the map).

This relations are sufficient to retrieve all non-stored relations. Indeed, relations RP , RR, P P and P R are found in the same way as described for the previous data structure. Relation LL is obtained by combining relations LP and P L (or, also, relations LR and RL): let p_1 and p_2 be the endpoints of a line l. The pair (l_1, l_2) associated with l by LL is obtained in this way: l_1 is the line following l in the list of lines associated with p_1 by P L, while l_2 follows l in the list of lines associated with p_2 by P L.

Note that this data structure directly maps the ordering relation (bounding relation) in the definition of ACC.

5.2.3 Remarks

For encoding the multiresolution model, we must augment a data structure for a map (encoding each level), with information about vertical links. A standard scheme consists of adding links between an entity and its representations both at the previous and at the subsequent levels of resolution.

More specifically, let (M, F) be a layered multiresolution model, such that M = {M_i | i = 0, . . . , n}. For each i (1 ≤ i ≤ n − 1), and for each entity e ∈ M_i, two pointers are added that link e to both f_{i+1}(e) (which is an entity in M_{i+1}), and to f^{−1}_i (e) (which is a subset of the collection of entities of M_{i−1}), respectively. For i = 0 only the first pointer is stored, while for i = n only the second information is available.

Next important step consists of detecting which set of operations are efficiently performed on the basis of this data structure. In particular, constructing operations, vertical navigation operations, and geometric/topological queries will be analysed.

5.3 Modeling Changes in Accuracy

In this Section, we describe a first attempt towards the formalization of changes in accuracy in a plane map. Also, we try to combine changes in accuracy and changes in detail within the framework developed in the thesis.

As already mentioned in Section 1.3.2, a first structural multiresolution model for geographic maps was defined in [14, 141]. Such a model was designed to describe changes in accuracy between maps. In this case, the accuracy of a map is measured through the horizontal error in representing the lines in the map, formalised through the mathematical

Figure 5.1: Approximations of lines (l is the thick line, l^′ is the thin line): (a) l^′ is not ε-homotopic to l; (b) l^′ is ε-homotopic to l.

concept of ε-homotopy.

Intuitively, a geometric object o is represented by an entity e at accuracy ε ≥ 0 if and only if o is contained in a region obtained by “fattening” e of ε, i.e., in r_{e,ε} = {x | d(x, e) ≤ ε}, where d denotes the Hausdorff distance in IR^2. Note that a “thin”(though possibly “long”) region, such as a portion of road or river in a geographic map, can possibly be represented by a line; also, a region that is completely contained in a disc of radius ε can be approximated by a single point. Such idea of approximation is modeled by specifying a continuous transformation that maps the object o into the entity e representing it without leaving the fattened region r_{e,ε}.

Let l, l^′ : I → IR^2 two continuous functions from the standard unit interval into the real plane. A homotopy between l and l^′ is a continuous function H : I × I → IR^2 such that H(x, 0) = l(x) and H(x, 1) = l^′(x) [150]. Such homotopy H defines a continuous deformation from l to l^′ through all functions H(·, y), y ∈ (0, 1). For ε ≥ 0, a homotopy H is called an ε-homotopy if ∀x ∈ I, ∀y ∈ I, d(H(x, y), H(x, 0)) < ε. If H is an ε-homotopy between functions l and l^′, then l and l^′ are said ε-homotopic. In particular, if l and l^′ are two lines, this means that we can approximate l by l^′ (or viceversa) with accuracy ε. Note that the ε-homotopy implies a condition much stronger than simply assuming l^′ inside the region fattening l: indeed, ε-homotopy requires that any portion of l^′ remains inside the fattened region of the corresponding portion of l; or, in other words, that two walkers synchronised to start together from l(0) and l^′(0), and to arrive together at l^′(1) and l(1) respectively, will always remain at a distance smaller or equal than ε. This fact excludes that l^′ could possibly be a line going back and forth an arbitrary number of times inside the “tube” surrounding l (see Figure 5.1(a)), while it is admitted, for instance, a fractal representation l^′ that has a length much higher than l, but remains locally near l (see Figure 5.1b)).

If l is a line and l^′ is a constant function, then the fact that H is a ε-homotopy means that l can be approximated by a single point at accuracy ε. Approximations of regions can be defined by considering ε-homotopies of the lines (chains) defining their boundaries. A region r can be approximated by a point p at accuracy ε if and only if the outer boundary of r is ε-homotopic to p (seen as a constant function). A region r can be approximated by a line l at accuracy ε if and only if the outer boundary of r can be subdivided into two chains such that each of them is ε-homotopic to l. A region r can be approximated by another region s if and only if (i) the outer boundary of r is ε-homotopic to the outer boundary of s, (ii) each inner boundary of s is ε-homotopic to an inner boundary of r, and (iii) any inner boundary of r that is not ε-homotopic to an inner boundary of s is ε-homotopic to a point. A regular submap M̄ can be approximated by a region r at accuracy ε if and only if the region covered by M̄ is ε-homotopic to r.

Based on the above definitions, we can introduce the concept of ε-transformation of a map. Given two maps M and M^′, a transformation f : M → M^′ is an ε-transformation if and only if ∀e^′ ∈ M^′ e^′ approximates f^{−1}(e^′) at accuracy ε.

Hence, combinatorial and metric map transformations, based respectively on variations of detail and of accuracy, are combined to obtain a map that is consistent both in maintaining compatible topological and metric relations.

Note that the level of accuracy does not give by itself any condition on map elements that survive, and elements that are immersed, when transforming M into M^′. This is due to the fact that the degree of detail and the level of accuracy of a map are not necessarily related with each other, since there is no quantifiable dependence between the scale of a map and the fact that a given entity appears in it or not. Indeed, the relation between the relevance of an entity and the scale of a map can depend both on the size of the entity and on the semantics associated to the map. In actual implementations of systems for map generalization, combinatorial and metric criteria must be strictly interrelated, together with semantic criteria, and all such information must be integrated to guide map transformations. The detail reduction, whose consistence we have analysed by formal methods, must be actually driven by metric checks on the actual map entities, while reductions based on metric evaluations can be applied only as long as they do not violate structural consistency.

We can integrate changes in accuracy within the layered multiresolution model described in Section 5.1 as follows.

Let M = {M_i | i = 0, . . . , n} be a family of maps of a multiple representation sequence, and F = {f_i | i = 1, . . . , n} the corresponding family of transformations. If ε_1 < ε_2 < . . . < ε_n is an increasing sequence of tolerances such that the composed transformation f^i, ∀i = 1, . . . , n is a ε-transformation of M_0, then we have a sequence which is consistent both with detail and accuracy.

We remark that the work presented in this Section is only a first attempt towards the formalization of changes in accuracy and their integration with changes of detail in a map. This topic represents one of the main future developments of this thesis.

Conclusions

We have proposed a formalization for modeling changes of detail in a geographic map. The adopted approach exploits notions of category theory. After mathematically defining the concept of map, we have modeled its combinatorial structure by means of abstract cell complexes. Map transformations (i.e., operations reducing the level of detail in a map) have been formalized through functions between such complexes. Among all map transformations, we have detected transformations that we consider consistent. A basic set of operators has been defined, that permits to generate all such transformations. By applying such operators to a given map representation M, only representations consistent with M are generated. A multiresolution model, built by using consistent transformations, together with encoding data structures, has also been outlined.

In the following, we remark advantages and limits of the proposal, and we list some future developments.

Advantages of the Proposal

The contribution of the thesis is in providing a unified theoretical framework for multiresolution modeling of geographic maps.

The main advantages of the proposed formalism can be summarized as follows:

• it supports the representation of geographic maps having a generic combinatorial structure, including regions with holes, as well as dangling and isolated entities;

• it permits to separate topological aspects from metric aspects;

• it permits to characterize topological relationships between entities in a plane map in a completely combinatorial way;

• it is intrinsically consistent; thus, no further time-consuming check on models defined by using such a formalism is required; conversely, this problem usually arises both when multiple representations of the same area are maintained in a database, and when classical generalization operations are applied for an on-line computation of a less detailed representation;

• a minimal and sufficient set of atomic operators to perform map transformations is provided: on the basis of such operators, a kernel of primitives for the manipulation of plane maps can be defined;

• locality and graduality of topological changes are guaranteed during the application of such operators; a meaningful method for evaluating the reduction of information between maps is also based on the application of atomic operators;

• it provides an effective support to map generalization: classical generalization operations implying changes of the topology of maps can be implemented as macrooperations obtained as compositions of minimal operators;

• not only a method for defining multiple representations, but also the possibility of relating different representations of the same entity at different details (i.e., of defining a multiresolution model), is implicit in the formalism: vertical links between two maps at consecutive levels correspond to the combinatorial transformation generating the less detailed map from the more detailed one;

• it naturally supports hierarchical spatial reasoning;

• metric and semantic aspects can be easily added, by treating them as attributes of the spatial entities in the topological representation.

Limits of the Proposal

In the following, we discuss limits of the proposed formalization. Three major classes of problems have been identified: the restriction to the two-dimensional case, the impossibility of describing situations of practical interest (e.g., aggregation of disjoint entities), and the applicability of the formalism.

1. Dimensionality. Both from a theoretical and from an applicative point of view, it would be very interesting to provide solutions to the problem of representing spatial entities in any dimension. However, we have focussed our attention on the twodimensional case. Indeed, in two dimensions, we can exploit formalizations of the combinatorial structure of objects composed of non-simple parts (e.g., graph-based formalism), while there is a total lack of mathematical models suitable for describing three-dimensional structured objects. Also, from a more technical point of view, it is difficult to define the concept of feature inside three-dimensional objects. Such theoretical difficulties have prevented us from providing extensions of the obtained results to higher dimensions.

2. Expressive power. Essentially, two issues must be discussed.

• We impose a constraint on closed lines: they always have an endpoint; in other words, we do not allow the presence of self-loops without endpoints. The reason for imposing such constraint is related to the use of a graph-based formalism. Plane graphs do not have edges without endpoints. Results, as well as data structures and algorithms for plane maps could not be exploited if self-loops without endpoints were allowed. Furthermore, the set of atomic operators would have to be augmented with operators capturing transformations involving such entities.

• Functions corresponding to consistent transformations must preserve connected sets by inverse image. This prevents our formalism from supporting the modeling of aggregation of disjoint entities (commonly used in map generalization). Aggregation consists of grouping (possibly disjoint) entities that, because of their size, would individually disappear, but, when considered as a whole, are still significant. Typical examples are groups of small lakes and islands (e.g., in countries like Canada or Finland). This operation cannot be easily formalized, since it is related to the semantics of the map, and not driven by exact rules. However, it is usually applied in practice by cartographers.

In our work, the condition of preserving connected sets by inverse image was imposed both for semantic and for technical reasons.

Semantic reasons are based on the fact that we want the same query, performed at different levels of detail, to return compatible results. For instance, in a region (i.e., a connected set), two internal points can always be joined by a line completely contained inside the region; if the region was the result of the aggregation of disjoint regions, the same query would not give a consistent result if the points were contained in different regions at a higher level of detail. Technical motivations relate to the fact that such condition allowed to define an ordering relation on the set of GACCs. If such constraint was not imposed, the relation defined on GACCs would only be a preorder, which is not antisymmetric. Furthermore, since the set of atomic operators we have defined have this property, they are only sufficient to generate, by composition, functions with the same characteristics.

A tentative solution has been proposed in [59], where the semantic and topological inconsistency caused by aggregation operations is overcome by forcing an arbitrary subdivision of the region containing the aggregated entities into two parts: one part corresponds to the surrounding region, while the other forms a shell containing entities to be aggregated. However, being based on an arbitrary subdivision, the method should be revised. In [165], the authors deal with the assessment of topological consistency across multiple representations obtained by aggregating parts. Nevertheless, this operation still remains a difficult issue within a mathematical formalization.

3. Applicability. The proposed formalization is limited to modeling combinatorial aspects of maps and changes in detail, while metric aspects, as well as changes in accuracy have not been taken into account. In actual implementations for generating maps at lower resolutions, combinatorial/topological, metric, and semantic criteria must be integrated. An analysis of metric aspects and changes in accuracy in geographic maps was initially performed in [14], by using the concept of line homotopy, and it has been briefly discussed in Chapter 5. Some developments have also been proposed in [141], although a rigorous formalization, as well as an integration with the work developed in the thesis has not been extensively analysed yet. Semantic aspects of spatial information have been completely disregarded, although they play a fundamental role in the application of some classical generalization operations [104]. As already stated in the thesis, we remark that the separation between different aspects, and their formalization through different mathematical tools is not to be considered as a limit of our approach, provided that the integration of other aspects is easily permitted in a modular way. This investigation represents one of our major future tasks.

Although the multiresolution model we have described is independent of the technique adopted to build it, as well as of the specific application, we have considered only a particular instantiation targeted to applications within GISs. The applicability to different contexts has not been analysed yet.

Finally, we recall that many applications of spatial information systems require a unified approach to both spatial and temporal information modeling (see [3, 161, 178] for a review on this topic). In this thesis, we did not treat temporal aspects of information. However, this is another interesting issue that we consider worthwhile to investigate.

Future Developments

We intend to concentrate our future work on three main aspects: theoretical developments for overcoming current limits of the formalism, application-related developments, and the realization of a prototype system implementing part of the obtained results.

Theoretical problems we plan to investigate include:

• the possibility of extending our formalism for treating also closed lines with no endpoint as well as map transformations implying aggregations of disjoint regions;

• the formalization of changes of accuracy in a map and its integration within the framework proposed in this thesis;

• a comparison of the two alternative methods for evaluating the diversity between maps;

• the possibility of extending the obtained results to higher dimensions (essentially, three dimensions) and to different application contexts (e.g., CAD systems).

From a more application-dependent point of view, we intend to provide algorithms for building and manipulating the proposed model, and to analyse the actual impact of our formalism as a support to map generalization. More specifically, the following issues correspond to our major aims:

• detection of meaningful criteria for triggering the application of minimal operators;

for example, we can decide that an entity must be eliminated (i.e., immersed into some larger object) when it gets too small (i.e., on the basis of its size); more complicated techniques, based on the semantics associated to each entity should also be employed;

• development of algorithms for performing macro-operations (e.g., contraction of a submap to a point, or to a line, or to a region), obtained as composition of minimal operators; priorities must be assigned to operators that are applicable at the same time;

• the study of methods for obtaining a canonical sequence of minimal operators corresponding to a given map transformation;

• development of an algorithm for building the multiresolution model;

• development of primitives for “vertically” navigating the multilevel organization;

• development of algorithms for performing spatial queries on the proposed model, as well as an analysis of the performance of such queries;

• an attempt to interpret classical generalization operations in terms of minimal operators we have defined; in particular, as already remarked, topological transformations implied by generalization operations can be obtained as compositions of minimal operators; other aspects playing an important role in map generalization should also be analysed with the aim of detecting possible limits of our approach as a support to the generalization task.

As far as the implementation developments are concerned, we are currently planning the realization of a prototype system implementing part of the developed work and composed of a kernel, a visualization, and a query module, such that

• the kernel contains the data structure for encoding a model of a spatial map together with manipulating primitives, as well as algorithms for reducing the detail (based on atomic operators);

• the visualization module contains algorithms for displaying a representation of a map at a given resolution level, to be used through a graphic interface for interactive manipulation and visualization;

• the query module includes the possibility of performing queries on the map, such as location of a given entity, at different levels of detail.

The idea is to develop a prototype which is meaningful and, at the same time, easily extensible. Adding operators, functionalities, etc., as well as changing the generalization criterion should always be possible in an easy way.

The prototype should also be tested on meaningful datasets: experimental results showing the practical behaviour/performance of the developed algorithms will complete the work.

A further development of the planned implementation consists of supporting also changes in accuracy. This implies the implementation of geometric algorithms, e.g., for line simplification [61, 121].

Bibliography

[1] A. I. Abdelmoty, M. H. Williams, N. W. Paton “Deduction and Deductive Databases for Geographic Data Handling”, Proceedings Third International Symposium on Large Spatial Databases, SSD’93, Lecture Notes in Computer Science 692, 1993, pp.443-464.

[2] M. K. Agoston, “Algebraic Topology: A First Course”, Pure and Applied Mathematics, Marcel Dekker Ed., New York, 1976.

[3] K. K. Al-Taha, R. T. Snodgrass, M. D. Soo, “Bibliography on spatiotemporal databases”, SIGMOD Record, 22, 1993, pp.59-67.

[4] R. Barrera, A. M. Vazquez, “A hierarchical method for representing relief”, Proceedings Pecora IX Symposium on Spatial Information Technologies for Remote Sensing Today end Tomorrow, Sioux Falls, South Dakota, October 1984, pp. 87- 92. [5] R. Barrera, M. Hinojosa, “Compression method for terrain relief”, Technical report, CINVESTAV, Engineering Projects, Department of Electrical Engineering, Polytechnic University of Mexico, Mexico City, 1987.

[6] R. Barrera, M. Egenhofer, A. Frank “Robust Evaluation of Spatial Queries”, Proceedings 5th International Symposium on Spatial Data Handling, Charleston, SC, 1992.

[7] B. Baumgart, “A Polyhedron Representation for Computer Vision”, Proc. AFIPS Nat. Conf., 44, 1975, pp. 589-596.

[8] M. K. Beard, “Constraints on Rule Formation”, in Map Generalization: Making Rules for Knowledge Representation, B. Buttenfield and R. B. McMaster (eds.), Longman, United Kingdom, 1991, pp.121-135.

[9] J.L. Bentley, T.A. Ottman, “Algorithms for reporting and counting geometric intersections”, IEEE Transactions on Computers, 28, 9, 1979, pp. 643-647.

[10] M. de Berg, K. Dobrindt, “On levels of detail in terrains”, Proceedings 11th Annual ACM Symposium on Computational Geometry, Vancouver, BC, Canada, 1995 .

[11] M. Bertolotto, E. Bruzzone, L. De Floriani, “Acyclic Hierarchical Cell Complexes”, Proceedings 5th Canadian Conference on Computational Geometry, Waterloo, Ontario, Canada, Agosto 1993, pp. 279-284.

[12] M. Bertolotto, L. De Floriani, E. Puppo, “Hierarchical Hypersurface Modeling”, IGIS’94: Geographic Information Systems, LNCS 884, (Special issue: selected papers from IGIS’94), J. Nievergelt, T. Roos, H. J. Schek, P. Widmayer (Eds.), Springer-Verlag, 1994, pp. 88-97.

[13] M. Bertolotto, L. De Floriani, E. Puppo, E. Bruzzone, “Multiresolution Representation of Volume Data through Hierarchical Simplicial Complexes”, in Aspects of Visual Form Processing, C. Arcelli, L.P. Cordella and G. Sanniti di Baja (Eds.), World Scientific, Singapore, 1994, pp. 73-82.

[14] M. Bertolotto, L. De Floriani, E. Puppo, “Multiresolution topological maps”, in Advanced Geographic Data Modelling - Spatial Data Modelling and Query Languages for 2D and 3D Applications, M. Molenaar, S. De Hoop (eds.), Netherland Geodetic Commission, Publications on Geodesy - New Series, 40, 1994, pp.179- 190.

[15] M. Bertolotto, L. De Floriani, P. Marzano, “An Efficient Representation for Pyramidal Terrain Models”, Proceedings 2nd ACM Workshop on Advances in Geographic Information Systems, Gaithersburg, Maryland, 1994, pp. 129-136.

[16] M. Bertolotto, L. De Floriani, “Topological and Interference Queries on an n- Dimensional Cell Complex”, Technical Report PDISI n. 94/06, D.I.S.I. - University of Genova, 1994.

[17] M. Bertolotto, L. De Floriani, P. Marzano, “Pyramidal Simplicial Complexes”, Solid Modeling’95 - 3rd ACM Symposium on Solid Modeling and Applications, Salt Lake City, Utah, 1995, pp. 153-162.

[18] M. Bertolotto, L. De Floriani, P. Marzano, “A Unifying Framework for Multilevel Description of Spatial Data”, in Spatial Information Theory - A Theoretical Basis for GIS, Lecture Notes in Computer Science 988, A.U. Frank, W. Kuhn, (Eds.), Springer-Verlag, Germany, 1995, pp. 259-278.

[19] M. Bertolotto, E. Bruzzone, L. De Floriani, G. Nagy, “Generating Assembly and Machining Sequences from the Face-to-Face Composition Model”, Computer- Aided Design, 2, 28, 1996.

[20] M. Bertolotto, E. Bruzzone, L. De Floriani, “Geometric Modeling and Spatial Reasoning ”, Artificial Vision: Image Description, Recognition and Communication, V. Cantoni, S. Levialdi and V. Roberto (Eds.), Academic Press, London, 1996, pp. 107-134.

[21] M. Bertolotto, P. Magillo, L. De Floriani, “Overlapping Hierarchical Maps”, Proceedings 3rd ACM International Workshop on Advances in Geographic Information Systems, Baltimore, Maryland, 1995.

[22] Y. Bertrand, J.-F. Dufourd, J. Francon, P. Lienhardt, “Algebraic Specification and Development in Geometric Modeling”, Proc. TAPSOFT’93, 1993.

[23] Y. Bertrand, J.-F. Dufourd, J. Francon, P. Lienhardt, “3-Dimensional Manifold Modeling using Generalized Maps”, Technical Report 93-03, Universitè Louis Pasteur, Centre De Recherche en Informatique, Strasbourg, 1993.

[24] Y. Bertrand, J.-F. Dufourd, “Algebraic Specification of a 3D-Modeler Based on Hypermaps”, CVGIP, 56, 1, 1994, pp. 26-60.

[25] J. D. Boissonnat, “Geometric Structures for Three-Dimensional Shape Representation”, Int. J. Robotics Res., 1, 1, 1982.

[26] E. Brisson, “Representing Geometric Structures in d Dimensions: Topology and Order”, Proc. 5th ACM Symp. Comp. Geom., 1989, pp. 218-227.

[27] E. Brisson, “Representation of d-Dimensionsional Geometric Objects”, PhD Thesis, Department of Computer Science and Engineering, University of Washington, 1990.

[28] E. Brisson, “Representing Geometric Structures in d Dimensions: Topology and Order”, Discrete Comput. Geom., 9, 1993, pp. 387-426.

[29] R. Brown, “Topology: A Geometric Account of General Topology, Homotopy Types and the Fundamental Grupoid”, Ellis Horwood Series in Mathematics and its Applications, 1988.

[30] B. Bruegger, A. Frank, “Hierarchies over topological data structures”, Proceedings ASPRS-ACSM Annual Convention, Baltimore, MD, 1989, pp.137-145.

[31] B. Bruegger, W. Kuhn, “Multiple topological representations”, Technical Report 91-17, National Center for Geographic Information and Analysis, Santa Barbara, Ca, 1991.

[32] B. Bruegger, “Spatial Theory for the Integration of Resolution-Limited Data”, PhD Thesis, Department of Spatial Information Engineering, University of Maine, Orono, August 1994.

[33] E. Bruzzone, L. De Floriani, “Validity Issues for Modular Boundary Models”, Proceedings Eurographics^′91, Vienna, September 1991, pp.115-126.

[34] E. Bruzzone, L. De Floriani, M. Pellegrinelli, “A Hierarchical Spatial Index for Cell Complexes”, Advances in Spatial Databases, D. Abel, B.C. Ooi (Eds.), Lecture Notes in Computer Science, 692, Springer-Verlag, Tokyo, 1993, pp. 105-122.

[35] B. P. Buttenfield, J. S. De Lotto, “Multiple Representations - Scientific Report for the Specialist Meeting”, Technical Paper 89-3, NCGIA, Department of Geography, Suny at Buffalo, 1989.

[36] B. P. Buttenfield, J. S. De Lotto, J. V. McKinney, “Multiple Representations - A Bibliography”, Technical Paper 89-11, NCGIA, Department of Geography, Suny at Buffalo, 1989.

[37] A. Car, A. Frank, “Modelling a hierarchy of space applied to large road networks”, IGIS’94: Geographic Information Systems, LNCS 884, J. Nievergelt, T. Roos, H. J. Schek, P. Widmayer (Eds.), Springer-Verlag, 1994, pp.15-24.

[38] B. Chazelle, “Reporting and counting segment intersections”, J. Comput. Syst.

Sci., 32, 1986, pp.156-182.

[39] B. Chazelle, H. Edelsbrunner, “An optimal algorithm for intersecting line segment in the plane”, Journal Assoc. Comput., Mach., 39, (1), 1992, pp. 1-54.

[40] B. Chazelle, H. Edelsbrunner, L. J. Guibas, M. Sharir, “Algorithms for bichromatic line-segment problem and polyhedral terrains”, Algorithmica, 11, 1994, Springer Verlag, New York, pp. 116-132.

[41] V. Checcucci, A. Tognoli, E. Vesentini, Lezioni di topologia generale, Feltrinelli Editore Milano, 1972.

[42] R. T. Chin, C. R. Dyer, “Model-Based Recognition in Robot Vision”, ACM Comput. Surveys, 18, 1, 1986, 67-108.

[43] P. Cignoni, E. Puppo, R. Scopigno, “Representation and Visualization of Terrain Surfaces at Variable Resolution”, The Visual Computer, 13, 5, 1997.

[44] K.L. Clarkson, P.W. Shor, “Application of random sampling in computer geometry”, Discrete and Computational Geometry, 4, (5), 1989, pp. 387-421.

[45] E. Clementini, P. Di Felice, P. Van Oosterom, “A small set of formal topological relationships suitable for end-user interaction”, Proceedings Third International Symposium on Large Spatial Databases, SSD’93, Lecture Notes in Computer Science 692, 1993, pp. 277-295.

[46] E. Clementini, P. Di Felice, “A Comparison of Methods for Representing Topological Relationships”, Information Sciences, 3, 1995, pp.149-178.

[47] J. P. Corbett, “Topological Principal of Cartography”, Technical Paper No. 48, US Bureau of the Census, Washington, DC, USA: US Government Printing Office, 1979.

[48] Z. Cui, A. Cohn, D. Randell, “Qualitative and Topological Relationships in Spatial Databases”, Proceedings Third International Symposium on Large Spatial Databases, SSD’93, Lecture Notes in Computer Science 692, 1993, pp.296-315.

[49] L. De Floriani, B. Falcidieno, C. Pienovi, G. Nagy, “A hierarchical data structure for surface approximation”, Computers and Graphics, 8, 2, 1984, pp. 475-484.

[50] L. De Floriani, B. Falcidieno, “A Hierarchical Boundary Model for Solid Object Representation”, ACM Transactions on Graphics, 7, 1, 1988, pp.42-60.

[51] L. De Floriani, “Feature Extraction from Boundary Models of Three-Dimensional Objects”, IEEE Transactions on Pattern Analysis and Machine Intelligence, 11, 8, August 1989, pp.798-798.

[52] L. De Floriani, “A pyramidal data structure for triangle-based surface description”, IEEE Computer Graphics and Applications, March 1989, pp.67-78.

[53] L. De Floriani, E. Puppo, “A hierarchical triangle-based model for terrain description”, in Theories and Methods of Spatio-Temporal Reasoning in Geographic Space, A.U. Frank, I. Campari, U. Formentini (eds.), Lecture Notes in Computer Science 639, Springer-Verlag, 1992, pp.236-251.

[54] L. De Floriani, P. Marzano, E. Puppo , “Spatial queries and data models”, in Spatial Information Theory - A theoretical basis for GIS, A.U. Frank, I. Campari (eds.), Lecture Notes in Computer Science 716, Springer-Verlag, 1993, pp.113-138.

[55] L. De Floriani, E. Puppo, “Hierarchical Triangulation for Multiresolution Surface Description”, ACM Transactions on Graphics, 14, 4, 1995, pp. 363-411.

[56] L. De Floriani, P. Marzano, E. Puppo, “Multiresolution Models for Topographic Terrain Description”, The Visual Computer, 12, 7, 1996, pp. 317-345.

[57] L. De Floriani, E. Puppo, P. Magillo, “Applications of computational geometry to geographical information systems”, to appear in Handbook of Computational Geometry, J.R. Sack, J. Urrutia (eds.), Elsevier Science, 1997.

[58] V. Delis, T. Hadzilacos, “On the assessment of generalization consistency”, Proceedings 5th Symposium on Spatial Databases (SSD’97), Berlin, July 1997.

[59] G. Dettori, E. Puppo, “How generalization interacts with the topological and geometric structure of maps” Proceedings 7th International Symposium on Spatial Data Handling, Delft, 1996.

[60] D. B. Dobkin, M. J. Laszlo, “Primitives for the Manipulation of Three- Dimensional Subdivisions”, Algorithmica, 4, 1989, pp. 3-32.

[61] D. H. Douglas, T. K. Peucker, “Algorithms for reduction of the number of points required to represent a digitized line or its caricature”, The Canadian Cartographer, 10, 2, 1973, pp. 112-122.

[62] J.-F. Dufourd, “A Topological Map-Based Kernel for Polyhedron Modelers: Algebraic Specification and Logic Prototyping”, Proc. EUROGRAPHICS’89, 1989, pp. 301-312.

[63] J.-F. Dufourd, “Formal Specification of Topological Subdivisions using Hypermaps”, CAD, 23, 2, 1991, pp. 99-116.

[64] H. Edelsbrunner, Algorithms in Combinatorial Geometry, Springer Verlag, 1987.

[65] M. Egenhofer, A. U. Frank, J. P. Jackson, “A topological model for spatial databases”, in Design and Implementation of Large Spatial Databases, (SSD’89), Lecture Notes in Computer Science 409, 1989, pp. 271-286.

[66] M. Egenhofer, J. Herring, “A mathematical framework for the definition of topological relationships”, Proceedings 4th International Symposium on Spatial Data Handling, Zurich, Switzerland, 1990, pp. 803-813.

[67] M. Egenhofer, R. Franzosa, “Point-set topological spatial relations”, International Journal of Geographical Information Systems, 5 2, 1991, pp. 161-174.

[68] M. Egenhofer, J. Herring, “Categorizing binary topological relations between regions, lines and points in geographic databases”, Technical Report Department of Surveying Engineering, University of Maine, Orono, ME, 1991.

[69] M. Egenhofer, “Reasoning about Binary Topological Relations”, in Proceedings SSD’91, Lecture Notes in Computer Science 525, 1989, pp.143-160.

[70] M. Egenhofer, J. Sharma, “Topological consistency”, Proceedings 5th International Symposium on Spatial Data Handling, Charleston, SC, 1992, pp. 335-343.

[71] M. Egenhofer, K. Al-Taha, “Reasoning about gradual changes of topological relationships”, in Theories and Methods of Spatio-Temporal Reasoning in Geographic Space, A.U. Frank, I. Campari, U. Formentini (eds.), Lecture Notes in Computer Science 638, Springer-Verlag, 1992, pp. 196-219.

[72] M. Egenhofer, A. Frank, “Object-oriented modeling for GIS”, in Journal of the Urban and Regional Information Systems Association, 4, 1992, pp. 3-19.

[73] M. Egenhofer, J. Herring, “Querying a Geographical Information System”, Human Factors in GISs, 1993.

[74] M. Egenhofer, E. Clementini, P. Di Felice, “Topological relations between regions with holes”, International Journal of Geographical Information Systems, 8, 2, 1994, pp. 129-142.

[75] M. Egenhofer, E. Clementini, P. Di Felice, “Evaluating inconsistencies among multiple representations”, Proceedings 6th International Symposium on Spatial Data Handling, Edinburgh, Scotland, 1994, pp. 901-920.

[76] M. Egenhofer, R. Franzosa, “On the equivalence of topological relations” International Journal of Geographical Information Systems, 9, (2), 1995, pp.133-152.

[77] M. Egenhofer, D. M. Mark, “Modelling conceptual neighbourhoods of topological line-region relations”, International Journal of Geographical Information Systems, 9, (5), 1995, pp.555-565.

[78] M. Egenhofer, D. M. Mark, “Naive Geography”, in Spatial Information Theory - A Theoretical Basis for GIS, Lecture Notes in Computer Science 988, A.U. Frank, W. Kuhn, (Eds.), Springer-Verlag, Germany, 1995, pp. 1-15.

[79] H. Elter, P. Lienhardt, “Different Combinatorial Models Based on the Map Concept for the Representation of Subsets of Cellular Complexes”, Proc. IFIP TC 5/WG 5.10 Working Conference on Geometric Modeling in Computer Graphics, 1993, pp. 193-212.

[80] V. Ferrucci, A. Paoluzzi, “Extrusion and Boundary Evaluation for Multidimensional Polyhedra”, CAD, 23, 1, 1991, pp. 40-50.

[81] U. Finke, K. H. Hinrichs,“The quad view data structure - A representation for planar subdivisions”, Advances in Spatial Databases (Proc. SSD’95), M.J. Egenhofer, J.R. Herring, Editors, Lecture Notes in Computer Science 951, Springer-Verlag, 1995, pp. 29-46.

[82] A. Frank, W. Kuhn, “Cell graph: a provable correct method for the storage of geometry”, Proceedings SDH’86, Seattle, WA, 1986.

[83] A. Frank, S. Timpf, “Multiple representations for cartographic objects in a multiscale tree - an intelligent graphical zoom”, Computer & Graphics, 18, 6, 1994, pp. 823-829.

[84] W. R. Franklin, M. Kankanhalli, C. Narayanaswami, ‘ Geometric computing and the uniform grid data technique”, Computer Aided Design, 21, 7, 1989, pp. 410- 420.

[85] D. Gomez, A. Guzman, “Digital model for three-dimensional surface representation”, Geo-Processing, 1, 1979, pp. 53-70.

[86] R.H. Güting, M. Schneider, “Realms: A Foundation for Spatial Data Types in Database Systems” Proceedings Third International Symposium on Large Spatial Databases, SSD’93, Lecture Notes in Computer Science 692, 1993, pp. 14-35.

[87] R.H. Güting, “An introduction to spatial database systems”, VLDB Journal, 3, 1994, pp. 357-399.

[88] R.H. Güting, M. Schneider, “Realm-Based Spatial Data Types: The ROSE Algebra”, VLDB Journal, 4, 1995, pp. 243-286.

[89] L. Guibas, J. Stolfi, “Primitives for the Manipulation of General Subdivisions and the Computation of Voronoi Diagrams”, ACM Trans. Graph., 4, 2, 1985, pp. 74-123.

[90] L. J. Guibas, R. Seidel, “Computing convolutions by reciprocal search”, Discrete and Computational Geometry, 2, 1987, pp.175-193.

[91] E. L. Gursoz, Y. Choi, F. B. Prinz, “Vertex-Based Representation of Non- Manifold Boundaries”, in Geometric Modeling for Product Engineering, M. J. Wozny, J. U., Turner, K. Preiss (eds.), Elsevier Science Publishers B.V. (North Holland), 1990, pp. 107-130.

[92] A. Guttman, “R-trees: a Dynamic Index Structure for Spatial Searching”, Proceedings ACM SIGMOD, 1984, pp.47-57.

[93] T. Hadzilacos, N. Tryfona, “A model for expressing topological integrity constraints in geographic databases”, Lecture Notes in Computer Science, 639, Springer-Verlag, 1992, pp.252-268.

[94] N. W. Hazelton, L. Bennet, J. Masel, “Topological structures for 4-dimensional geographic information systems”, Computers, Environment, and Urban Systems, 16, 1992, pp.227-237.

[95] D. Hernandez, Qualitative Representation of Spatial Knowledge, Lecture Nots in Computer Science 804, New York, Springer Verlag, 1994.

[96] J. Herring, “TIGRIS: topologically integrated GIS”, Proceedings Autocarto 8, ASPRS/ACSM, Baltimore, MD, 1987, pp. 282-291.

[97] J. Herring, “The mathematical modelling of spatial and non-spatial information in geographic information systems”, in Cognitive and Linguistic Aspects of Geographic Space, D. Mark, A. Frank (eds.), 1991, pp.313-350.

[98] S. de Hoop, P. van Oosterom, “Storage and manipulation of topology in Postgres”, Proceedings of the Third European Conference on Geographical Information Systems, EGIS’92, 1992, pp.1324-1336.

[99] S. de Hoop, P. van Oosterom, M. Molenaar, “Topological Querying of Multiple Map Layers”, in Spatial Information Theory - A theoretical basis for GIS, A.U. Frank, I. Campari (eds.), Lecture Notes in Computer Science 716, Springer- Verlag, 1993, pp.139-157.

[100] C. L. Jackins, S. L. Tanimoto, “Octrees and Their Use in Representing Three- Dimensional Objects”, in Solid Modeling by Computers: from Theory to Applications, Plenum, New York, 1984.

[101] W. Kainz, “Spatial relationships - Topology versus order”, Proceedings 4th International Symposium on Spatial Data Handling, Zurich, Switzerland, July 1990, pp. 814-819.

[102] W. Kainz, M. Egenhofer, I. Greasley, “Modelling spatial relationsand operations with partially ordered sets”, International Journal of Spatial Information Systems, 7, 3, 1993, pp.215-229.

[103] Kasturi, Fernandez, Amlani, Feng, “Map Data Processing in Geographic Information Systems”, IEEE Computer Magazine, 1989.

[104] V. Kashyap, A. Sheth, “Semantic and schematic similarities between database objects: a context-based approach”, VLDB Journal, 5, 1996, pp. 276-304.

[105] J.L. Kelly, General Topology, D. Van Nostrand Co., 1955.

[106] V. A. Kovalevsky, “Finite topology as applied to image analysis”, Computer Vision, Graphics, and Image Processing, 46, 1989, pp.141-161.

[107] H.P. Kriegel, T. Brinkhoff, R. Schneider, “The combination of spatial access methods and Computational Geometry in Geographic Database Systems”, Proceedings 2nd Symposium on Spatial Database, 1991, pp. 5-21.

[108] H.P. Kriegel, T. Brinkhoff, R. Schneider, “An efficient map overlay algorithm based on Spatial Access Methods and Computational Geometry”, Proceedings International Workshop on DBMSs for Geographical Applications, Capri, May 1991, pp. 16-17.

[109] B. Kuijpers, J. Paradaens, J. Van den Bussche, “Lossless Representation of Topological Spatial Data”, Proceedings SSD’95, Portland, Maine, 1995, pp. 1-13.

[110] V. Lang, “A Study of an Interactive Geoemtric Object Modeler, Based on Simplicial Sets”, PhD Thesis (in French), Universitè Louis Pasteur, Centre De Recherche en Informatique, Strasbourg, 1995.

[111] V. Lang, P. Lienhardt, “Geometric Modeling with Simplicial Sets”, Pacific Graphics’95, Seoul, Korea, August 1995.

[112] F. W. Lawvere, “Metric spaces, generalized logic and closed categories”, Rend.

Sem. Mat. Fis. University of Milano, 1974, pp. 135-166.

[113] Y.-C. Lee, Y.G. Shin, “Assembly Planning Based on Geometric Reasoning”, Computer and Graphics, 14, 2, 1990, pp. 237-250.

[114] P. Lienhardt, “Subdivisions of Surfaces and Generalized Maps”, Proc. EURO- GRAPHICS’89, 1989, pp. 439-451.

[115] P. Lienhardt, “Subdivisions of N-Dimensional Spaces and N-Dimensional Generalized Maps”, Proc. 5th ACM Symp. Comp. Geom, 1989, pp. 228-236.

[116] P. Lienhardt, “Topological Models for Boundary Representation: a Comparison with N-Dimensional Generalized Maps”, CAD, 23, 1, 1991, pp. 59-82.

[117] P. Lienhardt, “N-Dimensional Generalized Combinatorial Maps and Cellular Quasi-Manifolds”, Int. Journal of Comp. Geom and Appl., 4, 3, 1994, pp. 275-324.

[118] A.T. Lundell, S. Weingram, The Topology of CW Complexes, Van Nostrand Reinhold Comp., 1969.

[119] H.G. Mairson, J. Stolfi, “Reporting and counting intersections between two sets of line segments”, Theoretical Foundations of Computer Graphics and CAD, R.A.Earnshaw (editor), NATO ASI Series, F40, 1988, Springer-Verlag, Berlin, pp.307-325.

[120] M. Mäntylä, An Introduction to Solid Modeling, Computer Science Press, Rockville, MD, 1987.

[121] R. C. McMaster, “Automated line generalization”, Cartographica, 24, 1987, pp.74-111.

[122] R. C. McMaster, L. Barnett, “A spatial-object level organization of transformations for cartographic generalization”, Proceedings AUTOCARTO’93, 1993, pp.386-395.

[123] M. Molenaar, “Single valued vector maps - a concept in GIS”, Geo-Informations-systeme, 2, 1, 1989.

[124] M. Molenaar, “A formal data structure for three dimensional vector maps”, Proceedings 4th International Symposium on Spatial Data Handling, Zurich, Switzerland, July 1990, pp.830-843.

[125] M. Molenaar, O. Kufoniyi, T. Bouloucos, “Modeling topological relationships in vector maps”, Proceedings 6th International Symposium on Spatial Data Handling, Edinburgh, Scotland, September 1994, pp.112-126.

[126] J. C. Müller, R. Weibel, J. P. Lagrange, F. Salgè, “Generalization: state of the art and issues”, in Gis and Generalization: Methodology and Practice, J. C. Müller, J. P. Lagrange, R. Weibel (eds.) Taylor and Francis, 1995, pp.3-17.

[127] J. M. Munkres, Elements of Algebraic Topology, Addison Wesley, 1984.

[128] S. Murabata, M. Higashi, “Non-Manifold Geometric Modeling for Set Operations and Surface Operations”, Proceedings IFIP 5.2 Workshop on Geometric Modeling, Rensselaerville, New York, 1990.

[129] J. Nievergelt, F. P. Preparata, “Plane Sweep Algorithms for Intersecting Geometric Figures” , Communications of the ACM, 25, (10), 1982, pp. 739-747.

[130] J. Orenstein, “An algorithm for computing the overlay of k-dimensional spaces”, Proceedings 2nd Symposium on Advanced in Spatial Databases, Lecture Notes in Computer Science 525, O.Günter, H.J.Schek (eds.), 1991, pp. 381-400.

[131] J. Paiva, M. Bertolotto, M. Egenhofer, “Mappings Between Cell Complexes and Relation-Based Models”, Technical Report, Department of Spatial Information Engineering, University of Maine, Orono, 1997.

[132] L. Palazzi, J. Snoeyink, “Counting and reporting red/blue segment intersections”, Lecture Notes in Computer Science, 709, 1993, Springer Verlag, New York, pp. 530-540.

[133] C. Papadimitriou, D. Suciu, V. Vianu, “Topological Queries in Spatial Databases”, Fifteenth ACM SIGACT-SIGMOD-SIGART Symposium on Principles of Database Systems (PODS), Montreal, Canada, ACM Press, 1996.

[134] S. Pigot, “Topological Models for 3D Spatial Information Systems”, Proceedings SDH’92, Charleston, SC, 1992.

[135] S. Pigot, “A Topological Model for a 3D Spatial Information System”, Proceedings SDH’92, Charleston, SC, 1992.

[136] S. Pigot, “Generalized Singular 3-Cell Complexes”, Proceedings SDH’94, Edinburgh, UK, 1994, pp. 89-111.

[137] J. Ponce, O. Faugeras, “An object centered hierarchical representation for 3D objects: the prism tree”, Computer Vision, Graphics, and Image Processing, 40, 1, 1987, pp. 1-29.

[138] J. Popović, H. Hoppe, “Progressive Simplicial Complexes”, Proceedings SIG- GRAPH’97, Addison Wesley, 1997, pp.217–224.

[139] F. Preparata, M. Shamos, Computational Geometry: An Introduction, Springer Verlag, 1985.

[140] D. V. Pullar, M. Egenhofer, “Toward formal definitions of topological relations among spatial objects”, Proceedings 3rd International Symposium on Spatial Data Handling, Sidney, Australia, 1988, pp. 225-241.

[141] E. Puppo, G. Dettori, “Towards a formal method for multiresolution spatial maps”, Proceedings SSD’95, Portland, Maine, 1995.

[142] E. Puppo, R. Scopigno, “Simplification, LOD and Multiresolution - Principles and Applications”, Eurographics’97 Tutorial Notes PS97 TN4, Eurographics association, 1997.

[143] A. Rappoport, “Geometric Modeling: a New Fundamental Framework and its Practical Implications”, Solid Modeling’95 - 3rd ACM Symposium on Solid Modeling and Applications, Salt Lake City, Utah, 1995, pp. 31-41.

[144] A. A. G. Requicha, “Representations of Rigid Solids: Theory, Methods, and Systems”, ACM Computing Surveys, 12, 4, 1980, pp. 437-464.

[145] A. A. G. Requicha, H. B. Voelcker, “Solid Modeling: a Historical Summary and Contemporary Assessment”, IEEE Computer Graphics and Applications, 2, 2, March 1982, pp. 9-24.

[146] A. A. G. Requicha, H. B. Voelcker, “Solid Modeling: Current Status and Research Directions”, IEEE Computer Graphics and Applications, 3, 7, October 1983, pp. 25-37.

[147] A. H. Robinson, R. D. Sale, J. L. Morrison, P. C. Muehrcke, Elements of Cartography, John Wiley, New York, 5th edition, 1984.

[148] J. R. Rossignac, M. A. O’Connor, “SGC: A Dimensional-Independent Model for Pointsets with Internal Structures and Incomplete Boundaries”, Geometric Modeling for Product Engineering, Wozny, M.J., Turner, J.U., and Preiss, K., editors, Elsevier Science Publishers B.V. (North Holland), 1990, pp. 145-180.

[149] J. R. Rossignac, P. Borrel, “Multi-Resolution 3D Approximations for Rendering Complex Scenes”, Proc. IFIP TC 5/WG 5.10 Working Conference on Geometric Modeling in Computer Graphics, 1993, pp. 455-466.

[150] C.P. Rourke, B.J. Sanderson, Introduction to Piecewise-linear Topology, Springer- Verlag, 1972.

[151] A. Ruas, C. Plazanet, “Strategies for automated generalization”, Proceedings 7th International Symposium on Spatial Data Handling, Delft, 1996

[152] H. Samet, “The Design and Analysis of Spatial Data Structures”, Addison- Wesley, Reading, MA, 1990.

[153] H. Samet, “Applications of Spatial Data Structures”, Addison Wesley, Reading, MA, 1990.

[154] H. Samet, R. Sivan, “Algorithms for constructing quadtree surface maps”, Proceedings Fifth International Symposium on Spatial Data Handling, Charleston, August 1992, pp. 361-370.

[155] A. Sanderson, L.S. Homem de Mello, “Automatic Generation of Mechanical Assembly Sequences”, Geometric Modeling for Product Engineering, M.J. Wozny, J.U. Turner, K. Preiss (Editors), Elsevier Science Publishers B.V. (North Holland), 1990, pp. 461-482.

[156] L. L. Scarlatos, T. Pavlidis, “Hierarchical Triangulation Using Cartographic Coherence”, CVGIP: Graphical Models and Image Processing, 54, 2, March 1992, pp. 147-161.

[157] M. Schneider, Spatial Data Types for Database Systems, LNCS 1288, 1997.

[158] P. P. Silvester, R. L. Ferrari, Finite Elements for Electrical Engineers (second edition), Cambridge University Press, 1990.

[159] T. R. Smith, K. K. Park, “Algebraic approach to spatial reasoning”, International Journal of Geographical Information Systems, 6, 3, 1992, pp.177-192.

[160] J. G. Stell, M. F. Worboys, “Towards a Representation for Spatial Objects in Diverse Geometries”, 2nd ACM Workshop on Advances in Geographic Information Systems, Gaithersburg, Maryland, Dicembre 1994, pp. 1-6.

[161] P. A. Story, M. F. Worboys, “A Design Support Environment for Spatio-Temporal Database Applications”, in Spatial Information Theory - A Theoretical Basis for GIS, Lecture Notes in Computer Science 988, A.U. Frank, W. Kuhn, (eds.), Springer-Verlag, Germany, 1995, pp.413-430.

[162] P. Svensson, H. Zhexue, “Geo-SAL: A query language for spatial data analysis”, Proceedings Second International Symposium on Large Spatial Databases, SSD’91, Lecture Notes in Computer Science 525, 1991, pp.119-140.

[163] M. Tamminen, “Comment on Quad- and Octrees”, Communications of the ACM, 27, 3, March 1984, pp. 248-249.

[164] S. Timpf, G. S. Volta, D. W. Pollock, M. Egenhofer, “A conceptual model of wayfinding using multiple levels of abstraction”, in Theories and Methods of Spatio-Temporal Reasoning in Geographic Space, A.U. Frank, I. Campari, U. Formentini (eds.), Lecture Notes in Computer Science 639, Springer-Verlag, pp. 348-367 .

[165] N. Tryfona, M. Egenhofer, “Consistency Among Parts and Aggregates: A Computational Model”, Transactions in GIS, 1, (3), 1997, pp.189-206.

[166] J. M. Vick, “Homology Theory: an Introduction to Algebraic Topology”, Pure and Applied Mathematics, Academic Press, 1973.

[167] B. Von Herzen, A. H. Barr, “Accurate triangulations of deformed, intersecting surfaces”, Computer Graphics, 21, 4, July 1987, pp. 103-110.

[168] R. Weibel, S. Keller, T. Reichenbacher, “Overcoming the Knowledge Acquisition Bottleneck in Map Generalization: The Role of Interactive Systems and Computational Intelligence”, in Spatial Information Theory - A Theoretical Basis for GIS, Lecture Notes in Computer Science 988, A.U. Frank, W. Kuhn, (Eds.), Springer-Verlag, Germany, 1995, pp. pp.139-156.

[169] K. Weiler, “Edge-Based Data Structures for Solid Modeling in a Curved-Surface Environment”, IEEE Computer Graphics and Applications, 5, 1, 1985, pp. 21-40.

[170] K. Weiler, “Topological Structures for Geometric Modeling”, Ph.D. dissertation, Department of Computer and System Engineering, Rensselaer Polytechnic Institute, Troy, NY, August 1986.

[171] K. Weiler, “The Radial-Edge Structure: a Topology Representation for Non- Manifold Geometric Boundary Modeling”, Geometric Modeling for CAD Applications, Elsevier Science Publish., 1988.

[172] M.S. White, “Tribulations of automated cartography and how mathematics help”, Proceedings Sixth Int. Symp. on Automated Cartography, Ontario, 1983.

[173] T. C. Woo, “A Combinatorial Analysis of Boundary Data Structures Schemata”, IEEE Computer Graphics and Applications, 5, 3, 1985, pp. 19-27.

[174] M.F. Worboys, H.M. Hearnshaw, D.J. Maguire, “Object-oriented data modelling for spatial databases”, International Journal of Geographical Information Systems, 4, (4), 1990, pp.369-383.

[175] M. F. Worboys, “A generic model for planar geographic objects”, International Journal of Geographical Information Systems, 6, 5, 1992, pp. 353-372.

[176] M. F. Worboys, P. Bokafos,“A canonical model for a class of areal spatial objects”, Advances in Spatial Database (SSD’93), D. Abel, B.C. Ooi (Eds.), Lecture Notes in Computer Science, Springer-Verlag, 1993, pp.36-52.

[177] M. F. Worboys, “Object-oriented approaches to geo-referenced information”, International Journal of Geographical Information Systems, 8, 4, 1994, pp.385-399.

[178] M. F. Worboys, “A Unified Model for Spatial and Temporal Information”, The Computer Journal, 37, 1, 1994, pp.26-34.

[179] M. F. Worboys, “Metrics and Topologies for Geographic Space”, Proceedings 7th International Symposium on Spatial Data Handling, Delft, 1996.

Appendix A Point-set Topology Concepts

In the following, we provide basic concepts defined in point-set Topology (see [29, 41] for further details).

Definition A.1.1 A topology on a set X is a family τ of subsets of X such that:

• X and ∅ belong to τ ;

• every union of elements of τ belongs to τ ;

• the intersection of every finite family of elements of τ belongs τ . Elements in τ are called open sets of τ .

Definition A.1.2 A topological space is a set with a topology.

Definition A.1.3 A subset Y of a topological space X is said to be closed if its complement C_X Y = X \ Y is open.

Definition A.1.4 Let X and X^′ topological spaces and let f : X → X^′ be a function of X in X^′; f is said to be continuous if, for each A^′ open set of X^′, f^{−1}(A^′) is an open set of X.

Definition A.1.5 Let X and X^′ topological spaces. A homeomorphism of X into X^′ is a bijective function f : X → X^′ such that f and f^{−1} are continuous.

Definition A.1.6 Let Y be a subset of a topological space X,

• the interior of Y , denoted i(Y ), is the union of all open sets contained in Y , i.e., the largest open set contained in Y ;

• the closure of Y , denoted Y , is the intersection of all closed sets that contain Y , i.e., the smallest closed set containing Y ;

• the border of Y is the set of all points x in X such that, for each open set U containing x, U ∩ Y ≠ ∅ and U ∩ C_X Y ≠ ∅ (C_X Y = X \ Y ); • the exterior of Y is defined by Y^− = X \ Y ; • the regularization of Y is defined by r(Y ) = i(Y ).

The following relationship holds among interior, closure and border of Y : b(Y ) ∪ i(Y ) = Y . When a topology is defined, it is useful to have a family of open sets that generate all other open sets of the topology. Thus we define the concept of base for a topology.

Definition A.1.7 A base for a topological space X is a family B of open non-empty sets of X such that each open set of X is union of elements of B.

In the following, we define connectivity in a topological space and present a few results on mappings preserving connectivity (see [29, 41] as references for definitions and results which are not shown here).

Definition A.1.8 A topological space X is connected if and only if it is not union of two open sets A and B such that A ≠ ∅, B ≠ ∅ and A ∩ B = ∅.

Obviously each set composed of a single element is connected.

Since closed sets are complements of open sets, we have the following proposition (see [29, 41] for a formal proof).

Proposition A.1.9 A topological space X is not connected if and only if one of the following conditions holds:

• there exists A ⊆ X, with A ≠ ∅ and A ≠ X, such that A is both open and closed; • there exist two closed sets F ⊆ X and G ⊆ X such that F ≠ ∅, G ≠ ∅, F ∩ G = ∅ and X = F ∪ G.

The following proposition relates continuous functions and connected spaces (the proof can be found in [29, 41]).

Proposition A.1.10 Let X and Y be topological spaces and let f : X → Y be a continuous surjective function. If X is connected, then Y is also connected.

The following corollary states that continuous functions preserve connectivity.

Corollary A.1.11 Let f : X → Y be a continuous function. For each connected subset X^′ of X, f(X^′) is a connected subset of Y .

Definition A.1.12 Given a function f : X → Y , we say that f reflects connected subsets (also, preserves connected subsets by inverse image of connected sets if, for each Y^′ ⊆ Y such that Y^′ is connected, also f^{−1}(Y^′) is connected.

Appendix B Preorders and orders

B.1 Definitions

Definition B.1.1 A preorder ≤ on a set X is a relation that satisfies the following properties:

• ∀x ∈ X, x ≤ x (reflexivity); • ∀x, y, z ∈ X, x ≤ y and y ≤ z ⇒ x ≤ z (transitivity).

Definition B.1.2 A partial order ≤ on a set X is a relation that satisfies the following properties:

• ∀x ∈ X, x ≤ x (reflexivity);

• ∀x, y ∈ X, x ≤ y and y ≤ x ⇒ x = y (antisymmetry); • ∀x, y, z ∈ X, x ≤ y and y ≤ z ⇒ x ≤ z (transitivity). A set with an order is called a poset (partially ordered set).

Definition B.1.3 Let (X, ⪯_X ) and (Y, ⪯_Y ) be two posets. A function f : X → Y is monotonic if it preserves the ordering, i.e., x ⪯_X x^′ (and x ≠ x^′) implies f(x) ⪯_Y f(x^′).

B.2 Topology Induced by a Preorder

In this Section, we show that a preorder (i.e., a reflexive and transitive binary relation) always induces a topology. Furthermore, we show that a mapping between two topological spaces with such topology is continuous if and only if it preserves the preorder. Connected sets in this topology are also characterized.

Proposition B.2.1 A preorder induces the following topology on X: A ⊆ X is open in X if and only if ∀x ∈ A and ∀y ∈ X such that x ≤ y, y ∈ A.

Proof.

• ∅ and X satisfy the condition.

• Every union of sets satisfying the above condition results in a set satisfying the condition: given a family {A_i}_{i∈I} of sets such that ∀i ∈ I, ∀x ∈ A_i and ∀y ∈ X such that x ≤ y, y ∈ A_i, we have that A_I = ∪_{i∈I} A_i is such that ∀x ∈ A_I and ∀y ∈ X such that x ≤ y, let j ∈ I and x ∈ A_j, then y ∈ A_j; thus, y ∈ A_I.

• Every finite intersection of sets satisfying such condition results in a set satisfying the condition: given A and A^′ such that ∀x ∈ A[A^′] and ∀y ∈ X such that x ≤ y, y ∈ A[A^′], we have that A ∩ A^′ = {x | x ∈ A, and x ∈ A^′} is such that ∀x ∈ A ∩ A^′ and ∀y ∈ X such that x ≤ y, y ∈ A since x ∈ A and y ∈ A^′ since x ∈ A^′, thus, y ∈ A ∩ A^′. In the following, we present some results related to the topology induced by a preorder. In particular, Proposition B.2.2 shows that the star^1 of an entity is a basis of open sets for this topology, i.e., it establishes an equivalence between continuity and monotonicity (in the case of posets).

Proposition B.2.2 Let B_X be the family B_X = {U_x}_{x∈X} with U_x = {y ∈ X | x ≤ y} (called the star of x). B_X is a basis of open sets for the topology induced by the preorder ≤ on X.

Proof. For each x ∈ X, U_x is open in X because, ∀y ∈ U_x and ∀z ∈ X with y ≤ z, by transitivity we have that x ≤ z and thus z ∈ U_x. U_x is indeed the smallest open set containing x.

For each A open in X, we must show that A can be obtained as union of elements of B_X . Let A ⊆ X be an open set in X. We show that A = ∪_{a∈A}U_a.

1Here the overloading of term star, already defined in the context of an ACC as the set of entities which are bounded by a given entity, is intentional.

(a) We show that A ⊆ ∪_{a∈A}U_a, i.e., ∀x ∈ A, x ∈ ∪_{a∈A}U_a.

Let x ∈ A. Since ∀x ∈ X, x ∈ U_x, we have that x ∈ ∪_{a∈A}U_a. (b) We show that ∪_{a∈A}U_a ⊆ A, i.e., ∀x ∈ ∪_{a∈A}U_a, x ∈ A.

Let x ∈ ∪_{a∈A}U_a. Let a ∈ A such that x ∈ U_a. Since U_a = {y ∈ X | a ≤ y}, then a ≤ x. But A is open and thus it must contain also x.

The following Proposition shows that a function is continuous in this topology if and only if it preserves the preorder.

Proposition B.2.3 Let f : X → Y be a function between preordered sets. f is continuous for the topologies induced by the preorders if and only if ∀x, y ∈ X, x ≤ y ⇒ f(x) ≤ f(y) (i.e., f preserves the preorder).

Proof.

1. By hypothesis, we have that ∀x, y ∈ X, x ≤ y ⇒ f(x) ≤ f(y).

We have to show that if U ⊆ X is open in X then f^{−1}(U) is open in X. If U is open, then, ∀p ∈ U and ∀q ∈ X such that p ≤ q, q ∈ U. We must show that ∀a ∈ f^{−1}(U) and ∀b ∈ X such that a ≤ b, then b ∈ f^{−1}(U). If a ∈ f^{−1}(U), then f(a) ∈ U. Let b ∈ X be such that a ≤ b. By hypothesis this implies that f(a) ≤ f(b). Since f(a) ∈ U and U is open, then it must be f(b) ∈ U too. But this means that b ∈ f^{−1}(U).

2. By hypothesis, we have that if f is continuous.

Let us consider x ≤ x^′ and the open set U = {y ∈ Y | f(x) ≤ y} of Y . Then f^{−1}(U) is open in X and x ∈ f^{−1}(U) implies x^′ ∈ f^{−1}(U). Thus f(x^′) ∈ U, i.e., f(x) ≤ f(x^′).

Fact B.2.4 shows that the star of an entity is connected.

Fact B.2.4 Let X be a topological space with the topology induced by a preorder ≤. ∀x ∈ X, U_x is connected.

Proof. Let us assume by contradiction that U_x is not connected. Then there exist two open non-empty disjoint proper subsets of U_x that cover U_x. But U_x is the smallest open set containing x. Thus U_x must be connected. Obviously not all open sets are necessarily connected.

The following fact characterizes connectivity in the topology induced by a preorder. Note that a topological space with this topology can be interpreted as a direct graph. A direct graph is said to be connected when, forgetting the orientation of arcs, there exists a walk between each pair of nodes.

Fact B.2.5 Let X be a topological space with the topology induced by a preorder ≤. X is connected if and only if, by closing ≤ first for symmetry and then for transitivity, it becomes the total (equivalence) relation on X.

Proof.

1. By hypothesis if we close ≤ first by symmetry and then by transitivity, then it becomes a total relation on X. We want to show that X is connected. By contradiction: we want to show that if X is not connected, then by closing ≤ for symmetry, it does not result in a total relation on X. If X is not connected, then by definition there exist two open subsets A and B of X such that A ≠ ∅, B ≠ ∅, A ∩ B = ∅ and X = A ∪ B. By definition of open set, ∀a ∈ A and ∀a^′ ∈ X such that a ≤ a^′, a^′ ∈ A. Let b ∈ B. Then if a ≤ b, it should be b ∈ A but A ∩ B = ∅. If b ≤ a then it should be a ∈ B, again this is impossible. Thus, even if we close ≤ by symmetry and transitivity elements of A and B are not related, thus ≤ is not total.

2. By hypothesis X is connected. We want to show that if we close ≤ by symmetry and transitivity, then we obtain a relation ∼ which is total on X.

For each x ∈ X, let [x] be the equivalence class of x with respect to ∼; [x] is open in X. Thus the equivalence classes obtained through ∼ form a covering of X by means of disjoint open sets. Being X connected, there can only be one such equivalence class, i.e., ∼ is total.

As a consequence of Fact B.2.5 a topological space X is not connected when there exists two non-empty subsets X^′ and X^{′′} of X covering X and such that no element of X^′ is related through ≤ with elements of X^{′′}.

Note that continuity guarantees the preservation of connected sets but not the preservation of connected sets by inverse image. An example is a function that maps two “disjoint regions” (corresponding to elements which are not in relation) to the same region (in the simplified map). For example, in Figure B.1 a function is depicted that maps region r^′ and r^{′′} onto r_1 and region r onto r_0. Thus the inverse image of r_1 is not connected.

If we consider the characterization of connected sets, the preservation of the connected sets by inverse image can be expressed in the following way: for each x, y ∈ Y such that x ≤ y, then ∃x^′ ∈ f^{−1}(x), ∃y^′ ∈ f^{−1}(y), such that either x^′ ≤ y^′ or y^′ ≤ x^′. In particular,

Figure B.1: An example of function that does not preserve connected sets by inverse image. if f preserves the preorder, then for each x, y ∈ Y such that x ≤ y and x ≠ y, there exist x^′ ∈ f^{−1}(x) and y^′ ∈ f^{−1}(y) such that x^′ ⪯ y^′.

Appendix C

Graph Theory Concepts

Definition C.1.1 A graph consists of a non-empty set V , a (possibly empty) set E disjoint from V , and a mapping ϕ of E into V × V (where each pair (v, v^′) is considered as unordered). The elements of V and E are called the vertices (or nodes) and edges (or arcs) of the graph, respectively, and ϕ is called the incidence mapping associated with the graph.

If ϕ(e) = (v, w), e is said to be incident at v and w, and v and w are called the endpoints of e. A graph is usually denoted by (V, E, ϕ) or by (V, E) when the incident mapping is implicit. A graph is said to be connected if for every pair of distinct vertices there exists a chain of edges joining them.

Definition C.1.2 A geometric graph in IE^n is a set V = {v_i} of points in IE^n and a set E = {e_j} of simple curves satisfying the following conditions:

• every closed curve in E contains precisely one point of V ;

• every open curve in E contains precisely two points of V , and these are its endpoints;

• the curves in E have no common points, except for points of V .

A geometric graph is clearly a particular instance of a graph, in which the vertices and edges are respectively points and simple curves in IE^n and in which ϕ(e) = (v, w) and v and w are the endpoints of curve e (if v = w, e is closed).

Every graph is abstractly identical (isomorphic) to a geometric graph. Isomorphisms between graphs are defined as follows: graph G = (V, E) and G^′ = (V^′, E^′) are said to be isomorphic if there exist 1-1 correspondences between V and V^′ and between E and E^′ which preserve incidences. In other words, edge e is incident at vertex v in G if and only if the corresponding elements e^′ and v^′ are incident at G^′. If G is isomorphic to a geometric graph G^′, then G^′ is called a geometric realization of G.

Definition C.1.3 A graph is said to be planar if and only if it has a geometric realization in IE^2.

A plane graph is any geometric realization of a planar graph in IE^2. A plane graph induces a subdivision of the plane into faces, which are, by definition, the connected components of the complement in IE^2 of the union of the edges of the graph. This definition also includes as a face of the graph also an unbounded portion of plane surrounding the union of all other vertices, edges and faces of the graph. Such face is called the infinite face (denoted f_∞).

The following formula, called Euler formula relates the numbers v, e, f, c, of vertices, edges, faces (with the exception of f_∞), connected components, respectively, of a plane graph. v − e + f = c. A straight line plane graph (SLPG) is a plane graph whose edges are straight line segments. A plane subdivision is induced by a connected SLPG such that every vertex is endpoint of at least two edges (i.e., it does not contain dangling edges).

Appendix D Category Theory Concepts

Definition D.1.1 A category C consists of • a set O of objects;

• a set A of morphisms (arrows);

• operations assigning to each morphism f ∈ A objects dom(f) and cod(f) called domain and codomain of f, respectively;

• an operation assigning to each object a ∈ O morphism id_a called the identity morphism on a;

• an operation assigning to each pair of morphisms f, g such that cod(f) = dom(g) a morphism g ∘ f called their composite (f and g are said to be composable), satisfying the following properties: 1. dom(id_a) = a = cod(id_a), dom(g ∘ f) = dom(f), cod(g ∘ f) = cod(g); 2. for each f ∈ A with a = dom(f) and b = cod(f), f ∘ id_a = f = id_b ∘ f; 3. for each f, g and g, h composable pairs (from 1. it follows that also the pairs g ∘ f, h and f, h ∘ g are composable), then h ∘ (g ∘ f) = (h ∘ g) ∘ f.

Definition D.1.2 An arrow f : a → b in a category is an isomorphism if and only if there exists an arrow h : b → a such that h ∘ f = id_a and f ∘ h = id_b. Two objects a and b are isomorphic if there exists an isomorphism f : a → b.

For example, in the category of posets (with monotonic functions^1), a morphism f is an isomorphism if and only if f is bijective and reflects the order relation.

Definition D.1.3 A subcategory D ⊂ C is a category whose objects and morphisms are subsets of the objects and morphisms of C, respectively, and whose operations are induced by the ones of C. D is said to be full if for every pair of x, y of objects in D, all morphisms of x into y in C, are also morphisms in D.

1It is easy to show that it is a category.