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Prerequisites

e partial functions N — N computed by Turing machines

e M(n) means that the function M computed by the Turing machine is defined on n and the
output is M(n).

e there are computable bijections

(m, £), - (m, £)
NxN_ — ™™N
(n07n1>< n
e “test on 0" is computable (¢,n,m) — case(i,n, m) = { noit :Q NxNxN-—-N
m otherwise

e since Turing machines are strings in a fixed alphabet, they can be encoded by numbers: the
number which encodes the machine M is | M |, the machine encoded by the number e is [e].

e [/ is a universal Turing machine so that
U(le;n)) = [el(n)  anyn.
and S satisfies
M({m, 0)) = [S(IM],m)|(€) = U{S(LM],m), £)) ~ any M,m,L.
e the fundamental structure is that of partial combinatory algebra given on the set N by the partial
binary operation:

(t,n) — [t](n) = the output of the Turing machine encoded by ¢ on input n



Assemblies

An assembly X = (X,,IFx) is
e a collection of elements X, together with

e a relation Iy between numbers and elements of X,
which is surjective, i.e. for each x € X, there is a number such that n lFx x

Write nlkxx as nlkx € X. Readitas "n realizes that x isin X".

Say that X C Y when there is a computable function M such that
forevery x € X, and every n € N, if nl- 2z € X, then M(n)IF z €Y
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Assemblies

An assembly X = (X,,IFx) is
e a collection of elements X, together with

e a relation Iy between numbers and elements of X,
which is surjective, i.e. for each x € X, there is a number such that n lFx x
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e Projection: for X CAxB X Cn(X)x B
if X CY X B then 7(X) CY

Define:  mj(X) = ({z € Ay | Jw € By (2,w) € Xy}, Iy
where  n sy 2 if  for some w € B, nlFx (z,w)

Suppose X C A x B

(z,w) € X (z,w) € Ax B
X X
n e M (), ()}
if XCY xB then m(X) CY
(z,w) € X (z,w) €Y x B z € (X) z€Y

N\
M s (L (), L' () M s ()
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Elementary constructions

e Direct Image: md(X)C A m(X)x BC X
for Y C A if Y x BC X then Y C 7{(X)

Define:  7{(X) = ({z € Au|VYw € By (2,w) € Xu}, Ik g x))
where  nlF gz if nglbaz and  forall klp w (n1](k) IFx (z,w)

if Y xBCX then ¥ C 7§(X)
(z,w) €Y x B (z,w) € X z€Y z € m(X)
X X X X
{m., €) e M((m, £)) M e S| M ], m)
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Examples

e NxNCANU((NxN)\AN)

any z,w
(z,w) e Nx N (z,w) € AN U ((N x N) N\ An)
X X
{m, b~ (M, sign [ m — L)
m=z,{=w any m, {
o (VN (VN N))= VN
z € VN z€ (VNN (VNNN)) anyz

X X
mn ~—rrr ~ T \ any n




Recap on elementary constructions

nlkxeN n=x¢cN
nlkx e Vs ze S

nl- x e Vi J

nlkFxel n=0=ux.

Dl mes either [n](n) | and z =1

or [n](n) T and x =0

{m,0) IF (z,w) € Ax B

mlkFz2€ A and/IF w € B

nlF (z,w) € Ax

z=wandnlkF z&€ X

m, ) IFze XNY

mliFz€e€ X and/l1IF z€Y

(n,i) IF z€e X UY

either 1 =0 and nlFze X
or =1 and nlkze€Y

fm,e) IF z€ (X =4 Y)

mlF z € A and
lel(k)IF zeY forallkIF ze€ X

fm,e) IF z€ AN X

mlkFz2€ A andnoklF z€ X

nlk z € mp(X)

nl- (z,w) € X forsome k- w e B

(m,e) IF z € 7{(X)

ml- z€ A and
n|(k) IF (z,w) € X forall kI- we B
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f:A— B must be f C A X B suchthat A C 7rj(f) and [m55(f) N7i5(f)] C 7i5(Ap)
determines fi1: Ay — By, uniquely

There is also a computable function A which
foreverya € Ayandn e N, if nlFa€ A then H(n)lF fi(a) € B

a € A a) € B any a
if X then xfl( >
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Moreover, define: [fi] = ({(a, fi(a)) | a € A, )
where n g (a, fila)) if nlk4a.

Then f=1fi
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n

To give a function from an assembly A to V.S is to give a set-function from A, to S.
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Examples

o [fi A—>VS | ac A fi(a) € VS any a
if N then N

n ) any n

To give a function from an assembly A to V.S is to give a set-function from A, to S.

e [fi|IN— N  for some computable function H

a e N a) € N anya
if Y then //fl( )

RN s () any n

To give a endofunction on N is to give a computable set-function on N.

o [f1:VS — N  for some computable function H s

. acVS fila) e N any a
if X then Y
0 o H(D)

To give a function from an assembly X to V.S is to give a number in N.



Some category structure on assemblies

e natural number object: N

e finite products: A x B 1= V{0}

e coproducts: A+ B = (A x V{0}) U (B x V{1})
e equalizers: for [f1],[g1]: A — B an equalizer is

e exponentials: B4 = ({fi | [fi]: A — B}, IFpa)

where e lFza fi  means that

e factorization: A

ANViae€ Ay | fila) = gi(a)} € A



Some assemblies of truth values

: |

neg nlFBes i e'thz: i EZ; 2:: iil
»—_C V{0, 1}:
@)\ Ut nlkzell i either i (n) and 1 =
or [nl|(n) and =0
At
neg swaps 0 and 1.

o f1A— V{0,1} is completely determined by the subset f; '{1} C A,

o for f: A — X the subset

{n|nlF4aforsomex € fi H{1}} C {n|nlk4 x for some x € A,} is relatively r.e.
i.e. it is of the form {n | n I-4 x for some x € A,} "W for some W C,, N

e for f:A— 1+ 1 the subset

{n|nlF4xforsomex € fi H{1}} C {n|nlk4x for some x € A,} is relatively recursive
i.e. both it and its complement are relatively r.e.



Y={p|3IfeNN poIneN f(n) =0
Take the relatively r.e. subset

{e | [€](n) = 0 for some n € N} n(NY) € (NN

and let s: NN — 3 be the induced function.

e VpecXdf e NN (f,p) €s

5 Pls) ey D) €S any p, some
C 5(s) P SPPIES PPN SR A w
e wx~«>0(n> any n

|C(n)] (k) computes k steps of the computation [n|(n) and returns O if it stops, 1 otherwise.

o Vf,g e NN s(f)=s(g) & [Bn f(n) =0« Im g(m) =0
{(f,9) e N¥ x NV | s(f) = s(g)} = {(f,9) € N¥ x NV | 3n f(n) =0« Im g(m) = 0}



There is an enumeration W:N—— »2N

o YN is the assembly (XN), consists of the r.e. subsets of N
el VeXN iff V={neN]|Je|l(n) |}

Wi:N—RE:e— {neN|e|](n)l}

e e N Wi(e) € BN any e
Z X
) e n any n
W exN n €N any W, some n with Wi(n) =W
N % take n =e

€ s any e



Markov’s Rule

Suppose X C N X A is such that Va € AVn € N |(n,a) € X V (n,a) &€ X].
N x A=XU[N x A)~ X]
If AN 7 (X)=V0 then AC 7(X). If AN @ (X)= V0 then A C 7} (X).

Since N x A= X U[(N x A) \ X], the relation
(X x VIOHU[((N x A) N X) x V{1}] € (N x A) x (1+ 1) is total and single-valued.

Hence there are two r.e.



Markov’s Rule

Let A and P C N X A be assemblies such that Vz € NVz € A ((2,2) € PV (z,2) ¢ P)
ie. NxA=PU|[NxA)\P]
Then Vrye A(——Jdz€e N (z,2) € P= 3z (2,2) € P)
ie. (ANT(P)) 7 (P)=m(P)

Suppose
(n,a) e N x A (n,a) € PU[(N x A) \ P]
X / % \
(n,m) ~ (M ({0, m) ), M7 ({12, m)))
Note that, for any n, m, the value M"({n, m)) is either 0 or 1.
Consider
a € (AN (P))~ 7 (P) a € m(P)

X | ¥
I s M ((min . [M” ({0, m)) = 0], m)))



Caucuses

An assembly A is a caucus if the relation a 4| n is single-valued.

Recall that, by definition, I 4 is surjective. Hence, on a caucus, 4l is a function r: A, — N.
The rule of choice holds for every caucus. [Otherwise said: every caucus is projective.]
Take any assembly B and any R C A x B such that Va € A3b € B (a,b) € R i.e. AC 7}(R)

ac A (a,b) e R any a,z,w, (z,w) € R (z,w) € Ax B

X X some b X X
M~ M () any m,n n s M (n), M (n))

By the standard Axiom of Choice, get g: A, x N — B,, such that

a€A (a,9(a,m)) € R any a

X X
m s M(m) any m

Define fi: A, — By:a — g(a,r(a)) and check that Ya € A (a, [fi](a)) € R ie [fi] C R

a€A (a,g(a,r(a))) € R any a

X X
s M(M () any m

m = r(a)



Projective Assemblies/Caucuses

e N is projective

e Every sub-assembly of N of the form N N V(@ for () C N is projective

e 1 is projective

e Every assembly A where a single number k& may realize, i.e. if nl- a € A then n = k.

e Every assembly of the form V.S is projective.



Projective Covers

Given any assembly A, consider the assembly

Py = (Ay x N, IFp)
where nlkp, (a,m) if n=mlrsa

P4 is projective.

Moreover, the first projection  py: Py, N »A,  defines a surjection [p1]: P4—A
A, x N
since
(a,m) € Py a€ A any a,m
Z X
n s T any n
n=mlF4a
ac A (a,m) € P4  any a, some m with p((a,m)) =a
X % take m =n
sy any n



Discrete/modest assemblies

Call an assembly D discrete (or modest) if every function V{0,1} — D is constant.

e N is discrete

® a sub-assembly of N is discrete

® a surjective image of a discrete assembly is discrete

e a discrete assembly D is a surjective image of a sub-assembly of N,
I.e. is totally determined by a partial equivalence relation on N.

Exercise: D is discrete if and only if the map const: D — DVi%1} is a bijection.



Characterization of discrete/modest assemblies

General properties of the projective cover Py:

e the second projection py: Py, N "N defines a function [ps]: P4 — N
A, x N

e the pairing  ([p1], [p2]): PA—A x N is one-one

e the parallel maps

PA1—|—1 -
1
AR —
\PAHl 2

form the kernel pair of the map [ps]: P4 — N.

For D discrete, prove that [ps]: Pp — N is one-one.



The effective topos

Assemblies are not enough.
The reason is “lack of quotient of equivalence relations”.
Define composition of relations as
def * *
R; S = mi3(m7o(R) N m3s(S))
An equivalence relationis RCAx A A4;CR R°CR RRCR

Formally add quaotients by taking the equivalence relations themselves as objects and define a map
F:R— Stobe FFC A X B such that

R E:S=F RCF:F° F>FCR

Every object is a surjective image of a projective assembly.

There is a surjection |p1]: V(P (N))—(2 .
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