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1 Introduction

Static binding is the standard binding discipline in programming languages. However, the demands
of developing distributed, highly dynamic applications have led to an increasing interest in dynamic
programming languages and mechanisms. Typically, this needs are satisfied by hoc mechanisms that
lack clean semantics. In this paper, we adopt a foundational approach, developing a core dynamic
rebinding mechanism as an extension of the simply typed call-by-value A-calculus. The extension
proposed is inspired by the treatment of open code in [1] and it relays on the following ideas:

— A term (I'|t), where I" is a set of variables with types called unbinders, is a value representing
“open code” which may contain free variables in the domain of I".

— To be used, open code should be rebound through the operator t[r], where r is a substitution
(a mapping from variables into terms). Variables in the domain of r are called rebinders. When
the rebind operator is applied to a term (I'|t), a dynamic check is performed: if all unbinders
are rebound with values of the required types, then the substitution is performed, otherwise a
dynamic error is raised.

Consider a classical example of dynamic binding:

*¥let x=3 in
let f=lambda y.x in
*let x=5 in
(£ O

where *let stands for either the standard static binder or a dynamic binder as in [6,5]. If x in
lambda y.x is statically bound the result of the evaluation of this term is 3, since in the definition
environment of f the variable x is bound to 3. Instead if x is dynamically bound, then the result
is 5, since in the evaluation environment of £ the variable x is bound to 5. In our language we can
choose to have x to be dynamically bound by defining f to be lambda y.(x|x) and by explicitly
rebinding x to 5 before applying £ to 1. So both unbinding and rebinding are controlled by the
programmer.

2 The calculus

Syntaz and operational semantics The syntax and operational semantics of the calculus is given
in Figure 1. Terms of the calculus are the typed A-calculus terms, the unbinding and rebinding
constructs, and the dynamic error. Unbound, A-bound, and rebound variables are annotated with
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Fig. 1. Syntax and reduction rules

types. We also include integers with addition to show how unbinding and rebinding should behave
on primitive data types.

The operational semantics is described by reduction rules. We denote by 7n the integer represented
by the constant n, and by dom the domain of a map. We denote by 7 the restriction of the map
r to the domain of I', and by t{r} the application of a substitution to a term, which is defined
together with free variables in Figure 2.

Rules for application and sum are standard. The (Resio.) rules determine what happens when a
rebinding is applied to a term and the (Conr_) rules determine evaluation order. There are two rules
for the rebinding of an unbound term. Rule (Reemp) is applied when the unbound variables are
all present (and of the same type) in which case the associated values are substituted, otherwise
rule (RerwpError) produces a dynamic error. This is formally expressed by the side condition I" C
tenv(r"), where tenv is the function which extracts a type context from a typed substitution (see
Figure 2). On sum, application and abstraction, the rebinding is simply propagated to subterms,
and if a rebinding is applied to rebound term, (ReempResmp), the inner rebinding is applied first.
The evaluation order is specified by rule (Cont) and the definition of contexts, C, that specifies a
call-by-value strategy. In a term ¢[r] the rebinding r is first reduced to a value rebinding r?, that
is, one where all terms are values (alternative strategies could be chosen). Finally rule (CoxtError)
propagates errors. To make rule selection deterministic, rules (Cont) and (ConrTError) are applicable
only when C # [].

In the following examples we omit type annotations when they are irrelevant.
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Fig. 2. Free variables, substitution and mapping tenv

When a rebinding is applied only variables which were explicitly specified as unbinders are replaced.
For instance?, the term (z|z + y)[z — 1,y — 2] reduces to 1 + y rather than to 1 + 2. In other
terms, the unbind/rebinding mechanism is explicitly controlled by the programmer.

Going back to the example of the introduction, translating a static let with an application we have
that, in the term

Az.(Af.(Qz.f 1) 5) (A\y.x)) 3

the occurrence of x in Ay.x is statically bound and the valuation produces 3, whereas if we want
that the occurrence of x in Ay.xz be dynamically bound we would write the following term:

(Az.(Af.(f Dz = 5]) (Ay-(z|2))) 3

whose evaluation produces 5. In this term the first let on the variable x is a static let, translated
with an application, whereas the second let on the variable x is a dynamic let, translated with a
rebind operator.

Looking at the rules we can see that rebinding remains stuck on a variable. Indeed, it will be
resolved only when the variable will be substituted as effect of a standard application. See the
following example:

Ay.y + (zlz)[z = 1 (z|z +2) — Ay.(y + (z]z) [z — 1]) (z]z + 2)
— (|2 + 2) + (z|2))[z — 1]
— (zlz +2)[z = 1] + (z]z)[z — 1]

—* 4

4 In the following examples we will we omit type annotations when irrelevant.



Note that in rule (ResnAss), the binder z of the A-abstraction does not interfere with the rebinding,
even in the case z € dom(r?). Indeed, rebinding has no effect on the free occurrences of z in the
body of the M-astraction. For instance, (Az.z + (z|z))[z — 1] 2 reduces in some steps to 2 + 1, and
is indeed a-equivalent to (Ay.y + (z|z))[z — 1]2. On the other side, both binders and unbinders
prevent a substitution for the corresponding variable to be propagated in their scope, for instance:

(z,yle + Az.(z+y) + (z|z + y))[z — 2,y — 3] = 2+ (A\z.z + 3) + (z|z + 3)

Unbinding and rebinding behave in a hierarchical way. For instance, two rebindings must be applied
to the term(z|z + (z|z)) in order to get an integer:

(z]z + (z|z)) e = ][z — 2] = (1 + (z]z))[z — 2] =" 1+2

A standard (static) binder can also affect code to be dynamically rebound, when it binds free
variables in a rebinding r, as shown by the following example:

(Az.Ay.y[z] + 2) 1(z]z + 2) — (Ay.y[z — 1] + 1) (z|z + 2)

In this example, we use the abbreviation ¢[r, z], which means that free variable z in code ¢ will be
bound to a value which is still to be provided. This abbreviation formally stands for ¢[r,z — z].

Type system Typing rules are defined in Figure 3. Types are the usual primitive (int) and functional
(T1 — T3) types plus the type code, which is the type of a term (I'|t), that is (possibly) open
code. Types are decorated with a number k. We will abbreviate a type 7° by 7. If a term t has
type 7F, then we should apply k rebindings to the term in order to get a value of type 7. For
instance, the term (x : int|(y : int|z + y)) has types code’, code!, and int?, whereas the term
(z :int|z + (y : int|y + 1)) has types code’ and int2. Both terms have also all the types int® for
k > 2 (see rule (T-In1)).

Note that the static type system only takes into account the number of rebindings which are applied
to a term, whereas no check is performed on the name and the type of the variables to be rebound.
This check is performed at runtime by rules (Resinp) and (ResiNDERROR).

The first two typing rules are special kinds of subsumption rules. Rule (T-Int) says that every term
with type int* has also type int” for all h > k: this is sound by the reduction rule (ResoNuwm).
Rule (1-Fun) allows to decrease the label of the return type of an arrow by increasing of the same
amount the level of the whole arrow. This is sound since in rule (T-Arr) the level of the type
in the conclusion is just the sum of these two levels. It is useful since for example it allows to
derive - Az:int.z + (y:int|y + (z:int|z)) : (int — int!)! and then F (Az:int.z + (y:int|y +
(z:int|2)))[y:int — 5] : (int — int!)? which means that the showed term reduces to a lambda
abstraction, i.e. to a value, which applied to an integer needs one rebinding in order to produce an
integer or error.’

The type system is safe since types are preserved by reduction and a closed term with a type of
level 0 is either is a value or it can be reduced. In other words the system has both the subject
reduction and the progress properties. Note that a term with only types of level greater than 0 can
be stuck, as for example 1 + (z:int|z), which has type int!. These properties will be formalised
and proved in the next subsection.

5 The rule obtained by exchanging the premise and the conclusion of rule (T-Fuy) is sound too, but useless
since the initial level of an arrow is always 0.
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Fig. 3. Typing rules

Soundness of the type system

Definition 1. The subtyping relation < is the least preorder relation such that:
intF <inthtl (T — 7hE < (T — 77k
Lemma 1 (Inversion Lemma).

Ifr'tx: T, then I'(zx) < T.

IfI'-n:T, then T = int".

IfTFty +ty: T, then T = intk and I'F ¢, : intk and '+ tp : int.

IfCFXe:T'.t: T, then T = (T" — "% and [[z:T') =t : 7/FF,

IfTFtity: T, then T=7""% and 't : (T" — ")k and 'ty : T".

IfCF{(I'|t) : T, then either T = code® and I'I"|Ft: T or T =7 and [T -t : 7.
IfCFt[r]: T, then T=71% and I+t : 7%t and ' r : ok.
IfIr'tax:Ti—t,...,%m: Ty — tm 0k, then ' t; 2 T; foralliel...m.
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Lemma 2 (Substitution Lemma). If I'z:T'|Ft: T and T'F v : T, then '+ t{z : T' — v} :
T.

Theorem 1 (Subject Reduction). If I'-t: T andt — t', then '+ t': T.

Proof. By induction on the reduction relation. We only consider some interesting cases.
Let the last applied rule be

(ApP) Az:T' t)v — t{x: T' — v}

From I' F (Az:T".t) v : T by Lemma 1(5) and (4) we get I'[z:T'| - ¢: T and '+ v : T’ so we
conclude by Lemma 2.
Let the last applied rule be

(REBIND) ('] — t{np} I C tenv(r?)



where 7"|7}, =21:Ty — 01, ..., Tm: T — Uy By definition I C tenv(r?) implies I = {z1: T4, ..., Zm: T }-

From I" = (I''|t)[r"] : T by Lemma 1(7) we get T = 7% and I' - (I"’|t) : 7%+ and ' - r : ok. These
typing judgements imply I'[I"] F ¢t : T and I' - v; : T; for 1 < i < m, by Lemma 1(6) and (8),
respectively. So we conclude by applying n times Lemma 2.

Lemma 3 (Canonical Forms).

1. Ift- v :int*, then either v =n or k> 1 and v = (I'|t) and 't : inthF—1,

2. Ift- v :code®, then v=(I|t) and T+t : T and k > 1 implies T = int*~L.

3. If- v : (T — Tk, then either v = A\z:T.t and T' = 7" and x:T + t : 7" or k > 1 and
v={(l|t) and "'+t : (T — T+

Theorem 2 (Progress). If -t : 79, then either t — t' or t is a value.

Proof. By induction on type derivations.

The last applied rule cannot be (T-Var), (T-ERror), (T-INT), (T-FUN), OT (T-UNBIND).
If the last applied rule is (T-Int), (T-ABs) Oor (T-Unsinp-0) then ¢ is a value.

If the last applied rule is

bt (TN -1 'kt T
F"tthITO

(T-App)

and t1, t are values, then by Lemma 3(3) #; = Az:T".t" and therefore we can apply rule (arr). If
or 1, is not a value we conclude using induction.
Let the last applied rule be

I'Ft:7' I'kr:ok

(T-REBIND) TF t[r] 0

and t be a value. If ¢t = (I"’|t’), then we can apply rule (Resmp) or (ReempError). If 7 = int, then by
Lemma 3(1) either ¢ = (I''|t') or ¢ = n and therefore we can apply rule (ResoNum). If 7 = code,
then by Lemma 3(2) ¢ = (I'"|t/). If 7 = T' — T, then by Lemma 3(3) either ¢t = (I"|t') or
t = Az:T'.t" and therefore we can apply rule (ResmpAss). If  is not a value we can apply one of the
rules (RermpSunm), (REBINDAPP) O (REBINDREBIND), according to the shape of ¢.

If the last applied rule is (T-Suam), then the proof is simpler.

3 Related Work and Conclusion

Ever since the accidental discovery of dynamic scoping in McCarthy’s Lisp 1.0, there has been
extensive work in explaining and integrating dynamic and static scoping. We just cite the most
relevant to our work. Moreau in [6] introduced a A-calculus with two distinct kinds of variables:
static and dynamic. The semantics is given by translation in the standard A-calculus in which
environments are explicitly manipulated. The calculus in [3] also has two classes of variables, with a
rebinding primitive that specifies new bindings for individual variables. The work of [6] is extended
in [5] to mutable dynamic environments and a hierarchy of rebindings. Finally the Aparsn calculus
of [2] has a single class of variables and supports rebinding w.r.t. named contexts (not of individual
variables). Environments are kept explicitly in the term and variable resolution is delayed as last
as possible to realize dynamic binding via a redex-time and destruct-time reduction strategies. Our
unbind construct corresponds to the mark plus marshal of [2], and we do not need neither the



marshaling (that results from the evalution of the previous two constructs) nor unmarshal since
in our calculus standard application is used to move unbound terms to their dynamic execution
environment. Moreover, our operational semantics rules and a standard definition of substitution
makes the renaming of [2] and [3] unnecessary.

Distributed process calculi provide rebinding of names, see for instance [7]. Moreover, rebinding
for distributed calculi has been studied in [1]. In this setting, however, the problem of integrating
rebinding with standard computation is not addressed so there is no interaction between static and
dynamic binding.

Finally, another important source of inspiration has been multi-stage programming as, e.g., in
[8], notably for the idea of allowing (open) code as a special value, the hierarchical nature of the
unbinding/rebinding mechanism and, correspondingly, of the type system. A more deep comparison
will be subject of further work.

Moreover, as future work we plan extensions of both the type system and the calculus. For the
type system we are investigating a static type discipline. Moreover, intersection types could be
introduced in order to type more terms.

For the language, in order to model different behaviours according to the presence (and type concor-
dance) of rebound variables with their rebinding environments, we plan to add, as in [4], a construct
for a conditional execution of rebinding. That is: ¢[r] else ¢’ with the following semantics

(L)t)[rY] else t' — (I|t)[r*] if I" C tenv(r?)
(L|t)[r"] else ' — ¢ if ' & tenw(r?)

With this construct, as shown in [4], we could model a variety of object models, paradigms and
language features.

Another future investigation will deal with the general form of binding discussed in [9], which
subsumes both static and dynamic binding and also allows fine-grained bindings which can depend
on contexts and environments.
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