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Abstract

In this paper we use the subgradient technique to give a constructive proof of the Repre-
senter Theorem for learning algorithms derived from regularization. The proof holds for
convex loss functions with no differentiability requirement. While the complete proof in
the presence of a bias term requires some care, the case in which the penalty term is a
norm is strikingly simple. The explicit form of the solution coefficients makes it clear the
relation between the shape of the loss function and the solution properties, like sparsity
and boundedness of the coefficients. In the case of Support Vector Machines, the proof
obtains the Kuhn-Tucker conditions in the primal formulation with no need to go through
the dual formulation.

1. Introduction

The problem of learning from examples can be seen as the problem of approximating a
multivariate function from sparse data, which is well known to be ill posed (Poggio and
Smale, 2003, Bertero et al., 1988). A classical way to restore well posedness is provided
by regularization theory tools (Tikhonov and Larsenin, 1977). In the context of statistical
learning this leads to learning algorithms looking for an estimator minimizing a functional

of the form ,

T = 33 Vi £ ) + A1 (1)

i=1
where V is the loss function, H is the Hilbert space of the hypotheses, A > 0 is the regular-
ization parameter and (x;, yi)‘le are the £ pairs of examples.

Results studing the form of the mimizer of (1) are known in the statistical learning
literature as representer thorems. In this paper we study a compact method to derive
the explicit form of the minimizer of J[f] hence providing a new proof of the representer
theorem.

If the loss function V is differentiable the study of the minimizer of J[f] can be ad-
dressed by means of standard differentiation in functional spaces. This approach was stud-
ied in Girosi (1998), Poggio and Girosi (1992), Wahba (1998) where it was shown that the

minimizer can be written as
V4

F) =) aK(x,x) (2)

=1
with coefficients ¢; solution of a system of algebraic equations.
This approach cannot be applied to hinge loss function (Vapnik, 1988), since it is not
differentiable. In Schoélkopf et al. (2001), Wahba (1990, 1998) a generalized representer

theorem was presented in order to cope with this case. However the form of the coefficients



¢; was recovered only through the usual dual Lagrangian formulation of the minimization
problem (see Cristianini and Shawe Taylor, 2000, Vapnik, 1988).

Finally, Steinwart (2003) proves a representer theorem that holds for Lipschitz convex
loss fuctions in the classification setting. His proof is based on infinite-dimensional convex
analysis tools and gives the form of the coefficients ¢; in terms of a closed equation involving
the subgradient.

This paper, using similar techiques of Steinwart (2003), extends the above result in three

points:

1. we remove the assumption that the loss function must be Lipschitz, without using

extension lemma;
2. our result holds both for regression and classification;

3. we consider the semiparametric case where the functional (1) is replaced by.

V4
Tolf) = 3 30V (i £x0) + hox) + AIFIB, 3)
=1

where h runs over a set of offset functions that are not penalized. In particular,
we prove that the minimization of Eq. (3) is equivalent to the replacement of the
penalty term || f||f2H with a seminorm (we do not assume that the offset functions h

are orthogonal to the penalized functions f).

The plan of the paper is as follows. We first recall the notions from convex analysis
we need in our approach in section 2. In section 3 we state and prove our main result. In
section 4 we discuss in detail the implication of our result for the square and the hinge loss
in the classification setting. We assume the reader has some basic ideas about statistical

learning theory (for a review see Vapnik, 1988, Evgeniou et al., 2000).

2. Some properties of convex functions

We briefly recall some properties of convex functions defined on a Hilbert space H. For a
detailed review see, for example (Ekeland and Turnbull, 1983).
A function F : H — R is convex if

Fv+ (1 —t)w) <tF(v) + (1 — t)F(w),

for all v,w € H and t € [0, 1] (if the strict inequality holds for ¢ € (0,1), F' is called strictly

convex).



The subgradient of F' at point vy € H is the subset of H given by
(OF )y, = {w € H|F(v) > F(vg) + (w,v —vg)4 Yv € H}. (4)

If F is differentiable in vg, the subgradient reduces to the usual gradient F”(vg) (Ekeland and
Turnbull, 1983, Prop. I11.2.8) and inequality (4) is the usual definition of convex function

F(v) > F(vo) + (F'(vg),v — vp).

If # = R?, inequality (4) has a simple geometrical interpretation. A vector (w;,ws) is in

the subgradient if and only if the plane

z = F(zo,y0) + wi(z — o) + w2(y — yo)
is under the graph z = F(z,y).

Remark 1 If F is a convez function on R, then it is continuous (Ekeland and Turnbull,
1983, Cor. I11.1.2), left and right derivatives always exist with F' (z) < F|(x) (Ekeland
and Turnbull, 1983, Prop. II11.2.7), and (OF ), = [F'(z), F! (z)].

We need the following facts extending the linearity, extremality condition and chain rule

properties of the gradient of differential functions.
Proposition 2 The following facts hold:

a) let Fy and F5 be continuous convez functions on H and a,b > 0, then F = aF) + bF,
is convezr and
(OF)y = a(0F1)y + b(OF2),;

b) F has a minimum point at v if and only if 0 € (OF),;

¢) if F is defined on R and w € H, then the function on H
v = F({v,w))
s convez, continuous and its subgradient at vy is given by
[FZ ((vo, w)), F (vo, w))] w.

Proof See Prop. I11.2.9 and Cor. III.2.1 in Ekeland and Turnbull (1983) for item a),
Prop. I11.3.1 in Ekeland and Turnbull (1983) for item b) and Prop. I11.2.12 in Ekeland and



Turnbull (1983) for item c). [ |

Remark 3 If F is a convex continuous function such that

lim F(v) = +o0.
l[]l3 =00

then F' has a minimizer Ekeland and Turnbull (1983, Prop. 11.4.6). If F' is strictly convex,

the minimizer is unique.

3. Main results

In this section we first fix the notation and then provide our proof of the representer theorem

holding for arbitrary convex loss functions.

3.1 Background

We assume that the pair (x,%) is in X x Y, where X is a subset of R? and Y is a subset
of R (for regression Y = R, for binary classification Y = {—1,1}). The training set of the
£-pairs of given examples will be denoted by D = ((x1,41),-- -, (X¢,ye)).

Let the hypothesis space H be a Reproducing Kernel Hilbert Space (RKHS) with a
continuous kernel K : X x X — R (Aronszajn, 1950). We recall that H is defined as the
unique Hilbert space of continuous functions on X such that

f) = (f, Kx)y (5)
where, for all x € X, K is the function on X defined by Kx(s) = K(x,s).
We assume that the loss function V (y, f(x)) is of the form
1. V(y, f(x)) = V(yf(x)) for classification,

2. V(y, f(x)) =V(y — f(x)) for regression,

where in both cases V : R — [0, 400) is a convez function of one variable. We denote by
V1 the left and right derivatives of V' that always exist (see Remark 1 of Section 2).

Given a training set D, we can write the functional of Eq. (1) as

14

O Vi £ + 5 1B Q

=1

which is the standard form in the SVM setting. Here C' > 0 controls the trade-off between
the empirical error %Zle V (i, f(x;)) and the penalty term || f ||3_L and it is related to the

5



classical regularization parameter A of Eq. (1) by the equality C' = 2—;@. We denote by fp
the minimizer! of the functional in (6).
Different choices of the loss V' give rise to different learning techniques. For example,

for regression,
e square loss V(y, f(x)) = (y — f(x))? — Regularization Network for Regression (RN),
e Llloss V(y, f(x)) = |y — f(x)| — Robust Statistics,

e c-insensitive loss V(y, f(x)) = |y — f(x)[e — Support Vector Machine Regression
(SVMR),

and, for classification,

e square loss V(y, f(x)) = (1 — yf(x))? — Regularization Network for Classification
(RN),

e hingeloss V(y, f(x)) = |1—yf(x)|+ — Support Vector Machine Classification (SVMC),
o logistic loss V (y, f(x)) = logy(1 + e %/(*)) — Logistic Regression,

e exponential loss V (y, f(x)) = e ¥/*) — AdaBoost.

3.2 Representer theorem

We are now ready to state and proof the so called Representer Theorem. Our result can be
compared to Wahba (1990), Girosi (1998), Evgeniou et al. (2000) where the differentiable
case is studied, with (Scholkopf et al., 2001) where a similar result is deduced without the
convexity assumption but the explicit form of the coefficient is not given. Finally a recent
paper of Steinwart, (Steinwart, 2003), treats the case of convex (non-differentiable) loss

functions for classification.

Theorem 4 The problem

¢
. Lie2
%171{1{0 ;:1 Vi, f(x3)) + 5 11l

has a unique solution. Moreover the following two statement are equivalent:

1. fp is the minimizer

1. see Theorem 4 below for existence and uniqueness.



2. fp is of the form

y2
classification : fp = Zaiyini (7)

=1

£

regression : fp = Zaini
=1
where

classification : — CV{(yifp(x;)) < a; < —CV (yifp(x:)) (8)

regression : CV. (y; — fo(xi)) < ;i <CV{(yi — fpo(x:))
Proof For sake of simplicity, we develop our result in the context of binary classification.
The extension of our analysis to regression is straightforward. First of all, we notice that,

taking into account Eq. (5), the functional to minimize can be written as

l
1
Tf1=CY VT gida) + 51 F 9)
i=1
where g; = y; K, .
Since V is a convex function on R, by Remark 1 in Section 2, V' is continuous and,

hence, the map

f= V(T 9i05)

is convex and continuous. Since f ~ || f||,, is strictly convex and continuous, then J[f] is

strictly convex, continuous and

Jif) > !

lim > 1 12, = +oc.
[ £ll5—+00 I fllpy 4002 0 M

By Remark 3 of Section 2, J has a unique minimizer.
We now show that 1) < 2). Using properties a) and c¢) of Proposition 2 from Section 2)
one has that
l
(07); =D_C OV({f,90m) i+ f.
=1

Moreover, by Remark 1,

OV )(1005 = VZ((F5 9)20), VIS, 9i)30))-



Applying property b) of Proposition 2 (again from Section 2), one has that fp is the
minimizer of J if and only if 0 € (0J)y,,, that is, if and only if there exist

€ [VZ({f,90030), Vi (£, 9i)30)] (10)

such that ,
0= CZaigi +f -

=1

Equation (7) follows defining a; = —Ca; and Eq. (8) is a restatement of formula (10). M

3.3 Semiparametric representer theorem

In this section, we extend the representer theorem in order to deal to the case in which a bias
term appears in the solution. To do this we study the general case of learning algorithms
in which the penalty term do not penalize a class B of bias functions. In this case the
representer theorem is sometimes called semiparametric (Scholkopf et al., 2001),

We assume that B is RKHS with a continuous kernel KB and we study the algorithm

defined by the following minimization problem

2
min_ (O (i, filx) + folxi)) + 5 Il (1)
i=1

f1EH, f2€B
The hypothesis space of the algorithm is now given by
S=H+B={fit folfreH, f2€B}
The space S is a reproducing kernel Hilbert space with kernel
KS(x,8) = K(x,s) + KB(x,s),

the spaces H and B are closed subspace of S and § has a natural norm defined in the
following way. Let Z=H NB, if g = f1 + fo € S, with f; € H, f2 € B, then

gl = llf1 + fall% = g ( 1152 + Bl + 1172 = B (12)

see (Aronszajn, 1950).



Remark 5 If H and B have a null intersection the definition in (12) reduces to

2 2 2
llglls = Nl + N1 f2ll5 -

Now we denote by P be the orthogonal projection from & onto B and we let Q = I — P.
We show now that Problem (11) is equivalent to a regularized algorithm in S where the

penalty term is a seminorm, (see Wahba, 1990, Poggio et al., 2001). Precisely,
Lemma 6 Let P be the orthogonal projection from S onto B and Q) = I — P, then
£ 1 £ 1
it {0 YV (ys f1(x) + fo(3xi) + 5 IFill5} = IE{C DV (wir g(xi)) + 5 I Qglls} (13)
fo€B 1=1 i=1

Proof In order to prove Eq. (13), we first show that the following equalities hold

1Qglls = QA5 = inf [l + Al (14)

where g = f1 + fo € S with fi € H, fo € B.
Since Q = I — P by definition of projection we have

2 2
1Qalls = llg— Pglls
= inf|lg — |
}relsllg flis

= it llfi+ (b= Hlls-

Then by Eq. (12)

1Qgl2 = inf (inf(||f1 2 e f —h||2>)

feEB \heT

— . 2 _ B 9
— fe;SI,lIflIEI(||f1+h||H+||f2 f h”zs)-

Clearly the second term attains 0 for the choice f = fo — h, so the claim follows.
We now prove Eq. (13). We first note that the following equality holds Vh € T

inf (|| 1]17,) (12 + hl3) (15)

= inf
f1 f1EH



Now let Jomplf] = C 5, V(yi, f(xi)), from Eq. (15) we have that

inf  (emplfi 4 214 5 17130 =0k inf (Jempl(F1 + o] + 5 11+ BIE)

fieH,f2€8B %Eghel'
Finally using Eq. (14) it follows that
i (Templfi + f2)+ 3 11120 = inf (Templf1 + fol + 2 1QA1]12)
f1€7{r,lf2€B emp|J1 2 9 1lly) = ?Iei,g emplJ1 2 2 1lls
2

) 1 9
;gS(Jemp[g] +3 1Qglls)

We can now state the following semiparametric representer theorem. Let (¢5,)0" ; be a
basis for B.

Theorem 7 The following two statements are equivalent:

1. gp is the minimizer of
¢ 1
I;leig{oz Viyi,9(xi) + 5 1Qgll%}-
i=1

2. gp = f{ + f5, where

12
classification : f;{ = Zaiyini (16)

i=1

12

regression : f{ = Zaini

i=1
f; = Z,Bn¢n €B (17)

n=1

and

classification: — OV (yifp(xi)) < i < —-CV.(yifp(xi)) (18)

regression : OV (y; — fp(xi)) < a; < CV(yi — fp(x:))

¢
Y igign(xi) = 0 Vn (19)
i=1

10



Proof Again, for sake of simplicity, we proof our theorem for classification, but the result
can be easily generalized to the case of regression. We first note that the functional to

minimize can be written as

14
Jolgl = C 3 _V({(£,900) + % IQglls -

where g; = y;Kx,. Clearly, Jy is convex so we can mimic the proof of Theorem 4. Taking
into account that the gradient of the function g — ||Qg||§ is g, one has that gp is the
unique minimizer of Jy if and only if Qgp = Zle aiyini
— OV (yign(xi)) < i < =CV'(yigp(xi))-(19)

We now proof 1) = 2). Assume that gp is a minimizer, then the above relations hold
and we have to proof that conditions (3.3) and (3.3) imply 2).
Let ff = Qgp and f5 = gp — f{ = Pgp. Clearly f5 € B and, since (¢,,)-, is a basis for
B, Eq. (17) holds.
Now from Eq. (3.3), one has that

£
fi=>Y oKy, (20)
=1
where «; satisfy conditions (3.3).

Using this last equation we can easily prove that Eq. (19) holds. Let n = 1,...,m and

observe that, since ¢, is in B,

0 = (fiiédn)s
£l
= Zaiyi<Ki,¢n>s
i=1

¢
= ) awitn(xi).
i=1

Finally we have to show that Eq. (16) with the condition (18) holds. Due to Eq. (20) and
the fact that K = Ky, + K% , it is enough to prove that Zle oy KB = 0. From Eq. (19)

we obtain that
Y4 V4 m
S aiKE = > awi Y (KE . bn)y én
i=1 i=1 n=1
m V4
= Y ¢n (Z az'yi¢n(xz')>
n=1 =1

11



= 0,

and in particular, we have that f; € H and inequalities (18) are a restatement of condi-
tions (3.3).

The second part of the proof is to show that 2) = 1). Now, let gp = f; + f5 from
Eq. (17) we know that since f5 € B, Qgp = Qf; and, using to Eq. (19) and reasoning as

above, one has that
0
Z aiyini = 0.
i=1

In particular, f{ = Zle aiyini. In a similar way one check that Qf; = fi, so that Qgp
satisfies Eq. (3.3) with conditions (3.3), that is gp is the minimizer. [ |

In most of the applications, as the Regularization Networks and Support Vector Machines,

the space of bias functions B reduces to the set of constant functions
B={fa(x)=0b1|beR}.

In the following, we apply our result to this particular case (for a discussion of the role
of b see Vapnik, 1988, Evgeniou et al., 2000, Poggio et al., 2001).
First of all we notice that B is a RKHS with respect to the trivial Mercer kernel

KB(x,s) = 1. We now describe S. There are two possibilities:
1.ifleM,thenZ=B,S=Hand Q(S) ={f € H| (f,1), = 0};
2. iff1 ¢H,thenZ = {0}, S=H & B and Q(S) = H.

In Theorem 7, we choose ¢1 = 1, so the bias function fj reduces to b* and Eq. (19) is

simply given by
¢
Z a;y; = 0.
i=1

and
l

¢
1= aiKy, =Y cigi(Ky, +1).
i=1

i=1
In particular, it follows that regularizing algorithms with bias give the same classifier using
either the kernel K (x,s) = x-s or the kernel K(x,s) = x-s+ 1 (see Evgeniou et al., 2000,
Poggio et al., 2001).

12



The above result holds without assuming that 1 is an eigenfunction of the spectral

decomposition (Aronszajn, 1950) of
K(X, S) = Z Andbn (x)¢n (S)a (21)
n
(compare with Poggio et al., 2001).

4. Examples

We can now consider the implications of our results as one focuses on a specific loss function.
If the loss function is differentiable the subgradient reduces to the usual derivative while if
we consider the hinge loss we gain some important insight on the sparsity and box constraint
properties of the solution.

4.1 Differentiable loss

The square, the logistic and the Ada Boost loss are all differentiable and the subgradient

reduces to the usual derivative. For example if we consider the square loss we have that

V'(yg(x)) = —2(1 — yg(x)) = —2y(y — g(x)).

Applying Theorem 7, the estimator given by the RN algorithm has the form

¢
gp = Y ciyiKx; +b*
i—1
where
o = 2Cyi(yi — gp(xi))
¢
= 2Cyi(yi — ) ojy;K (xi,%;) — b°) (22)
=1

Zaiyi =0 (23)

The set (22) of £ equations gives rise to a system of linear equations for a; parametrized by
b*, which is fixed by Eq. (23). Clearly a; = 0 if and only if y; = gp(x;), that is, only if the
estimator gives the correct label to the data x;.

Remark 8 Both AdaBoost and Logistic Regression algorithms have no sparsity at all since
for them V'(yg(x)) < 0.

13



4.2 Hinge loss
For the hinge loss
-1 yf(x)

VI(yf(x), Vilyfx)] =14 [-1,0] yf(x)
0 yf(x)

A

(24)

AV
— =

According to Theorem 7, the SVMC algorithm needs to find

¢
gp =Y ayiKy, +b*

=1

where the set (a1, ..., ag,b*) solves the following algebraic system of inequalities

0<a;<C if yigp(xi)=1

a; =0 if ygp(x;) (25)

=C if yigp(xi)

a;
Z%‘yz’ = 0
i

The above inequalities are usually obtained as the Kuhn-Tucker conditions of a QP opti-
mization problem (Vapnik, 1988).

Looking at Egs.(24-25), it is immediate to establish a link between the form of the
loss and the solution properties. The box constraints (0 < «; < C) are due to the fact
that V(yf(x)) has an asymptote for yf(x) — —oo, whereas sparsity (o; = 0) follows from
V(yf(x)) being constant for yf(x) > 1.

Moreover, from inequalities (25) one deduces easily the geometrical interpretation of
SVM in terms of the margin, defined as

{xeX| -1<gp(x) <1}

Indeed, if a point x; is well classified and outside the margin, that is y;gp(x;) > 1, then
a; = 0 and the example (x;,y;) can be removed by D without changing the estimator gp.
Conversely, if (x;,y;) is misclassified or inside the margin, that is y;gp(x;) < 1, then a; = C
and x; is a boundary support vector. For the points on the boundary of the margin and
well classified, that is y;gp(x;) =1, 0 < a; < C.

14



Finally, we can rewrite inequalities (25) in the feature space, dropping out the depen-
dence on C. Let

h; =VCyKS ho =1
o b*
Bi = EZ
Yp = % = Zﬁz’hz‘,

then gp is a minimizer if and only if

,BZ' =0 if <(pD, ) >1
0<p <1 if {(pp,hi)s=1
ﬂi =1 if <QOD, ) <1
Jh
gy, = \¢pilols

(ho,ho)s

5. Conclusion

In this paper we present a new proof of the representer theorem that holds for any con-
vex loss function both for the parametric and semiparametric case and it is based on the
notion of subgradient. Applying our result to the hinge loss function, which gives rise to
the Support Vector Machines for classification, we deduce a set of algebraic inequalities
that are equivalent to the usual Kuhn-Tucker conditions. From these inequalities a simple
interpretation of the sparsity property of the solution can be given.

S
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