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Abstract—In this paper, we present a new model of class- The present work began in the late 90’s with the motiva-
based Algol-like programming languages inspired by autome-  tion of bridging the gap between state-based parametricity
theoretic concepts. The model may be seen as a variant of 4qels and the event-based models, because they clearly
the "object-based” model previously proposed by Reddy, whe had | t ¢ ths. Th ) tioati led t
objects are described by their observable behaviour in terra of aa complemen a_ry S‘_reng S. hese investugations leato a
events. At the same time, it also reflects the intuitions behd automata theory-inspired framework where both states and
state-based models studied by Reynolds, Oles, Tennent andevents play a role [29, 32, 31]. However, it was noticed
O’Hearn where the effect of commands is described by state that the basic ingredients of the model were already present
transformations. The idea is to view stores as automata, capring i the early work of Reynolds [35]. The subsequent work
not only their states but also the allowed state transformabns. f d f lizing th t th tic f datioh
In this fashion, we are able to combine both the state-based ocused on tormalizing the Cf"‘ €gory- ?Ore Ic oun. 10
and event-based views of objects. We illustrate the efficacgf the framework, documented in Dunphy’s PhD thesis [9, 10],

the model by proving several test equivalences and discustsi but the applications of the framework remained unexplored.

connections to the previous models. The interest in the approach has been renewed with two
parallel developments in recent work. Amal Ahmed, Derek
|. INTRODUCTION Dreyer and colleagues [3, 7, 8] began to investigate reagoni

principles for higher-order ML-like languages where sanil

Imperative programming languages providgformation ideas have reappeared. In the application of Separatioit Log
hiding via local variables accessible only in their declarings concurrency, a technique called “deny-guarantee réagbn
scope. This is exploited in object-oriented programming ias been developed [5, 6] where, again, a combination @fsstat
a fundamental way. The use of such information hiding iind events is employed. With this paper, we hope to provide
everyday programming can be said to have revolutionized thedenotational semantic foundation for these techniques an
practice of software development. stimulate further work in this area.

Meyer and Sieber [18] pointed out that the traditional Il MOTIVATION
semantic models for imperative programs do not capture such . _' _ _ )
information hiding, even though researchers working in the In this section, we informally motivate the ideas behind the

area were probably aware of the issues much earlier. RapR}V Semantic model.

progress was made in the 1990's to address the problemThe two existing classes of semantic models for imperative
grams are state-based parametricity models, forntulate

O’Hearn and Tennent [24] proposed a model using relatiorfd° ,
parametricity to capture the independence of data reprzeserpy O’Hearn and Tennent [24] and event-base_d models, for-
tions. Reddy [28] proposed an alternative event-based mofi!lated by Reddy [28]. Both of them were first presented

which hides data representations entirely. Both the moddf Algol-like languages, and later adapted to objectiuse

have been proved fully abstract for second-order types Rj9rams [33]. o .

Idealized Algol (though this does not cover “passive” or In the stgte—based model, an object is described as a state
“read-only” types) [20, 21]. Abramsky and McCusker [1], and"@chine with

subsequently with Honda [2], refined the event-based modelP & stgt.e. sew, o

using games semantics and proved it fully abstract for full + the initial state when the object is created.c @), and
higher-order types. « the effect of the methods on the object state.

Despite all this progress, the practical application oktheFOr example, a counter quect with methods for readlng the
models for program reasoning had stalled. As we shall Sé{@,lue. and f(?r incrementing the state can be semantically
“second-order functions” in ldealized Algol only corresgb described by:
to basic functions (almost zero-order functions) in theeobj M = (Q = Int,0, {val = An.n, inc= An.n+1})
oriented setting. The event-based model is a bit removad lis ai by & func f 1 and the effect
from the normal practice in program reasoning, while thgere:valis given by afunction of typ& — Int and the effec

applicability of the parametricity model for genuine highe ofinc is given by a function of typ€) — (. (We are ignoring

order functions has not been investigated. In fact, Pit awe ISSUEs of d|vergenc_e and _recurS|on.) An alte_rnatn_/te sta
Stark [27] showed in “awkward example” in a bare bone@achlne for counters using a different representationgties

ML-like language, which could not be handled using thgumbers) is described by:
parametricity technique. M' =(Q" = Int,0,{val = An.(—n), inc= In.n —1})



o of being highly intuitive and quite familiar from traditiah
(val0) wc' ) reasoning principles of programs.
In this paper, we define a new model that combines the

] advantages of the state-based and event-based models. For
(val.1) \('”C'*) this purpose, we turn to automata theory.sémiautomaton
in automata theory is a tripléQ, X, o), where @ is a set
_ of states,X is a set of action symbols — representisigite
("a"z); \('”C'*) transitions— and a functiony : © x Q — Q describing the
5 effect of action symbols on states. The transition funci®n
then extended to sequences of action symbtils< @ — Q.
From this point of view, it is clear that the “state-based
description” is focusing on state set@)(whereas the “event-
based description” is focusing on the action symbals. A
Fig. 1. Trace set of a counter object more abstract form of semiautomata is studied in algebraic
automata theory [12, 14], calladansformation monoidsThe
essential idea is to replace the free monoid of actdhdy a
The behavioral equivalence of the two implementations @fonoid of state transformatiofisC [Q — Q]. Such a monoid
counters can be established by exhibitingraulation relation has an implicit action on states: 7' x Q — Q, viz., function
between the state sets: applicationa(a, ¢) = a(q). An automata-theoretic model of
n [R} 0 e—=n>0An = —n 1) objects can now be given in four parts:

« a state sel),
and showing that all the operations “preserve” the simaitati | 5 m0n0id gf state transformatioisC [Q — Q]

relation. o « the initial state of the objecty € @, and
In contrast, tk}’e event-based description constructs abvoca , the effect of the methods on the object state as well as
ulary of “events” for the methods of the object, e.g., the state transformations.
{(val,n) | n € Int } U{(inc,*)} For example, the automata-theoretic model of counter tbjec

corresponding tal/ is:
The event(val,n) represents the event of the method P ¢

being called and returning an integerand the eventinc, ) N =(Q = Int, T = Int*,

represents the event of the methade being called and 0, {val = An.n, inc= In.n+1})

terminating. The behaviour of the objects is then represkent

by theirtrace setsi.e., sets of sequences of events that can b€re, nt™ = {An.n+k | k > 0} is the set of allowed

observed from the object. The trace set of counter objects dgansformations that only increase the value of the inferna

be depicted graphically, as shown in Fig. 1. The trace séiis $tate. Note that it is a monoidin.n + k) - (An.n + k') =

set of all paths of the graph starting at the top node. The twé- 7 + (k + &'). The type ofval is Q — Int as before, but

distinct implementations of counter objects have exadtly tthe type ofinc is T'. Any state change operations in methods

sametrace set in the event-based description. In this sense, 88 interpreted inl’. So, they must be among tralowed

event-based description is more “extensional” than thtestatransformations of the state machine.

based one. It describes the objects without any reference td he automata-theoretic model correspondingf6is:

their internal re_presentations or how the results are céeaou N = (Q = Int, T' = Int~,

However, multiple traces that have the same effect on the 0 o o B

. : : i , {val = An. —n, inc=n.n —1})

internal state of the object might be represented difféyent

in the semantics. Proving the equivalence of the two state machines requses u
A second, more subtle, difference between the two modétsexhibittwo relations a relationRg between the state sets

is that the event-based description capturesitlesersibility and a relationRr between the state transformations:

of state change. The action of incrementing the counter-over , SOAD =

writes the old state of the counter and it is not possible to gon [RQ} n, —on= ,/\ nen

back to the old state. For example, if we pass a counter objecta [RT} ¢ < Vmn 'a,(n), = n/,\ (2)

a'(n') =n' = —(a(n) —n)

to a procedure, we can be sure that, after the procedurasetur

the value in the counter could be no less that what it was befdrhe two relations have to satisfy some coherence condjtions

the call. This fact is obvious in the event-based descriptiowhich are detailed in Sec. IV. Using these relations, it is

The traces incorporate the direction of time. The statedagossible to prove, for instance, that a procedure that takes

models do not have a direction of time and often containa counter as an argument can only increase the value of

variety of “snapback” operators in their mathematical domea the counter (as visible from the outside). The transforomati

which violate the direction of time [24, 28]. Offsetting shi components in the state machines provide a direction of,time

technical deficiency, the state-based model has the ady@antahich is absent in the purely state-based model.



While simulation relations are useful for proving the eguiv. A more sophisticated argument for the terminationCt$
lence of two implementations of classes, they form an ianmethod notes that the only change that a call tan make to
of a general theory of relational parametricity which works is setting it tol. Therefore, at the end of the call t9 z is
for relations of arbitrary arity [13, 22]. The case of “unangstill 1, and so the test should succeed. However, as noted by
relations” is particularly noteworthy because it gives usesv  Dreyer et al. [7], this cannot be proved by the usual “invaria
notion ofinvariants Our theory therefore posits that invariantbased” reasoning, i.e., by exhibiting relations on staldee
of classes again come in two parts: one on state sets and stae-invariant for the class states thatan be0 or 1, and this
on state transformations. The invariants for counter dbjeavill be true after the call taz. However, it is not enough to
represented by are: show thatz will indeed bel. Instead, one must use relations

on state transformations.
3) In our framework, we start by defining a two-part invariant
for the class:
State invariants are well-known from traditional reasgnin
methods, while the invariant properties of transformagion Po(z) <= z=0vz=1 (4)
might be called “action invariants” or “transition invanmiz”. Pr(a) <= a=(Mn.n)Va=(\n.1)

_The recent work on reasoning about state has focused R\maintainP; as an “invariant”, the methogh must restrict
higher-order procedures and higher-order state, in p#atic ji5 actions to those satisfyingr, while assumingthat the
the work of Ahmed, Dreyer and colleagues [3, 7]. This WOf!&rgumentc does so as well. So, by assumption, the calt to
has brought home the fact that the traditional theory of Algoyj|| either leaves unchanged or set it to. In either case, the
like languages fails to be abstract for higher-order pracest value of z at the end ofc will be 1. So, the method always
We illustrate the problem with an example from Pitts andiStageminates.
[27], which was termed an “awkward example” in their paper. Tne phenomenon exhibited in this example is termed a
Consider the following class, written in the 1A+ languag8Ji3 «reentrant callback” [4]. The methogh calls back the client
program which can then reenter the object. Such reentry is
local Varfint] z; in genera}l unsafe because the state_invariant may not be true
init 2 := 0; at the point of reentry. Our example illustrates how to reaso
meth {m = \c.z := 1;¢;tes(z = 1)} about safe cases Where the state invariant is not at play. 3

Other examples discussed by Dreyer et al. [7] can be verified
similarly, as long as they fit within our framework — with only
This class provides a single method of tygemm — comm, ground-typed state and no control effects. We show some of
i.e., a procedure that takes a command-typed argumens (Tifle details in Sec. VI.
is a call-by-name language, where commands can be passed Two-state predicatesPredicates of the fornk(s, s') that
as arguments, but similar examples can be constructed usiggitetwo states, one in the past and one in the future, have
call-by-value as well.) The problem is to argue that thgeen used for stating properties of objects spanning nheltip
method always terminates. Intuitively, one might expeett thmethod calls [17, 38], and dubbed “history invariants” in
this should alWayS be the case because the local varialse recent work [16] In this formansrns ands’ refer to the pre-
only available inside the class. However, the intuition @& n state and post-state of some arbitrary sequence of metiied ca
a very good guide here because the methods are higher-orfif{de on an object. History invariants can be viewed as specia
When the method of" invokes the argument commandit cases of action invariants with a compact representation. |
is possible forc to alterz. For example, the following client r js a history invariant, then there is a corresponding action
does so: invariant Pr is given by:

new C p. (p.m (p.m skip))

Pr(a) <= Vn.a(n)>n

C = class : comm — comm

tes{b) £ if b then skip else diverge

Pr(a) <= Vs.R(s,a(s))
When the outer call tp.m is executed, it sets to 1 and calls
its argument: = p.m skip. Since the argument in turn callsFor instance, the history invariant for counter objestgiven
p.m, it has the effect of setting to 1. So, the argument thatby R(n,n’) <= n < n’ corresponds to the action invariant
¢ does not have “access” tois not sound given in (3). However, action invariants form a more expiress
class of properties than history invariants. We do not know h

1Both the state-based and the event-based models have bmed fully ; ; ; ;
abstract for second-order Algol types. Translated to ¢fg)@ented languages, important this mlght be in practice. We also do not know of a

this amounts to saying that they can prove the equivalenadastes whose Similar compact representation that can be used for siiulat

methods take at best value-typed, i.e., state-independeguments. If the relations that relate different data representations.

methods take higher-type arguments, e.g., other procgedtinen the full

abstraction results do not apply. n
2Note that the system of “Syntactic Control of Interferensetdied in the

original object-based model [28] prohibits calls suchgas: (p.m skip) The programming Ianguage we use in this paper is the

because the procedure and the argument interfere. So, the intuition . . . .
is sound for Syntactic Control of Interference. But it is smund for full |anguage IA+ described in [33]1 which represents Idealized

Idealized Algol. Algol [35] extended with classes.

. PRELIMINARIES



Recall that Idealized Algol is a call-by-name simply typed possible “future world” ofi¥’.> WheneverX is a future
lambda calculus (with full higher-order procedures inahgd world of W, all values in a semantic typp](1V) can be
the potential for aliasing and interference), with basees/pre-expressed as values [f](X). For example, a command
supporting imperative programming. These base typesdeclumeaninge € [comm] (V) alters only the locations ifil. So,
it can be regarded as a command meaning [comm](X)
which still alters the same locations and leaves the new
whered ranges over “data types” such ast andbool. locations inX unchanged.

To support classes, we use a type construeterso that  These ideas can be expressed succinctly in the language of
cls 6 is the type of classes whose method suite is of o, category theory. The possible worlds fornc@egoryW. The
g is the interface type of the class. The language comes withjects of W are just the possible worlds. The morphisms
a family of predefined classes V@l for assignable variables f : X — W represent ways in which a world can be
of type §, whose type is treated as a future world d¥. (In the location-based setting,
there is exactly one way in whick' can be a future world
of W, but we make no commitment to such a condition in
In essence, a variable is treated as an object with a “g@eneral.) Composition of morphisms represents the ideia tha
method that reads the state of the variable and “put” methaduture world of a future world is a future world, the idetit
that changes the state to a given value. User-defined clag&@sphisms represent the idea that every world is a futurédwor
are supported using terms of the form of itself in a canonical way, and all the axioms of categories

have a straightforward interpretation in this reading.

val[d] exp|d] comm

Var[d] : cls {get: expld], put: val[§] — comm}

Clal‘ss :190 A programming language typ provides:
oAl b « for each worldV, a collection of valuegd](W), and
init A; . .
meth M/ « for each morphismf : X — W, a function[0](f) :

[0](W) — [0](X) restating values at current world
whereC' is another classy is a locally bound identifier for as values at future worlX .

the “instance variable,’A is a command for initializing the This can be expressed succinctly by stating tf@t is a

instance variable, and/ is a term of typef serving as the qgniravariant functor

method suite. For simplicity of exposition, we only conside

“constant classes” in the main body of the paper, which are [0] : W — CPO

defined by closed terms of typds 6. See Appendix for a

treatment of general classes with free identifiers.
Instances of classes are created in commands using te

of the form

whereCPO is the category of directed-complete partial orders
ﬁﬂg continuous functions. The use 6PO as the target
category of[f] allows us to interpret recursion at typge
However, see Remark 1 for an additional condition. The fact
that the functor is contravariant is not significant. We doul
whose effect is to create an instance of clé§sbind it too have made it a covariant functor by orienting the morphisms i
and execute a commaril whereo is allowed to occur as a W to go from the current worlds to future worlds. Our choice
free identifier. So, thinking of the binding B as a function, of orienting f : X — W from future world X to current
new is effectively a constant of type: world W is meant to represent the intuition th&extracts (or
“builds”) a W-shaped store from aX -shaped store.

new C o. B

cls§ — (§ - comm) — comm

Possible world semantics Relational parametricity

Semantics of Algol-like languages is normally given us- 10 incorporate relational parametricity, we extend catego
ing a category-theoretic possible world semantics, whieee tVith refations so that we formally work ireflexive graphof
“worlds” represent the shapes of the store [35]. (See [4], 4gtegories [24, Sec. 7]. Intuitively, this means that wetuse
for a tutorial exposition.) A simple form of worlds can bedimensional categorical structures, where morphisms mccu
simply sets of locations [23], but more abstract treatmefifl® dimension and ‘relations” between categorical objects
can be obtained by using sets of states or other sophistica@§CUPY the second dimension, as in the diagram below:

structures, which still represent shapes of store in soma.fo f

We give a brief explanation of the intuitions using a X Y
location-based idea of worlds. In this setting, a wond is
simply a finite set of locations. Each type of the programming R S
languaged = val[d], exp[d], comm, ...has an associated 7
set of values[d](WW) specific to the worldi¥. For exam- X ——Y

ple, [comm] (V) is the set of state transformations for the , . R , ;
| fi intw. Al t X oW b btained The term “future” in this context refers to the entering afding contexts,
ocatons InW. arger store = can be obtained ¢ to the process of command execution. So, it does not yatecthe

by allocating new locations within a program. We call itieallocation of local variables at the end of their bindimgptexts.

4



A diagram of this form, called e&lation-preservation square machine rather than a particular instance of the machiree) T
represents the property that the morphisfand /' map R- interpretation function is immediately extended to seqesn
related arguments t6-related results. The textual notation foof events,o : ¥* — [@ — Q] so that the monoid operation
the property isf [R — S} I is preservedv(st) = a(s) - a(t) where “" denotes sequential
The reflexive graphs we work with are callpdrametricity composition in[@Q — Q].
graphs[9, 10]. They incorporate additional axioms to cap- To move towards genuine composition instead of sequences,
ture the idea that relations in the vertical dimension indesve replace: by a set of transformatiori C [@Q — @] which
behave like “relations” in the intuitive sense. The teap- should be closed under sequential composition and the unit
parametricity graphis used to describe the structtWé whose transformation. In other word§; is a submonoid of@ — Q].
dual, W°P, is a parametricity graph. Our possible worlds formiWe think of the elements of’ as “actions,” representing a
an op-parametricity graph. more abstract form of “events” that are composable. There is
The term PG-functor is used to denote maps betweean implicit interpretation functiomv : T — [Q — @], which
parametricity graphs. It involves a pair of functors, one fds just the injection. So, we are just left with a p&ip, T') as
the category of objects and morphisms, and the other for ther mathematical structure, which is calledransformation
category of relations and relation-preservation squ&esthe monoid[12, 14]*
overall structure of our interpretation is Notation: We regard partial functions froml to B as
total functions fromA to B, but continue to use the notation
[61: W — CPO f:+ A — B for such functions. The set of such functidas—

where W is an op-parametricity graphCPO is a para- B] forms a directed complete partial order (dcpo) under the

metricity graph of cpo’s (with directed-complete relatioas Pointwise order (has sups of directed sets) and is pointas! (h
relations) and[d] is a PG-functor. a least element). The: notation is also extended to functions

and relations:
Remark 1 For the category of such PG-functors to be

cartesian-closed, there is an additional requirement ttat (sets)_ [A—B] = [A— Bi]
PG-functors should factor through the embeddingX#0 (functions) [f —g] = [/ —=g1]
in CPO: (relations) [R—S] = [R— S.]

W — CPO, — CPO Recall thatg, is the extension of a functiop : B — B’

d to a strict functionB; — B’ sendingL to L. Likewise,
S; =SU{(L,L)}. We write the sequential composition of
“partial functions” asf - g or as f;g*. Whenz € A, and

y € B, we use the notation:

The focus of this paper is on defining a suitable category (or,

which means basically that ea¢#](17) should be gointe
cpo, eachd](f) should be astrict continuous function, and
each[f](R) should be ointed complete relation.

rather, an op-parametricity grapiy. This is where automata- [z,y]L 2 {L’ i ﬁ =Lory=1
theoretic ideas come in. Defining the semantics itself fesio (z,y), otherwise
more or less along the traditional lines [20, 24]. Terminology: Recall that amonoid is a set with an

associative binary operation, denotetf ‘and a unit element
for this operation. The set of all (finite) sequences over a
Our first ObjeCtive is to pOStUIate a suitable mathematicgétz forms a monoidX* with concatenation as the binary
structure for modelling the shapes of stores (which thee gi¥peration and the empty sequence serving as the unit element
rise to a category of possible worlds). In the state-basetso The set of all transformationg'(Q) = [Q — Q] forms
of [24, 26], the store shapes are essentially sets of law®tiog monoid under sequential compositiof’ twith the unit
even though they are treated somewhat more abstractlyhasng the injection nu : Q — Q. In addition to being a
state sets. As a result, there is an implicit assumption thabnoid, 7(Q) is a pointed cpo (in fact a bounded complete
the states can be modified in every possible way. In the evgago) under the pointwise ordering with the least element
based models of [19, 28], the store shapes are general ®bjggling the constantly- function L. We use the terncomplete
with designated events allowing state modification. Howieveyrdered monoidto refer to a monoid that is also a pointed
events lack a good notion of composition. We are aiming f@po, and the multiplication is a strict, continuous funotio
Something in between, which would be falrly intuitive WhlIEA Comp|ete ordered submono(d)r S|mp|y a “submonoid”
restricting state modifications to the allowed ones. Fos thiyhen the context is clear) is a subset that is not only closed
purpose, we turn to automata theory. under the unit and multiplication but also contains the tleas

A semiautomators usually represented as a trig@, &, @)  element and the sup’s of directed setsnarphism of complete
where @ is a set (of “states”)Y is a set (of “events”)q :
¥ — [@ — Q] is a function interpreting each event as a “Even though we treat the monoid of partial function transfations,
state-transformation function. (A semiautomaton diffiecgn  other notions of transformations can be similarly treatédr example,
a normal automaton in that it does not specify a start st ondetreministic functions of typ& — P(Q) are common in automata
u ! I peci ory. Strict functions) |, — @, as in [21], can also be used for getting

or final states. It describes the generic behaviour of a stateof some forms of “snapback” effects.

IV. TRANSFORMATION MONOIDS



ordered monoidss a monoid morphism that is also strict and The transformation set&:t™ and Int~ from Section Il are

continuous.

A transformation monoidtm) is a pairX = (Qx,7Tx)
where Qx is a set (of “states”) andx is a submonoid of
T(Qx). A relation of transformation monoid® : X < X’
is a pairR = (Rg, Rr)

X Ox Tx
R = Rg , Ry
X’ Qx/ Tx:

where Rg is a normal set-theoretic relation anfl; is a

not read-closed. An action ifint™ is of the formAn.n + k,
i.e., itincrements every possible state by the samdowever,

a command in the programming language, might reaahd
carry out different increment actions depending on theevalu
of n. It might also diverge, a feature ignored in Sec. Il. The
read-closure offnt™ U { L} can be described as

{f€[Int = Int] |Yn.f(n)=1LV f(n) >n}

If X = (Qx,7Tx) is a transformation monoid that is not
closed under theeadx operation, then additional elements
can be added tGx so that it becomes closed undead .
The read closureof Tx is the least set of transformations

complete ordered monoid relation (relation compatiblehwitR(TX) closed undemeady. Such a closure is guaranteed

the units, multiplication, least elements and sup’s of atied
sets) such thaRr C [Rg — Rg|. When there is no cause
for confusion, we omit the subscripts iRy and Rr, e.g., we
may writeq [R| ¢ for states and: [R] o’ for actions, using
the context to distinguish the uses. There is an identiticai
Ix : X + X for every tmX, given byIx = (Ag,,Ar1y)
consisting of the diagonal relations (equality relations)
states and transformatiops.

Intuitively, the transformations iffx represent the allowed

to exist becausel'(Qx) is always read-closed, and read-
closure is preserved under intersection by the usual argume
of universal algebra.

Remark 2 The read-closure condition involved in Reynolds
transformation monoids is a little too strong. It essehtial
assumes that the clients of objects can read the entire state
of the objects. However, objects normally permit only a $mal
portion of their state to be read by clients. The condition ca

actions on the store which may be executed by commarff relaxed by adding to the structure of automata not only

in the methods of objects. The transformation skts™ and

state transformations but also state readers [29]. We lgsve

Int~ used in the counter objects of Sec. Il represent this idedetails to be worked out in future work.

The combinators in the programming language for sequenti

composition,skip and recursion motivate the condition tha
Tx should be an ordered monoid. However, it turns out th

[ .
xamples of relations

at Transformation monoids place an upper bound on the

this condition is not enough. A command in the progranitansformation components of relatiods, (which should

ming language can alsead the information from the state

be included in[Rg — Rg]). But there is no lower bound

and tailor its actions based on that information. Such stather than the trivial onef(nullx, nullx-), (L, L)}. Reynolds

dependent actions need to be represented by an operatio
the transformation monoids.

Reynolds [35] noticed the problem and proposed an ope
tion called the “diagonal” operation. We write it asefdx”
with the type(Qx — Tx) — Tx because it has the effect of
“reading” the initial state. It has a straightforward detfion:

readx (p) = Az: Qx.p(x)(x)

The intuition is that given a state-dependent actipn

readx (p) is a state transformation that reads the initial sta
x, uses it to satisfy the state dependence ahd executes the
resulting action. The expression on the right hand side is

Hapsformation monoids requirB; to be closed under the

read operations, placing a requirement on what should be

pacluded inRy.

1) It is always permissible to pickr to be[Rg — Rg]

for any given state relatiof®g. However, this choice of
Rr means that we are not using the additional degree
of freedom available in the transformation components
of tm’s.

2) For a more interesting example, consider the relation
te R:(Int,T(Int)) <> (Int,T(Int)) defined by:
] n|Rln < n=n
In a|R|d <= a=d A(¥n.a(n)=LVa(n)>n)

[Qx — Qx]. The closure condition we need is that it should

be in Tx. A transformation monoidX that is closed under
the Reynolds diagonal operation will be calledR&ynolds
transformation monoidor “rtm” for short). A relation of rtm’s
is a relation of tm'skR = (Rg, Rr) that is compatible with
the Reynolds diagonal operation:

readX [[RQ — RT] — RT] readx/

5Since the transformation components of tm’s are posets aiso possible

to use the partial ordéC - of the transformations as the second component

of identity edges. This choice would lead to a possible wedtegory with
a similar effect to that of Tennent [39].

The relation is really a “unary” relation (or “invariant”)
represented in binary form. While the state part of the
invariant is unconstrained, the transformation part state
that the integer value of the state can only increase
during command execution. Such a constraint may be
thought of as a “transition invariant” or “step invariant.”
To check that it preserves thead operation, suppose

p is related to itself byRg — Ry, i.e., for all statesr,
p(n) is related to itself byRr. Thenp(n)(n) is either

L or a larger integer than. So,read(p) is related to
itself by Rr.



3) As a binary version of the above example, consiller » 77 is a morphism of complete ordered monoids, i.e., it is
(Int,T(Int)) < (Int,T(Int)) defined by: a strict, continuous function that preserves the unit and
the composition.

Rin <= n>0An"=-— oo . o
" { J " "= n " « the implicit monoid action is preserved:

a|R|d < VYn,n'.n' = -n =
a(n) = L =d(n) Vv ax [(r5)” = [¢5) = ()] aw
(a(n) >nA , . o
a'(n') —n' = —(a(n) — n)) which can be expressed more directly by writing
This relates transformations and a’ whenevera in- Va € Tw.(¢r)L o7s(a) =aody

creases the integer state by some amount @nde- .
creases the state by the same amount. In comparison to
the original action relation in (2), we are having account readx [[(¢r) — (77)7] = (14)~] readw
for divergence and we have also add€d= —n as a hich b it valentl for alle
precondition. The latter is needed for the relation to be VF; ich can be written equivalently as, for alle (Qw —
compatible with the read operation. w).
4) As a trivial example, consideR = (Rqg, Rr) where 7 (ready (p)) = readx (17 o po ¢y)
Rq is arbitrary andRy = { (a,a’) | a C nullx Aad’ T . .
nullx, }. Then, assuming [Ro — Rr] p/, ands [Ro] The knowledgeable reader will be able to verify that these ar
s', we havep(s) C nully andp’(s") C nully., which Precisely the morphisms considered by Reynolds [35], excep
implies ready (p) C nully and readx’@/) C nully:. that he used full transformation monoids whéfre is always
. - T(Qx).
A relation-preservation squaref rtm’s

f=(or,7¢)

the Reynolds diagonal operation is preserved:

The following result is technical, but it gives some intoiti
for the strength of the read-closed condition.

Lemma 3 (Down-closure) 1) In an rtm (Qx,7x) the (Qx,Tx) (Qw, Tw)
transformation component is down-closed, ieg Tx
anda’ C a impliesa’ € Tx. (Sq, Sr) (Rg, Rr)
2) If R: (Qx,Tx) + (Qy,Ty) is a relation of rtm’s, the ,
transformation componetiy is “parallel down-closed,” (Qx, Tx') f=(¢s 1) (Ow, Tovr)

i.e.,a [Rr] b (a/,V) C (a,b) anda’ [Rg — T] ¥ o
impliesa’ [Rr] ¥. (T is the universally true relation.) €Xists iff ¢; [Sa = Rq] oy andry [Rr — STJ Ty
) This data constitutes a cpo-enriched reflexive grRAriVI.
Morphisms (See [10, 24] for the background on reflexive graphs.) The
We will designate some of the relations of rtm’s as “morpartial order on morphismsg, f' : X — Y is given by:
phisms” so that they can be used to talk about possible worlds ,
Note that, whenevef : A — A’ is a set-theoretic function, Fexoy |1 = o =op N1y ETp
its function graph is a binary relatiofy’) : A <+ A". If R:  To the best of our knowledge, these kinds of morphisms and
A < A'is arelation, we writel?~ : A’ <> A for the converse relations between transformation monoids have not beeh stu
of R. ied in algebraic automata theory. The morphisms considered
A morphism of rtm'sf : X — W is a pair f = (¢7,77) there generally keep the monoid of actions fixed, whereas our

where¢y : Qx — Qw is a function andry : 7w — Tx interest is in varying the monoid as well as the state set.

is a complete ordered monoid morphism such that the pair ) ) o
({¢y), (7)) is a relation of rtm’s. Lemma 4 RTM is a cpo-enriched op-parametricity graph,

i.e., it is relational, op-fibred and satisfies the identiondi-

X Qx Tx tion.
f o= or 7 RTM is evidently relational. For op-fibration, we need a
strongest post-relatioR|[f, /] for everyR, f and f’ as in the
w Ow Tv situation shown below:
Computationally, the intuition is that, whexi is a future world Yy f X
of W, it extendsand possiblyconstrainsthe states of the 4
current world. So, it is possible to recover the state infation R 'R[f I
at the level of the current worltl” via the functiong ;. On the ; ’
other hand, the actions possible in the current world caetin v’ X/
to be possible in the future world, which is modelled by the 1
function 7; going in theoppositedirection. Wi W :
e . . e define it as the pair
The condition that({¢/), (r;)~) is a relation of rtm’s P
amounts to the following properties: R[f, '] = (Rglos, ¢/, [1f, 7] Rr)



Diagrammatically:

oy 1. gy Ty~ 7%

1 RT

A\l A\l
le e Qx/ TY/ -~ TX/
I T

Rq

The first component is the strongest post-relatiofén which

is nothing but the “direct image™:

Rolog ¢ ={(z,2") | 3y.y".y [Rq] v A

form as sets of states, and the object-based models [20, 33],
where stores are viewed as full-blown objects. Compared to
the state-based models, we have more “activity” repregente
transformation monoids. The allowed state transformatame

part of the descriptions. Compared to the object-based Isode
we have less “activity.” Only the state transformation aspe

of the objects are retained in the description.

Nevertheless, the intuitions to be used for understandiag t
transformation monoids are similar to those of the objectel
model. A morphismf : X — W may be thought of as a way
of constructing d¥ -typed object from anX-typed object. In
doing so, all the states df’ should be representable in the

¢rly) =z Noply)=2"}  x -typed store. Moreover, all the state transformations eged
and the second component is the weakest pre-relation in the W should be allowed on th& -typed store. For example,
reflexive graph of complete ordered monoids which is nothirlgt X be a store representing a single integer variable and let
but the “inverse image™: W be a store representing a counter object. Themllows
, , all possible transformations of the integer state, whei&as
77 B = { (0,0) [ 77(0) [Re] 7 (V) } needs only the transformations corresponding to increimgnt
m the counter. Since the latter is a subset of the former, we hav
An op-parametricity graph hassabsumptiommap whereby @ morphismX — W (a state change restriction morphism),
each morphismf : Y — X is “subsumed” by a relation but there is no morphism in the opposite direction.
(f):Y « X. This is given by(f) = Iy[idy, f]. In the case These intuitions come into the fore in trying to define “prod-
of RTM, this gives((¢f,7¢)) = ((¢7), (74)7). ucts” of transformation monoids. Supposé = (Qx, Tx)
) andY = (Qy,7Ty) are rtm’s denoting two separate stores
Examples of morphisms of locations (along with allowed transformations). We webul
1) The expansion of a full transformation monoid like to define a product rtmX x Y that corresponds to
(Q,T(Q)) with additional state components representatieir combined store. There are two separate ways of doing
by a setZ, and leading to a larger world) x Z, T(Q x this, depending on what transformations are allowed on the
7)), is represented by a morphismZ = (¢,7) : combined store. The “independent product”, denaoted Y,
(QxZ, T(Qx2Z)) — (Q, T(Q)).Here,p: QxZ — @ allows the two parts of the store to be used independently,
is the projection of th&) component, and : T(Q) —  with no transfer of information between them. The “depertden
T(Q x Z) is given by product”, denoted\ + Y, allows information to be transferred

m(a)(q, 2) = [a(q), 2L = (alq) = L — L; (a(q), 2)) between them.

This example is from [35], and it is easy to verify ]

that xZ preserves the implicit monoid action and the Given transformations € 7x andb € Ty, we use the

Reynolds diagonal. notationa ® b for the transformation iT"(Qx x Qy) defined
2) A state change restrictiomorphism for a tm(Qx, Tx) by:

restricts the state transformations to a submordicc (a®b)(z,y) = [a(z),b(y)] L

Tx. The morphismf = (¢, 7) : (Qx,Tx) = (2x,T") Let Tx ® Ty denote the monoid of all transformations of the

is given by¢ = ido, and7 the injection ofI" in 7x.  form ¢ ® b. Then, the independent product &F and Y is
3) A passivity restrictionmorphism is an extreme case Ofjefined as

state change restriction morphism that prohibits all state
changespx = (idoy,7) : (Qx,Tx) — (Qx,0x) XY =(Qx xQy, Tx®Ty)
where0x is the complete ordered monoid containing thg s js 5 transformation monoid, babt a Reynolds transfor-
unit transformation nul, and all its approximations. ,-tion monoid.
Note that “state set restriction” and “state change comgga
morphisms found in the Tennent's category of worlds [39] dgePendent product
not have any counterparts RTM. The dependent producf « Y is defined by:

Independent product

V. MODELING STORES Tx =Ty = the read-closure ofx ® Ty

Now that we have the basic definitions of transformation XxY = (Qx x Qv TxxTy)
monoids, we would like to present the intuition that theWhile 7x ® 7y represents an independent product of the
model stores of locations viewed as a rudimentary form ofo stores, its read-closure adds transformations of tha fo
objects. This view point fits somewhere in between the statéz, y). a(z,y) ® b(z,y), allowing transfer of information
based models [21, 24], where stores are viewed in a stdbietween the two stores.



The corresponding relational actidtw S : X«Y + X'«Y’ edges. (A “complete” relation is a directed-complete ietat
is a bit involved. The state set component is the expected otteat also relates the least elements.) It is also a parasitgtri
(RxS)q = RgxSg. The transformation component is definegraph.

as follows: We will be interested in PG-functofs : RTM®? — CPO
" [(R* S)T] PPN that factor through the embeddiﬂgz CPO, — CPO. Th_at
Vo, oy, y (2,y) [R*S] (@ y) = means thatF_(X) is a pomted cpo for each My, F(f)is
(3a € Qx, d € Qxr, be Qy, b € Qy. a strict coptmuou; function for each morphlsfnof rtm’s_
a [R] @ Ab[S] b A and F(R) is a pointed complete relation for each rglatlon
tz,y) = (a @ b)(z,y) A R of rtm’s. Such funqors form a ca_ltego@/(RTM) with
(@) = (a @) (2, y") parametric transformations as morphisms.

This says essentially thatand#’ can be decomposed asoh 1heorem 5 If C is an op-parametricity graph, lef(C)
anda’ ® b’ respectively. However, the choice of the witnesseienote the category of PG-functag™ — CPO that factor
a, a’, b andl’ can depend on the initial states. The witnessédrough the embedding : CPO, — CPO. ThenC(C) is
are not uniform across all states. Note thaand b depend Cartesian closed.

only onz andy whereas:’ andb’ depend only o’ andy’.  products are given pointwiséF x G)(X) = F(X) x G(X)
We can makg this explicit by writing.,, a,.,, etc. instead zpq (F x G)(R) = F(R) x G(R). Exponents are given as
of simple variables:, a’. o in presheaf categorieF = G)(X) = Vnzox[F(Z) —
The dependent product has projectidns)x,y : X *Y = G (7)), whereV denotes the “parametric limit’ (irCPO)
X and(m)xy : X »Y — X that are parametric i’ and jhgexed by morphismé leading to X [10]. Explicitly, the

Y. For example, parametric limit consists of families of the fornfit;, <
(m)xy = (m: Qx x Qy = Ox, 11 : Tx — Tx *Ty) [F(Z) = G(Z)]}n.z—x that are parametric i_n the sense that
WhereLl(Q) —a® nu”QY h [S — Ix} h = th [F(S) — G(S)] ty. Since I’ and G

) , are PG-functors, such families are automatically natuk@].[
Terminal object It can be verified that it is a pointed cpo under the component-
The terminal object inRTM, representing the “empty wise ordering. The relatioks_, g[F'(S) — G(9)] relates two
store,” is1 = (1,0;), where0; = {nully, L}. The unique families {t;},.z_.x and {t} }n.z—x iff, for all relations
morphism!y : X — 1is!x = (loy,n,) Wheren, sends S:Z « Z' and allh, h' of appropriate types:
null; to nullg,, and L to 1. These morphisms are parametric
in X, ie.,if R: X < X', then!x [R— ] !x. h S — R] W =t [F(S) = G(9)] t),
The terminal object is the unit for both forms of products:

~ ~ [ |
Awl=AdandAxl=A. The categoryC(C) also has a parametricity graph struc-
VI. SEMANTICS ture, a fact used in interpretingolymorphicAlgol-like lan-

As noted in Section lll, the semantics of the programmi
language is given in the functor categdW°® — CPO where
W is a category of worlds. We now choo¥¢ = RTM, the .

. i Interpretation of types
category of Reynolds transformation monoids. Howevere not
thatRTM°P andCPO areparametricty graph®f categories ~ All types of IA+ can be interpreted i€ (RTM). The
and the category we need is thatRiB-functorsbetween them. interpretation is shown in Fig. 2. To avoid excessive brack-
We first mention the technical issues underlying the functéfing, we use names likedm etc. for semantic functors,
category and then move on the interpreting the programmititgtead of the usual notation of semantic brackéteam]|

ages [11]. However, we will not need this extension for the
r%;Jesent purposes.

language. etc.) For brevity, we omit theal[d] types and record types,
which can be handled in a straightforward manner. Note that
Functor category variables are interpreted as objects wgt and put methods

The reflexive graphCPO consists of directed-completeas described in Sec. Ill, except that we are now representing
partial orders as objects, continuous functions as mommyis it as a pair of methods instead of a record of methods. The
and directed-complete relations as edges. It is a paranitgtri product and exponential constructions are from Theorem 5.
graph. The weakest pre-relatigif, f/'|R is the pre-image The interpretation of classesl(s F') involves a hidden world
{(z,2") | f(z) [R] f'(2)} which is easily seen to be afor the data representation (an rtm) along with an initiatest
directed-complete relation. Note that the “graph” of a moin that world and an implementation of the method suite in the
phismf: A — A’ (in the formal sense) iff, id 4/]74-, which world. Recall that we are only treating “constant classeih w
is nothing but the graph of the continuous functipn no free identifiers. Such a class does not depend on the non-

The reflexive graplCPO | consists of pointed cpo’s (cpo’slocal store, and thereforgeLs F)(R) is the identity relation.
with least elements) as objects, strict continuous funstias  The notationd; T'(Z) stands for the “parametric colimit,”
morphisms and complete relations that relate least eles@ant which is a quotient of [, 7'(Z) under the transitive closure

9



Comm(X) = Tx CoMMm(R) = Rr
Exps(X) = [Qx — [I]] ExPs(R) = [Rg — Apl
VAR;(X) = Exps(X) x [[§] — ComM(X)] VARs(R) = EXPs(R) x [Afs) — COMM(R)]
(FxG)(X) = F(X)xGX) (FxG)(R) = F(R)xG(R)
(F=G)(X) = VazoxI[F(Z)— G(Z)] (F=G)(R) = Vssr[F(S) = G(9)]
(CLsF)(X) = 3z(Qz)L x F(Z) (CLSF)(R) = Icsr)(x)

Fig. 2. Interpretation of IA+ types

of the similarity relation “~”, which is defined by the rule: is a parametric transformation of type
S:Z e Z'Na [T(S)] a = (Z,a) ~ (Z',d) [M] - (IL.,[0:1) — [6]

The equivalence class ¢, a) under~* is denoted by| Z, a) This means that, for each world (rtnd), [M]x is a contin-
and we call such an entity a “package.” The relatipnr’(s) uous function of typg [, [6:](X)) — [01(X) such that all
relates two package$Z, a) and (Z', o) iff there exists a relations are preserved, i.e., for any relatiin: X « X/,
relation S: Z — Z' such thata [T'(S)] a’. These notions are we have [M]x [(Hmi [0:1(R)) — [[9]](R)i [M]x:. To the
discussed in detail in our prior work [30, 38]. extent that 1A+ Is a simply typed lambda calculus, this is
To complete the definition, we need to specify the acticstandard [10, 24]. We show the basic constructs:
of the functors on morphisms and show that they constitute [2]x (v) = u(z)
PG-functors. The action on morphisms can be uniquely re- ] _
constructed from the action on edges becausé, i§ a PG- [Az: 0. M]x(u) = 7
functor, thenF'({f)) = (F(f)), i.e., F({f)) is the graph of a Ah: Z = X.Ad: [01(2). [M]z(ut [z = d))
strict-continuous function. There is evidently at most sneh [MN]x(u) = [M]x (w)[idx: X = X|([N]x ()
function. We exhibit these functions for the functors ineal The parameter. may be thought of as an “environment” that
in the interpretation of 1A+: provides values for the free identifiers, specifically in ¢geen
« COMM(f) = ¢, which is strict and continuous byworld X. The meaning of a lambda abstraction of type; ¢’
definition. is in ([0] = 0")(X), which consists of families of the form
« Exps(f) = [¢y — id[s] sends an expression valuation{ts }n.z—x. Here, we are using notatiom\’ : Z — X"
e € ExPs(X) to e o ¢y € ExPs(Y'), which is evidently borrowed from the polymorphic lambda calculus to express th

strict and continuous. h parameter. Note that the body of the abstraction is intégdre
o (FxG)(f)=F(f) x G(f), which preserves strictnessin the future worldZ and the environment is upgraded to this
and continuity. world. Parametricity inZ is crucial for capturing the fact that

e (F=G)(f: X’ =>X) sends a family {t, € [M]z does not directly access any information of the future
[F(Z) — G(2)}nzsx to the corresponding world. In the interpretation of function application termee
family {t(n.5)}n.z—x’, which is evidently strict are again using the polymorphic lambda calculus notation to

and continuous. pass in theh parameter, viz.idx : X — X.
e (CLS F)(f: X' — X) is just the identity morphism The interpretation of class definitions is given by:
id(cLs F)(x)- [class: 6 local C = init A meth M]x (u) =
Using these functor actions, we can upgrade any vélwé (Z, ([A]z(u0))*(20), [M]z(uo))
type 6 at world X to a future worldY. When the morphism where(Z, zo, m)) = [C]x (u)
f:Y — X is clear from the context, we often use the short- ug = {x — m}

. Y A .
hand notationity = [6](f)(d) to denote such upgrading. This says that the package for the class opened and a new

Interpretation of terms package for the class term is created using it. We are depgndi

on the fact that the class definition is a closed term. So, the

only free identifier inA and M is .

2101, ... 2y Oy M6 The interpretation of thewew construct for creating class
instances is:

Swe are glossing over some detail here because construatiingits of [new C o. P]x(u) =
cpo’s is a nontrivial exercise [15]. We prefer the altenmtsolution outlined

The meaning of a termi/ with typing:

X+Z X+Z
in [30], where CPO’s are coupled with partial equivalendatiens to define (As.[5,20] 1) - [Plxsz(uty™ o = m1277]) - (A(s, 2). 5)
more manageable colimits. where (Z, zg,m) = [C]x (u)
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equal: ExPs x EXPs — EXPpgoo; equaler, e2) = As. (A(d1,dz2).d1 = da2)* [e1(s), e2(s)] L
cond” : EXPgoo X EXPs x EXPs — EXPs condy (e, e, e2) = As. (M. v — e1(s); ea(s))*(e(s))
skip: 1 — Comm skipy (*) = nullx
seq: CoMM x COMM — COMM segy (a,b) =a-b
cond” : EXP gy x COMM x COMM — CoMM  condy (e, a, b) = readx As. (A\v.v — a; b)*(e(s))
deref: VAR — EXPs derefy (e,a) = ¢
assign: VAR; x Exps; — COMM assign,((d,a), e) = readx As.a*(e(s))
Var[d] : 1 — CLS VAR; Var[d] x (x) = (V, inits, mkvar)
whereV = ([6],T([6])) mkvar= (An.n, Ak. In. k)
newvar: (VAR; = COMM) — COMM newvar (p) = (As. (s, inits)) - p[m](mkvartys*Y) - (A(s,n). s)

Fig. 3. Primitive operators of 1A+

The interpretation extends the current waldo X «Z, where our model. The first example below was left open by them.

Z is a store for the internal state of the class, and executesan be proved using the state-based parametricity model i

the body of thenew operator P) in the extended store. This[24] as well as the event-based model [19, 28]. We use it here
execution is bracketed with an allocation and deallocatibn for illustrative purposes.

the class instance, so that the overall command is still én tExampIe 8 We can define two classes for counter objects as

world X. )

The interpretations of the primitives (constants) of IA+ iéO"OWS'
shown in Fig. 3. (Recall that the notatigti extends a function counter; = class : exp[int] x comm
f:A— Btothetyped, — B,.) local Var]int| z;

The primitive Vafd] requires some explanation. Variables init z := 0;
are treated in Idealized Algol as “objects” with methods for meth (derefz, x .=z + 1)
reading and writing their values (of typesxgs and [§] — counters = class : exp[int] X comm
ComM respectively). We use the shorthandR§ = Exps x local Var[int| x;
([6] — Comm) for the type of variables. In the worlti = init z := 0;
([o1, T([8])), we can define a valumkvarthat uses the states meth (—(derefz), v =2 — 1)

of the world V' to construct the two methods. The constarét . . hould b i | f tvpe:
inits represents some global value that is presumed to be u Q&'r meanings should be semantic values of type-

as the initial value for variables of typke 3, (Qz)1 % (EXPr x COMM)(Z)
To give additional insight, we also show a primitive called
newvar, which has the effect aiew Var[d]. Given any The meaning of the classunter; is as follows:

world X, we have the expanded world x V' with pro- « The storeZ; for the object is given by

jectionsm; : X xV — X andny : X xV — V and

mkvarts*Y = VAR;s(m)(mkvan € VARs(X % V). This Qz, = Int _

variable object is provided as the argumenttdhe remaining Tz, = read-closure of L} U {inc(k) |k >0}
steps of newvar are the allocation and the deallocation of the where in¢k) = An.n +k

local variable.

Note that7, is a monoid with the unit element ifl@).
Lemma 6 All the combinators of Idealized Algol are para- « The initial value is0.

metric transformations. « The method suite ifEXP,; x COMM)(Z;) is the pair:
Theorem 7 The meaning of every IA+ termay : 0y,..., 2, : meth = ((An.n), inc(1))

theta, - M : 6 is a parametric transformation of type

(IL,.[6:]) — [6]. The meaning of the clas®unters is similar:

This completes the semantic definition of IA+. 7Since the class is defined using a variable object, the s@mdefinition

E | ival states the meaning in terms of the wovidfor the internal state of the counter,
xample equivalences which includes the full transformation monoidé], 7'([d])). However, the
Meyer and Sieber [18] popularized the idea of demonstraeaning of the class is an abstract “package,” unique up tmveral

. h ffi f . dels b . . equivalence. So, we can cut down the transformation comyoné the
Ing the eflicacy of semantic moaels by proving test eqUIVdord to just those transformations directly used in thesglaia behavioral

lences. All the equivalences discussed in their paper holdequivalence.
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« The storeZ, for the object is given by where putk) = An.k and checkk) = read An.n = k —

T,, = read-closure of 1} U{dedk) |k >0} The meaning of the class; is similar:
where de¢k) = An.n — k Qyz, = Int B
« The initial value is0. Tz, = read-closure of L, nullz, }
« The method suite iItEXP,; x COMM)(Z5) is the pair: init, =0

meth, = ((An. —n), deq1)) meth = Ag: Y — Zs. Ac: COMM(Y). ¢

To demonstrate that the two classes are equal in the pal'rametrITO_ de;n.o;strateztha_t thegvv.o classes are equal, we exhibit a
colimit, we can exhibit a relationR : 7, < Z, that is '¢ ations : Zy > Z3 given by:

preserved by the initialization and the method suite. The So = {(n,0)|n>0}
relation isS : Z; < Z,, given by® Sy = {(L.1), (nully,, nully,), (put(1), null;,)}
S = {(ﬁ’—_n) | n Z 0} The preservation properties to be verified are:
Sro= {(L, D)} u{(inc(k), dedk)) |k >0}
The preservation properties to be verified are: inity [(SQ)J_} inity
0 [(SQ)L} 0 meth [(COMM = COMM)(S)} meth,
meth [(ExP1a x Comm)(S) | meth Note that (COMM = COMM)S — Vs COMM(R) —

It is easy to verify them once we note thalCOMM(E) = Vrs Br — Rr. So, the relationship to be

(EXP 1 X COMM)(S) = [So — Agm] X St m Proved between the two method suites is:
nt - nt .

Example 9 (Pitts and Stark “awkward” example)
Consider the following classes:

Vglz Y, — Zl.vggl Yo — Zg.gl [R—>S] g2 —
v01702. &1 [RT] Co —

meth [g1](c1) [Rr]| meth[ga](ca)
(1 = class : comm — comm

local Varlint] z; Since putl) [Sr] nullz,, we have putl)t}: [Rr] nullt}?.
init x := 0; Sincec; [Rr| c; by assumption, the state ity (the value of
meth Ac.z := 1;¢;tes{(z = 1) x) is 1, as argued above. Therefore ch@dkhas the effect of
Cs = class : comm — comm nullz,. Hence, we have the required property. [ ]
;Eicfl\_/a:r[glt] I’ Example 10 (Dreyer, Neis and Birkedal) Consider the fol-
meth \c. C’ lowing classes:
wheretes{b) = if b then skip else diverge. C1 = class : comm — comm
A relation S between the internal states of the claségs local Var(int] z;
andC, has two components, a relatiéfy) between their state init 2 := 0;
sets and a relatiorbr between their state transformations. meth Ac.z := 0;¢;2 := 1;¢;tes{z = 1)
The transformation componeft- relates the transformations (2 = class : comm — comm
null and putl) of C; to the null transformation of’,. Since local Varfint] x;
the ¢ arguments to the methods are assumed to be related by init z := 0;
ST, we can conclude that the call toin C; executes some meth Ac.c;c

_comblnatlon of null and pyt) actions, with the result that wheretestb) = if b then skip else diverge.
is 1 after the call.

. . This example is similar to the “awkward” example, except
We show the d(_—:‘talled proof. The meanings of the classt%%t we have two calls to in the method ofCy, interspersed
should be semantic values of type:

by different assignments te. The differences from the above

32 ((Qz)1 x Vgy—z COMM(Y) — Comm(Y)) example are as follows:
The meaning of the class; is as follows: Tz, = read-closure of L, nullz,, put(0), put(1)}
Qyz, = Int meth = Ag: Y — Z;. Ac: CoMm(Y).
72, = read-closure of L, nullz,, put(1)} put(0)?y, - ¢- put1)ty, - ¢ - checkK1)ty,
init; =0 Tz, = read-closure of L, nullz,}
meth = Ag: Y — Z;. Ae: Comm(Y). meth = Ag:Y — Z. Ac: COMM(Y).c- ¢
put(1)ty, - c- check1)ty, Sy = {(L, 1), (nullz,, nullz,), (put(1), nullz,)}

8For ease of exposition, we ignore the read-closure comditd the It is worth nqt'ng that the relatiorbr : TZl ANe TZz is the
transformation relations. sameas that in the awkward example.
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We verify the simulation property is considered. This fact was perhaps not appreciated in the
intervening years.
meth [(CO'V”V' = COMM)(S)] meth In terms of further work to be carried out, we have not
addressed the issues of dynamic storage (pointers) but we

as in the previous example, which involves the condition: expect that the prior work in parametricity semantics [34] w

Vg1: Y1 = Z1.Yg2: Yo = Zo. g1 [R — 5] g2 = be applicable. We have not considered higher-order starg, i
VYer,ca. 1 [RT] o —> storing procedures in variables. This problem is known to be
meth [g1](c1) [RT} methy[gs](c2) hard in the framework of functor category models and it may

take some time to get resolved. More exciting work awaits to
We first argue thameth [g:](c1) andmethy[g2](c2) are related be done in applying these ideas to study program reasoning,
by Rg — Rq. Starting from related initial statesand0, the including Specification Logic [36, 39], Separation LogigIR
first action inmeth is put(0), which changes the local state toguarantee and Deny-guarantee reasoning techniques [6, 42]
0. Calling ¢ has the effect of either ny| or pu(1) onz. So,
x is either0 or 1, both of which are related t0 by Rg. The
next action putl) overrides the previous effect and changes
the local state td. The second call te again has the effect [1] S. Abramsky and G. McCusker. Linearity, sharing and
of either null;, or put1), with the result that the local state state. InAlgol-like Language®’Hearn and Tennent [25],
continues to bé and, so, chedl ) succeeds. Thus, the overall chapter 20.
effect ofmeth is to set the local state th i.e., a pufl) action, [2] S. Abramsky, K. Honda, and G. McCusker. A fully
and two calls tac for the effects on the non-local state. This abstract game semantics for general referenceklQ%
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APPENDIX

Proof of Lemma 3

If

given byp’ = Az. d/(z) # L — a; L. Itis easy to see that of rtm’s and assume

a € Tx anda’ C a, there is a functionp’ : Qx — Tx

a’ = readx (p).

Assumeq [R] b, (a',V') C (a

last

have (¢/(z) =
In other words,a’(z) = L < ¥V (y) =

,b) anda’ [Rg — T] b'. The
of these means that, for ally such thatr [Rq] y, we
LAV = L)V (@) £ LAY() £ 1),

L. Given the

assumptions, we can constryét: Oy — 7x andq’ : Qy —
Ty as above, giving’’ = readx(p’) andbd’ = ready (¢'). If

z [Rg| y thend(z) =
P’ (z) [R] ¢(y). Hencep' [Rq — Rr| ¢ anda’ [R] V.

1 = V(y) = L, which implies
]

Proof of Lemma 6

We show selected cases. For the assignment operation, let rejated by @MM(R) =
(d,a) [VARs(R)] (d',d’

The second step follows from the fact that the relations a

) ande [ExPs(R)] ¢’. Then

(As.a*(e(s))) [Rg — Rr] (As'.a’(e'(s)))
(readx As.a*(e(s))) [Rr] (readx: As’.a’*(e'(s)))

compatible with the diagonal operation.
Consider the newvar combinator. L& : X < X’ be a t0 “constant classes” that have no free identifiers. Classes

relation of rtm’s and assume [(VAR; = CoMM)(R)] p'.

1)

2)

3)

4)

5)

The relation(VAR = COMM)(R) is Vs g VAR(S) —

ComM(S). In the particular case used in the combinato

S is instantiated taR x Iy : X «V < X'« V. So, we
obtain p[(m1)x.v] [VAR(R « Iy) — COMM(R % I/

pl(m)x v].

We argue that mkvag. and mkvaty are related by

VAR;s(R * Iy/). Firstly, A(s,n).n and A(s',n').n" are
related by EpPs(R x Iy), i.e., Rg x A[[(gﬂ — A[[(;]].
Secondly, Ak. A\(s,n). (s, k) and AK'. A(s',n'). (s', k)
are related byAr;; — COMM(R x Iy), i.e., Apsp —

newvar (p’). These two transformations are related by
Rr.

The case of corfdillustrates how expression evaluations are
embedded in commands. Again, llét X < X' be arelation
[ExPs(R)] €/, a [COMM(R)| o’ and
b [CoMM(R)] ¥'. To show that conﬁl(e,a,b) [ComM(R)]
condy, (¢, a/, "), we need to show that= (\s.(\k. k # 0 —

a; b)*(e(s))) andp’ = (As’. (MK k" £ 0 = d; V)*(e/(8)))

are related byRy — Rr. So, consider the action of the

functions on states and s’ such thats [R] s’

1) Since BPs(R) = [R — Apy), We havee(s) [A, |

¢(s), e e(s) = e(s).

2) If e(s) = €'(s') = L thenp(s) = Ly, andp/(s’) =
L7, which are related?z since it is a pointed relation.

3) If e(s) = €'(s’) = 0 thenp(s) = b andp'(s’) =V,
which are related b2, by assumption that andd’ are

Rr. The case ok(s) = €/(s')

being non-zero is similar.
All the other combinators can be similarly verified to be
parametric. [ ]

'Il'éeatment of general classes
In the main body of the paper, we restricted attention

with free identifiers are quite useful, e.g., for definingteds
classes. Here, we treat the general case. The interpretatio
}he generatls types is as follows:

(CLSF)(X) = Vgy—xInzoy

[Qy = Qz| X F(Z) x [Qz — Qy]
(CLSF)(R) = Vp_.rds.p

[Po — Sl x F(S) x [Sq = Pql

The meaning of a class at world provides a way of creating
instances at all future worldg, and such creation leads to a
further future worldZ. In addition to the method suite, of type
F(Z), we have allocation and deallocation operations, which

Rt x Apgsy)- Note that(s,n). (s, k) can be expressedare both irregular state transformations.

as nully ® (An. k) in Tx xT([d]). nullx and nully, are
related byTy and An. k is related to itself byApsp).

Therefore, p[(m)x,v](mkvarf;s) {COMM (R * IV)}

P[(ﬁ)xgv](mkvam)/(l)-

The relation ©@MM(R % Iy) is Ry x (Iv)r where
(Iv)r = [App — Al So, the instances =
pl(m)](mkvartyy) and ¢/ = p'[(m1)](mkvarls ) are
related by Rt x [Apsp — Apsyl. So, for anys € Oy,
s’ e Ox andn € [4], there existas,, al,,, b, such
that as, [R } Sn, t(s,n) = (asn @ by)(s,n) and
U(s'sn) = (aly, @ ba) (5", ).

In particular the above statement holds for= 0.
So, unlesshy(0) = L, (t- (A(s,n).9))(s,0) = aso(s)
and (¢’ - (\(s',n).s"))(s",0) = al,y(s'). In other words,
newvar (p)(s) = aso(s) and newvag: (p')(s)
al.o(s"). If, on the other handy (0) = L, both the func-
tions evaluate tal. Hence, we can write newva(p)
as (readx As.bg(0) = L — L; ay), and similarly for
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The notation3;,.z_, x T(Z) stands for an indexed “para-
metric colimit.” It is a quotient of[[,., .« T'(Z) under the
transitive closure of the “similarity” relatior- defined by the
rule:

h[S—Ix|W ANa|T(S)|d = (ha)~ (N d)

The equivalence class 0k, a) under~* is denoted by(h, a)).
The functor action on morphisms i&CLSF)(f: X' — X)
sends a family{¢,},v—x to the corresponding family

{tntey-x.
The interpretation ohew for such classes is:
[new C o.P]x(u) =i [Py (h(u)jo— m]-d
where(h: Y — X, i, m, d) = [C]x (u)[idx: X — X]

It makes use of the expansion morphism and the allocation
and deallocation operations rather directly.



