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Abstract. A tension in language design has b een b et w een simple se-

man tics on the one hand, and ric h p ossibilities for side-e�ects, exception

handling and so on on the other. The in tro duction of monads has made

a large step to w ards reconciling these alternativ es. First prop osed b y

Moggi as a w a y of structuring seman tic descriptions, they w ere adopted

b y W adler to structure Hask ell programs, and no w o�er a general tec h-

nique for delimiting the scop e of e�ects, th us reconciling referen tial trans-

parency and imp erativ e op erations within one programming language.

Monads ha v e b een used to solv e long-standing problems suc h as adding

p oin ters and assignmen t, in ter-language w orking, and exception handling

to Hask ell, without compromising its purely functional seman tics. The

course will in tro duce monads, e�ects and related notions, and exemplify

their applications in programming (Hask ell) and in compilation (MLj).

The course will presen t t yp ed metalanguages for monads and related

categorical notions, and describ e ho w they can b e further re�ned b y in-

tro ducing e�ects.

?
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1 Monads and Computational T yp es

Monads, sometimes called triples, ha v e b een considered in Category Theory

(CT) relativ ely late (only in the late �fties). Monads and comonads (the dual

of monads) are closely related to adjunctions, probably the most p erv asiv e no-

tion in CT. The connection b et w een monads and adjunctions w as established

indep enden tly b y Kleisli and Eilen b erg-Mo ore in the sixties. Monads, lik e ad-

junctions, arise in man y con texts (e.g. in algebraic theories). Go o d CT references

for monads are [Man76 ,BW85 ,Bor94 ]. It is not surprising that monads arise also

in applications of CT to Computer Science (CS). W e will use monads for giving

denotational seman tics to programming languages, and more sp eci�cally as a

w a y of mo deling c omputational typ es [Mog91 ]:

. . . to in terpret a programming language in a category C , w e distinguish

the ob ject A of v alues (of t yp e A ) from the ob ject T A of computations

(of t yp e A ), and tak e as denotations of programs (of t yp e A ) the elements

of T A . In particular, w e iden tify the t yp e A with the ob ject of v alues (of

t yp e A ) and obtain the ob ject of computations (of t yp e A ) b y applying an

unary t yp e-constructor T to A . W e call T a notion of c omputation , since

it abstracts a w a y from the t yp e of v alues computations ma y pro duce.

Example 1. W e giv e few notions of computation in the category of sets.

{ partialit y T A = A

?

, i.e. A + f?g , where ? is the diver ging c omputation

{ nondeterminism T A = P

f in

( A ), i.e. the set of �nite subsets of A

{ side-e�ects T A = ( A � S )

S

, where S is a set of states, e.g. a set U

L

of stores

or a set of input/output sequences U

�

{ exceptions T A = A + E , where E is the set of exceptions

{ con tin uations T A = R

( R

A

)

, where R is the set of results

{ in teractiv e input T A = ( �X :A + X

U

), where U is the set of c haracters.

More explicitly T A is the set of U -branc hing trees with only �nite paths and

A -lab elled lea v es

{ in teractiv e output T A = ( �X :A + ( U � X )), i.e. U

�

� A up to iso.

F urther examples (in the category of cp os) could b e giv en based on the denota-

tional seman tics for v arious programming languages

R emark 2. Man y of the examples ab o v e are instances of the follo wing one: giv en

a single sorted algebraic theory T h , let T A = j T

T h

( A ) j , i.e. the carrier of the

free T h -algebra T

T h

( A ) o v er A . One could consider c ombinations of the examples

ab o v e, e.g.

{ T A = (( A + E ) � S )

S

and T A = (( A � S ) + E )

S

capture imp erativ e programs

with exceptions

{ T A = �X : P

f in

( A + ( Act � X )) captures parallel programs in teracting via a

set Act of actions (in fact T A is the set of �nite sync hronization trees up to

strong bisim ulation)



{ T A = �X : P

f in

(( A + X ) � S )

S

captures parallel imp erativ e programs with

shared memory .

[W ad92 ] adv o cates a similar idea to mimic impure programs in a pure functional

language. Indeed the Hask ell comm unit y has gone a long w a y in exploiting this

approac h to reconcile the adv an tages of pure functional programming with the


exibilit y of imp erativ e (or other st yles of ) programming. The analogies of com-

putational t yp es with e�e ct systems [GL86 ] ha v e b een observ ed b y [W ad92 ], but

formal relations b et w een the t w o ha v e b een established only recen tly (e.g. see

[W ad98 ]).

In the denotational seman tics of programming languages there are other in-

formal notions mo deled using monads, for instance c ol le ction typ es in database

languages [BNTW95 ] or c ol le ction classes in ob ject-orien ted languages [Man98 ].

It is imp ortan t to distinguish the mathematical notion of monad (or its re�ne-

men ts) from informal notions, suc h as computational and collection t yp es, whic h

are de�ne d b y examples. In fact, these informal notions can b e mo deled with a

b etter degree of appro ximation b y considering monads with additional prop er-

ties or additional structures. When considering these re�nemen ts, it is often the

case that what seems a natural requiremen t for mo deling computational t yp es

is not appropriate for mo deling collection t yp es, for instance:

{ It seems natural that programming languages can express div ergen t compu-

tations and more generally they should supp ort recursiv e de�nitions of pro-

grams; therefore computational t yp es should come equipp ed with a constan t

? : T A for the div ergen t computation and a (least) �x-p oin t com binator

Y : ( T A ! T A ) ! T A .

{ While it seems natural that a collection should ha v e only a �nite n um b er

of elemen ts, and there should b e an empt y collection ; : T A and a w a y of

merging t w o collections using a binary op eration + : T A ! T A ! T A .

There are sev eral equiv alen t de�nitions of monad (the same happ ens with

adjunctions). [Man76 ] giv es three de�nitions of monad/triple called: in monoid

form (the one usually adopted in CT b o oks), in extension form (the most in-

tuitiv e one for us), and in clone form (whic h tak es comp osition in the Kleisli

category as basic). W e consider only triples in monoid and extension form.

Notation 1 We assume know le dge of b asic notions fr om c ate gory the ory, such

as c ate gory, functor and natur al tr ansformation. In some c ases familiarity with

universal c onstructions (pr o ducts, sums, exp onentials) and adjunction is as-

sume d. We use the fol lowing notation:

{ given a c ate gory C we write:

jC j for the set/class of its obje cts,

C ( A; B ) for the hom-set of morphisms fr om A to B ,

g � f and f ; g for the c omp osition A f

-

B g

-

C ,

id

A

for the identity on A

{ F : C ! D me ans that F is a functor fr om C to D , and

� : F

:

! G me ans that � is a natur al tr ansformation fr om F to G



{ C

�

G

>

F

-

D me ans that G is right adjoint to F ( F is left adjoint to G ).

De�nition 3 (Kleisli triple/triple in extension form). A Kleisli triple

over a c ate gory C is a triple ( T ; � ;

�

) , wher e T : jC j ! jC j , �

A

: A ! T A for

A 2 jC j , f

�

: T A ! T B for f : A ! T B and the fol lowing e quations hold:

{ �

�

A

= id

T A

{ �

A

; f

�

= f for f : A ! T B

{ f

�

; g

�

= ( f ; g

�

)

�

for f : A ! T B and g : B ! T C .

Kleisli triples ha v e an in tuitiv e justi�cation in terms of computational t yp es

{ �

A

is the inclusion of v alues in to computations

a : A

�

A

7� !
[ a ] : T A

{ f

�

is the extension of a function f from v alues to computations to a function

from computations to computations, whic h �rst ev aluates a computation and

then applies f to the resulting v alue

a : A

f

7� ! f a : T B

c : T A

f

�

7� ! let a ( c in f a : T B

In order to justify the axioms for a Kleisli triple w e ha v e �rst to in tro duce a

category C

T

whose morphisms corresp ond to programs. W e pro ceed b y analogy

with the categorical seman tics for terms, where t yp es are in terpreted b y ob jects

and terms of t yp e B with a parameter (free v ariable) of t yp e A are in terpreted

b y morphisms from A to B . Since the denotation of programs of t yp e B are

supp osed to b e elemen ts of T B , programs of t yp e B with a parameter of t yp e A

ough t to b e in terpreted b y morphisms with co domain T B , but for their domain

there are t w o alternativ es, either A or T A , dep ending on whether parameters of

t yp e A are iden ti�ed with v alues or computations of t yp e A . W e c ho ose the �rst

alternativ e, b ecause it en tails the second. Indeed computations of t yp e A are the

same as v alues of t yp e T A . So w e tak e C

T

( A; B ) to b e C ( A; T B ). It remains to

de�ne comp osition and iden tities in C

T

(and sho w that they satisfy the unit and

asso ciativit y axioms for categories).

De�nition 4 (Kleisli category). Given a Kleisli triple ( T ; � ;

�

) over C , the

Kleisli category C

T

is de�ne d as fol lows:

{ the obje cts of C

T

ar e those of C

{ the set C

T

( A; B ) of morphisms fr om A to B in C

T

is C ( A; T B )

{ the identity on A in C

T

is �

A

: A ! T A

{ f 2 C

T

( A; B ) fol lowe d by g 2 C

T

( B ; C ) in C

T

is f ; g

�

: A ! T C .



It is natural to tak e �

A

as the iden tit y on A in the category C

T

, since it maps a

parameter x to [ x ], i.e. to x view ed as a computation. Similarly comp osition in

C

T

has a simple explanation in terms of the in tuitiv e meaning of f

�

, in fact

x : A

f

7� ! f x : T B y : B

g

7� ! g y : T C

x : A

f ; g

�

7� ! let y ( f x in g y : T C

i.e. f follo w ed b y g in C

T

with parameter x is the program whic h �rst ev aluates

the program f x and then feed the resulting v alue as parameter to g . A t this

p oin t w e can giv e also a simple justi�cation for the three axioms of Kleisli triples,

namely they are equiv alen t to the follo wing unit and asso ciativit y axioms, whic h

sa y that C

T

is a category:

{ f ; �

�

B

= f for f : A ! T B

{ �

A

; f

�

= f for f : A ! T B

{ ( f ; g

�

); h

�

= f ; ( g ; h

�

)

�

for f : A ! T B , g : B ! T C and h : C ! T D .

Example 5. W e go through the examples of computational t yp es giv en in Ex-

ample 1 and sho w that they are indeed part of suitable Kleisli triples.

{ partialit y T A = A

?

(= A + f?g )

�

A

is the inclusion of A in to A

?

if f : A ! T B , then f

�

? = ? and f

�

a = f a (when a 2 A )

{ nondeterminism T A = P

f in

( A )

�

A

is the singleton map a 7! f a g

if f : A ! T B and c 2 T A , then f

�

c = [f f x j x 2 c g

{ side-e�ects T A = ( A � S )

S

�

A

is the map a 7! �s : S: ( a; s )

if f : A ! T B and c 2 T A , then f

�

c = �s : S: (let ( a; s

0

) = c s in f a s

0

)

{ exceptions T A = A + E

�

A

is the injection map a 7! inl a

if f : A ! T B , then f

�

(inr e ) = inr e (where e 2 E ) and f

�

(inl a ) = f a

(where a 2 A )

{ con tin uations T A = R

( R

A

)

�

A

is the map a 7! ( �k : R

A

:k a )

if f : A ! T B and c 2 T A , then f

�

c = ( �k : R

B

:c ( �a : A:f a k ))

{ in teractiv e input T A = ( �X :A + X

U

)

�

A

maps a to the tree consisting only of one leaf lab elled with a

if f : A ! T B and c 2 T A , then f

�

c is the tree obtained b y replacing lea v es

of c lab elled b y a with the tree f a

{ in teractiv e output T A = ( �X :A + ( U � X ))

�

A

is the map a 7! ( �; a )

if f : A ! T B , then f

�

( s; a ) = ( s � s

0

; b ), where f a = ( s

0

; b ) and s � s

0

is

the concatenation of s follo w ed b y s

0

.

Exer cise 6. De�ne Kleisli triples in the category of cp os similar to those giv en

in Example 5, but ensure that eac h computational t yp e T A has a least elemen t

? . DIFFICUL T: in cp os there are three Kleisli triple for nondeterminism, one

for eac h p o w erdomain construction.



Exer cise 7. When mo deling a programming language the �rst c hoice to mak e

is whic h category to use. F or instance, it is imp ossible to �nd a monad o v er

the category of sets whic h supp ort recursiv e de�nitions of programs, one should

w ork in the category of cp os (or similar categories). Moreo v er, there are other

asp ects of programming languages that are orthogonal to computational t yp es,

e.g. recursiv e and p olymorphic t yp es, that cannot b e mo dels in the category of

sets (one has to w ork in categories lik e that of cp os or in r e alizability mo dels ).

If one w an ts to mo del a t w o-lev el language, where there is a notion of static

and dynamic, then the follo wing categories are particularly appropriate

{ the category s ( C ), where C can b e an y CCC, is de�ned as follo ws

an ob ject is a pair ( A

s

; A

d

) with A

s

; A

d

2 jC j , A

s

is the static and A

d

is the

dynamic part;

a morphism in s ( C )(( A

s

; A

d

) ; ( B

s

; B

d

)) is a pair ( f

s

; f

d

) with f

s

2 C ( A

s

; B

s

)

and f

d

2 C ( A

s

� A

d

; B

d

), th us the static part of the result dep ends only on

the static part of the input.

{ the category F am ( C ), where C can b e an y CCC with small limits, is de�ned

as follo ws

an ob ject is a family ( A

i

j i 2 I ) with I a set and A

i

2 jC j for ev ery i 2 I ;

a morphism in F am ( C )(( A

i

j i 2 I ) ; ( B

j

j j 2 J )) is a pair ( f ; g ) with f : I ! J

and g is an I -index family of morphisms s.t. g

i

2 C ( A

i

; B

f i

) for ev ery i 2 I .

De�ne Kleisli triples in the categories s ( C ) and F am ( C ) similar to those giv en

in Example 5 (assume that C is the category of sets). Notice that in a t w o-lev el

language static and dynamic computations don't ha v e to b e the same.

1.1 Monads and Related Notions

This section con tains de�nitions and facts, that are not essen tial to the sub-

sequen t dev elopmen ts. First w e establish the equiv alence of Kleisli triples and

monads.

De�nition 8 (Monad/triple in monoid form). A monad over C is a triple

( T ; � ; � ) , wher e T : C ! C is a functor, � : id

C

:

! T and � : T

2

:

! T ar e natur al

tr ansformations and the fol lowing diagr ams c ommute:

T

3

A

�

T A

-

T

2

A T A

�

T A

-

T

2

A

�

T �

A

T A

@

@

@

@

@

id

T A

R 	�

�

�

�

�

id

T A

T

2

A

T �

A

?

�

A

-

T A

�

A

?

T A

�

A

?

Prop osition 9. Ther e is a bije ction b etwe en Kleisli triples and monads.



Pr o of. Giv en a Kleisli triple ( T ; � ;

�

), the corresp onding monad is ( T ; � ; � ),

where T is the extension of the function T to an endofunctor b y taking T f =

( f ; �

B

)

�

for f : A ! B and �

A

= id

�

T A

. Con v ersely , giv en a monad ( T ; � ; � ), the

corresp onding Kleisli triple is ( T ; � ;

�

), where T is the restriction of the functor

T to ob jects and f

�

= ( T f ); �

B

for f : A ! T B .

De�nition 10 (Eilen b erg-Mo ore category). Given a monad ( T ; � ; � ) over

C , the Eilen b erg-Mo ore category C

T

is de�ne d as fol lows:

{ the obje cts of C

T

ar e T -algebras , i.e. morphisms � : T A ! A in C s.t.

T

2

A

�

A

-

T A A

�

A

-

T A

@

@

@

@

@

id

A

R

T A

T �

?

�

-

A

�

?

A

�

?

A is c al le d the carrier of the T -algebr a �

{ a morphism f 2 C

T

( �; � ) fr om � : T A ! A to � : T B ! B is a morphism

f : A ! B in C s.t.

T A

T f

-

T B

T A

�

?

f

-

B

�

?

identity and c omp osition in C

T

ar e like in C .

An y adjunction C

�

G

>

F

-

D induces a monad o v er C with T = F ; G . The

Kleisli and Eilen b erg-Mo ore categories can b e used to pro v e the con v erse, i.e. that

an y monad o v er C is induced b y an adjunction. Moreo v er, the Kleisli category can

b e iden ti�ed with the full sub-category of C

T

consisting of the fr e e T -algebr as .

Prop osition 11. Given a monad ( T ; � ; � ) over C ther e ar e two adjunctions

C

�

U

>

F

-

C

T

C

�

U

0

>

F

0

-

C

T



which induc e T . Mor e over, ther e is a ful l and faithful functor � : C

T

! C

T

s.t.

C

F

-

C

T

@

@

@

@

@

F

0

R

C

T

�

6

Pr o of. The action of functors on ob jects are as follo ws: U ( � : T A ! A )

�

= A ,

F A

�

= �

A

: T

2

A ! T A , U

0

A

�

= T A , F

0

A

�

= A , and �A

�

= �

A

: T

2

A ! T A .

De�nition 12 (Monad morphism). Given ( T ; � ; � ) and ( T

0

; �

0

; �

0

) monads

over C , a monad-morphism fr om the �rst to the se c ond is a natur al tr ansfor-

mation � : T

:

! T

0

s.t. :

A

�

A

-

T A

�

�

A

T

2

A

@

@

@

@

@

�

0

A

R

T

0

A

�

A

?

T

0

( T A )

�

T A

?

I@

@

@

@

@

�

0

A

T

0

2

A

T

0

�

A

?

A n e quivalent de�nition of monad morphism (in terms of Kleisli triples) is a

family of morphisms �

A

: T A ! T

0

A for A 2 jC j s.t.

{ �

A

; �

A

= �

0

A

{ f

�

; �

B

= �

A

; ( f ; �

B

)

�

0

for f : A ! T B

We write M on ( C ) for the category of monads o v er C and monad morphisms.

There is also a more general notion of monad morphism, whic h do es not require

that the monads are o v er the same category . Monad morphisms allo w to view

T

0

-algebras as T -algebras with the same underlying c arrier , more precisely

Prop osition 13. Ther e is a bije ctive c orr esp ondenc e b etwe en monad morphisms

� : T ! T

0

and functors V : C

T

0

! C

T

s.t.

C

T

0 V

-

C

T

@

@

@

@

@

U

R

C

U

?



Pr o of. The action of V on ob jects is V ( �

0

: T

0

A ! A )

�

= �

A

; �

0

: T A ! A , and

�

A

is de�ned in terms of V as �

A

�

= T A

T �

0

A

-

T ( T

0

A )

V �

0

A

-

T

0

A .

R emark 14. [Fil99 ] uses a layering �

A

: T ( T

0

A ) ! T

0

A of T

0

o v er T in place of a

monad morphism �

A

: T A ! T

0

A . The t w o notions are equiv alen t, in particular

�

A

is giv en b y V �

0

A

, i.e. �

T

0

A

; �

0

A

.

2 Metalanguages with Computational T yp es

It is quite incon v enien t to w ork directly in a sp eci�c category or with a sp eci�c

monad. Mathematical logic pro vides a simple solution to abstract a w a y from

sp eci�c mo dels: �x a language, de�ne what is an in terpretation of the language

in a mo del, �nd a formal system (on the language) that capture the desired

prop erties of mo dels. When the formal system is sound, one can forget ab out

the mo dels and use the formal system instead. Moreo v er, if the formal system

is also complete, then nothing is lost (as far as one is concerned with prop erties

expressible in the language, and v alid in all mo dels). Sev eral formal systems ha v e

b een pro v ed sound and complete w.r.t. certain class of categories:

{ man y sorted equational logic corresp onds to categories with �nite pro ducts;

{ simply t yp ed � -calculus corresp onds to cartesian closed categories (CCC);

{ in tuitionistic higher-order logic corresp onds to elemen tary top oses.

R emark 15. T o ensure soundness w.r.t. the giv en classes of mo dels, the ab o v e

formal systems should cop e with the p ossibilit y of empt y carriers. While in

mathematical logic it is often assume that all carriers are inhabited. Categorical

Logic is the branc h of CT dev oted mainly at establishing links b et w een formal

systems and classes of categorical structures.

Rather than giving a complete formal system, w e sa y ho w to add computational

t yp es to y our fa v orite formal system (for instance higher-order � -calculus, or a

� -calculus with dep enden t t yp es lik e a logical framew ork). The only assumption

w e mak e is that the formal system should include man y sorted equational logic

(this rules out systems lik e the line ar � -c alculus ). More sp eci�cally w e assume

that the formal system has the follo wing judgmen ts

{ � ` , i.e. � is a w ell-formed con text

{ � ` � ty pe , i.e. � is a w ell-formed t yp e in con text �

{ � ` e : � , i.e. e is a w ell-formed term of t yp e � in con text �

{ � ` � pr op , i.e. � is a w ell-formed prop osition in con text �

{ � ` � , i.e. the w ell-formed prop osition � in con text � is true

and that the follo wing rules are part of the formal system (or deriv able)

{

; `

� ` � ty pe

� ; x : � `

x 62 D V ( � )

� `

� ` x : �

� = � ( x )



{

� ` e

1

: � � ` e

2

: �

� ` ( e

1

= e

2

: � ) pr op

this sa ys when an equation is w ell-formed

{ w eak

� ` � � ` �

� ; x : � ` �

x 62 D V ( � ) sub

� ` e : � � ; x : � ` �

� ` � [ x := e ]

{

� ` e : �

� ` e = e : �

� ` e

1

= e

2

: �

� ` e

2

= e

1

: �

� ` e

1

= e

2

: � � ` e

2

= e

3

: �

� ` e

1

= e

3

: �

cong

� ; x : � ` � pr op � ` e

1

= e

2

: � � ` � [ x := e

1

]

� ` � [ x := e

2

]

R emark 16. More complex formal systems ma y require other forms of judgmen t,

e.g. equalit y of t yp es (and con texts), or other sorts b esides ty pe (along the line

of Pure T yp e Systems). The categorical in terpretation of t yp ed calculi, including

those with dep enden t t yp es, is describ ed in [Pit00b ,Jac99 ].

The rules for adding computational t yp es are

{ T

� ` � ty pe

� ` T � ty pe

lift

� ` e : �

� ` [ e ]

T

: T �

let

� ` e

1

: T �

1

� ; x : �

1

` e

2

: T �

2

� ` let

T

x ( e

1

in e

2

: T �

2

x 62 FV ( �

2

)

[ e ]

T

is the program/computation that simply returns the v alue e , while

let

T

x ( e

1

in e

2

is the computation whic h �rst ev aluates e

1

and binds the

result to x , then ev aluates e

2

.

In calculi without dep enden t t yp es the side-condition x 62 FV ( �

2

) in the let-

rule is automatically satis�ed. F rom no w on w e ignore suc h side-conditions.

{ let. �

� ` e : T �

1

� ; x : �

1

` e

1

= e

2

: T �

2

� ` let

T

x ( e in e

1

= let

T

x ( e in e

2

: T �

2

this rule expresses congruence for the let-binder.

{ asso c

� ` e

1

: T �

1

� ; x

1

: �

1

` e

2

: T �

2

� ; x

2

: �

2

` e

3

: T �

3

� ` let

T

x

2

( (let

T

x

1

( e

1

in e

2

) in e

3

=

let

T

x

1

( e

1

in (let

T

x

2

( e

2

in e

3

) : T �

3

this rule sa ys that only the order of ev aluation matters (not the paren theses).

{ T. �

� ` e

1

: �

1

� ; x : �

1

` e

2

: T �

2

� ` let

T

x ( [ e

1

]

T

in e

2

= e

2

[ x := e

1

] : T �

2

T. �

� ` e : T �

� ` let

T

x ( e in [ x ]

T

= e : T �

these rules sa y ho w to eliminate trivial computations (i.e. of the form [ e ]

T

).

R emark 17. [Mog91 ] describ es the in terpretation of computational t yp es in a

simply t yp ed calculus, and establishes soundness and completeness results, while

[Mog95 ] extends suc h results to logical systems including evaluation mo dalities

prop osed b y Pitts.

F or in terpreting computational t yp es monads are not enough, one has to use

p ar ameterize d monads. The parameterization is directly related to the form of

t yp e-dep endency allo w ed b y the t yp ed calculus under consideration. The need to



consider parametrized forms of categorical notions is b y no w a w ell-understo o d

fact in categorical logic (it is not a p eculiarit y of computational t yp es).

W e sk etc h the categorical in terpretation in a category C with �nite pro ducts of

a simply t yp ed metalanguage with computational t yp es (see [Mog91 ] for more

details). The general pattern for in terpreting a simply t yp ed calculus according

to La wv ere's functorial seman tics go es as follo ws

{ a con text � ` and a t yp e ` � ty pe are in terpreted b y ob jects of C , b y abuse

of notation w e indicate these ob jects with � and � resp ectiv ely;

{ a term � ` e : � is in terpreted b y a morphism f : � ! � in C ;

{ a (w ell formed) equational � ` e

1

= e

2

: � is true i� f

1

= f

2

: � ! � as

morphisms in C .

Figure 1 giv es the relev an t clauses of the in terpretation. Notice that for in-

terpreting let one needs a parameterized extension op eration

�

, whic h maps

f : C � A ! T B to f

�

: C � T A ! T B .

R ULE SYNT AX SEMANTICS

T

` � ty pe = �

` T � ty pe = T �

lift

� ` e : � = f : � ! �

� ` [ e ]

T

: T � = f ; �

�

: � ! T �

let

� ` e

1

: T �

1

= f

1

: � ! T �

1

� ; x : �

1

` e

2

: T �

2

= f

2

: � � �

1

! T �

2

� ` let

T

x ( e

1

in e

2

: T �

2

= (id

�

; f

1

); f

�

2

: � ! T �

2

Fig. 1. simple in terpretation of computational t yp es

2.1 Syn tactic Sugar and Alternativ e Presen tations

One can de�ne con v enien t deriv ed notation, for instance:

{ an iterated-let (let

T

x ( e in e ), whic h is de�ned b y induction on j e j = j x j

let

T

;(; in e

�

� e let

T

x

0

; x ( e

0

; e in e

�

� let

T

x

0

( e

0

in (let

T

x ( e in e )

Hask ell's do-notation, inspired b y monad comprehension (see [W ad92]), ex-

tends the iterated-let b y allo wing pattern matc hing and lo cal de�nitions



In higher-order � -calculus, the t yp e- and term-constructors can b e replaced

b y constan ts:

{ T b ecomes a constan t of kind � ! � , where � is the kind of all t yp es;

{ [ e ]

T

and let

T

x ( e

1

in e

2

are replaced b y p olymorphic constan ts

unit

T

: 8 X : � :X ! T X l et

T

: 8 X ; Y : � : ( X ! T Y ) ! T X ! T Y

where unit

T

�

= �X : � :�x : X : [ x ]

T

and

l et

T

�

= �X ; Y : � :�f : X ! T Y :�c : T X : let

T

x ( c in f x .

In this w a y the rule (let. � ) follo ws from the � -rule for � -abstraction, and the other

three equational rules can b e replaced with three equational axioms without

premises, e.g. T :� can b e replaced b y

X ; Y : � ; x : X ; f : X ! T Y ` let

T

x ( [ x ]

T

in f x = f x : T Y

The p olymorphic constan t unit

T

corresp onds to the natural transformation

� . In higher-order � -calculus one can de�ne also p olymorphic constan ts

map

T

: 8 X ; Y : � : ( X ! Y ) ! T X ! T Y f l at

T

: 8 X : � :T

2

X ! T X

corresp onding to the action of the functor T on morphisms and to the natural

transformation �

{ map

T

�

= �X ; Y : � :�f : X ! Y :�c : T X : let

T

x ( c in [ f x ]

T

{ f l at

T

�

= �X : � :�c : T

2

X : let

T

x ( c in x

The axiomatization taking as primitiv e the p olymorphic constan ts unit

T

and

l et

T

amoun ts to the de�nition of triple in extension form, one can en visage an

alternativ e axiomatization corresp onding to that of triple in monoid form, whic h

tak es as primitiv e the p olymorphic constan ts map

T

, unit

T

and f l at

T

.

2.2 Categorical De�nitions in the Metalanguage

The main p oin t for in tro ducing a metalanguage is to pro vide an alternativ e to

w orking directly with mo dels/categories. In particular, one exp ect that categor-

ical notions related to monads, suc h as algebra and monad morphisms, can b e

reform ulated axiomatically in a metalanguage with computational t yp es.

De�nition 18 (Eilen b erg-Mo ore algebras). � : T A ! A is a T -algebr a i�

{ x : A ` � [ x ]

T

= x : A

{ c : T

2

A ` � (let

T

x ( c in x ) = � (let

T

x ( c in [ � x ]

T

) : A

f : A ! B is a T -algebr a morphism fr om � : T A ! A to � : T B ! B i�

{ c : T A ` f ( � c ) = � (let

T

x ( c in [ f x ]

T

) : B



W e can consider metalanguages with man y computational t yp es, corresp ond-

ing to di�eren t monads on the same category . In particular, to de�ne monad

morphisms w e use a metalanguage with t w o computational t yp es T and T

0

.

De�nition 19 (Monad morphism). A c onstant � : 8 X : � :T X ! T

0

X is a

monad morphism fr om T to T

0

i�

{ X : � ; x : X ` � X [ x ]

T

= [ x ]

T

0

: T

0

X

{ X ; Y : � ; c : T X ; f : X ! T Y ` � Y (let

T

x ( c in f x ) =

let

T

0

x ( � X c in � Y ( f x ) : T

0

Y

3 Metalanguages for Denotational Seman tics

T ranslation of a language in to another pro vides a simple and general w a y to giv e

seman tics to the �rst language in terms of a seman tics for the second. In deno-

tational seman tics it is quite common to de�ne the seman tics of a programming

language P L b y translating it in to a t yp ed metalanguage M L . The idea is as

old as denotational seman tics (see [Sco93 ]), so the main issue is whether it can

b e made in to a viable tec hnique capable of dealing with complex programming

languages. Before b eing more sp eci�c ab out what metalanguages to use, let us

discuss what are the main adv an tages of seman tics via translation:

{ to reuse the same M L for translating sev eral programming languages.

P L

1

: : :

H

H

H

H

H

tr ansl

j

M L

inter p

-

C

P L

n

�

�

�

�

�

tr ansl

*

Here w e are implicitly assuming that de�ning a translation from P L to M L

is simpler than directly de�ning an in terpretation of P L .

In this case it is w orth putting some e�ort in the study of M L . In fact, once

certain prop erties of M L ha v e b een established (e.g. reasoning principles or

computational adequacy), it is usually e asy to transfer them to P L via the

translation.

{ to c ho ose M L according to certain criteria, usually not met b y programming

languages, e.g.

� a metalanguage built around few ortho gonal concepts is simpler to study ,

on the con trary programming languages often in tro duce syntactic sugar

for the b ene�t of programmers;

� M L ma y b e equipp ed with a logic so that it can b e used for formalizing

reasoning principles or for translating sp eci�cation languages;

� M L ma y b e c hosen as the internal language for a class of categories (e.g.

CCC) or for a sp eci�c seman tic category (e.g. that of sets or cp os).



{ to use M L for hiding details of seman tic categories (see [Gor79 ]). F or in-

stance, when M L is the in ternal language for a class of categories, it has one

in tended in terpretation in eac h of them, therefore a translation in to M L will

induce a v ariet y of in terpretations

C

1

P L

tr ansl

-

M L

�

�

�

�

�

inter p

*

: : :

H

H

H

H

H

inter p

j

C

n

ev en when M L has only one in tended in terpretation, it ma y b e di�cult to

w ork with the seman tic category directly .

A go o d starting p oin t for a metalanguage is to build it on top of a fairly

standard t yp ed � -calculus, more con tro v ersial issues are:

{ whether the metalanguage should b e equipp ed with some logic (ranging from

equational logic to higher-order predicate logic).

{ whether the metalanguage should b e itself a programming language (i.e. to

ha v e an op erational seman tics).

W e will discuss ho w the metalanguages with computational t yp es can help

in structuring the translation from P L to M L b y the in tro duction of auxiliary

notation (see [Mos92 ,Mog91 ])

P L

tr ansl

-

M L ( � )

tr ansl

-

M L

and b y incremen tally de�ning auxiliary notation (as adv o cated in [Fil99],

[LHJ95 ,LH96 ] and [CM93 ,Mog97 ])

P L

tr ansl

-

M L ( �

n

)

tr ansl

-

: : :

tr ansl

-

M L ( �

0

)

tr ansl

-

M L

R emark 20. The solutions prop osed are closely related to general tec hniques

in algebr aic sp e ci�c ations , suc h as abstract datat yp e, step wise re�nemen t and

hierarc hical sp eci�cations.

3.1 Computational T yp es and Structuring

A t ypical problem of denotational and op erational seman tics is the follo wing:

when a programming language is extended, its seman tics ma y need to b e exten-

siv ely rede�ned. F or instance, when extending a pure functional language with

side-e�ects or exceptions w e ha v e to rede�ne the op erational/denotational se-

man tics ev ery time w e considered a di�eren t extension. The problem remains

ev en when the seman tics is giv en via translation in a t yp ed lam b da-calculus:

one w ould k eep rede�ning the translation. In [Mos90 ] this problem is iden ti�ed



v ery clearly , and it is stressed ho w the use of auxiliary notation ma y help in

making seman tic de�nitions more reusable.

[Mog91 ] iden ti�es monads as an imp ortan t structuring device for denotational

seman tics (but not for op erational seman tics!). The basic idea is that there

is a unary t yp e constructor T , called a notion of computation , and terms

of t yp e T � , should b e though t as programs whic h computes v alues of t yp e � .

The in terpretation of T is not �xed, it v aries according to the c omputational

fe atur es of the programming language under consideration. Nev ertheless, one

can iden ti�es some op erations (for sp ecifying the order of ev aluation) and basic

prop erties of them, whic h should b e common to all notions of computation. This

suggests to translate a programming language P L in to a metalanguage M L

T

( � )

with computational t yp es, where the signature � giv es additional op erations

(and their prop erties). In summary , the monadic approac h to denotational

seman tics consists of three steps, i.e. giv en a programming language P L :

{ iden tify a suitable metalanguage M L

T

( � ), this hides the in terpretation of

T and � lik e an in terface hides the implemen tation of an abstract datat yp e,

{ de�ne a translation of P L in to M L

T

( � ),

{ construct a mo del of M L

T

( � ), e.g. via translation in to a metalanguage M L

without computational t yp es.

By a suitable c hoice of � , one can �nd a simple translation from P L to M L

T

( � ),

whic h usually do es not ha v e to b e rede�ned (only extended) when P L is ex-

tended, A t the same time one can k eep the translation of M L

T

( � ) in to M L

fairly manageable.

T o exemplify the use of computational t yp es, w e consider sev eral program-

ming languages (view ed as � -calculi with constan ts), and for eac h of them w e

de�ne translations in to a metalanguage M L

T

( � ) with computational t yp es, for

a suitable c hoice of � , and indicate a p ossible in terpretation for computational

t yp es and � .

CBN T ranslation: Hask ell W e consider a simple fragmen t of Hask ell corre-

sp onding to the follo wing t yp ed � -calculus (w e ignore issues of t yp e inference,

th us terms ha v e explicit t yp e information):

� 2 T y pe

H ask ell

::= Int t yp e of in tegers

�

1

! �

2

functional t yp e

�

1

� �

2

pro duct t yp e

e 2 E xp

H ask ell

::= x v ariable

n j e

0

+ e

1

n umerals and in teger addition

if0 e

0

then e

1

else e

2

conditional

(let x : � = e

1

in e

2

) lo cal de�nition

�x : � :e recursiv e de�nition

�x : � :e abstraction



e

1

e

2

application

( e

1

; e

2

) pairing

�

i

e pro jection

The t yp e system for Hask ell deriv es judgmen ts of the form � ` e : � sa ying

� 2 T y pe

H ask ell

�

n

2 T y pe

Int Int

�

1

! �

2

T �

n

1

! T �

n

2

�

1

� �

2

T �

n

1

� T �

n

2

e 2 E xp

H ask ell

e

n

2 E xp

x x

n [ n ]

T

e

0

+ e

1

let

T

x

0

; x

1

( e

n

0

; e

n

1

in [ x

0

+ x

1

]

T

if0 e

0

then e

1

else e

2

let

T

x ( e

n

0

in if x = 0 then e

n

1

else e

n

2

(let x : � = e

1

in e

2

) ( �x : T �

n

:e

n

2

) e

n

1

�x : � :e Y �

n

( �x : T �

n

:e

n

)

�x : � :e [ �x : T �

n

:e

n

]

T

e

1

e

2

let

T

f ( e

n

1

in f e

n

2

( e

1

; e

2

) [( e

n

1

; e

n

2

)]

T

�

i

e let

T

x ( e

n

in �

i

x

Fig. 2. CBN translation of Hask ell

that a term e has t yp e � in the t yping con text � . In denotational seman tics

one is in terested in in terpreting only w ell-formed terms (since programs rejected

b y a t yp e-c hec k er are not allo w ed to run), th us w e w an t to de�ne a translation

mapping w ell-formed terms � `

P L

e : � of the programming language in to w ell-

formed terms � `

M L

e : � of the metalanguage (with computational t yp es).

More precisely , w e de�ne a translation

n

b y induction on t yp es � and ra w terms

e , called the CBN translation (see Figure 2). When f x

i

: �

i

j i 2 m g `

P L

e : �

is a w ell-formed term of Hask ell, one can sho w that f x

i

: T �

n

i

j i 2 m g `

M L

e

n

:

T �

n

is a w ell-formed term of the metalanguage with computational t yp es. The

signature � for de�ning the CBN translation of Hask ell consists of

{ Y : 8 X : � : ( T X ! T X ) ! T X , a (least) �x-p oin t com binator

{ a signature for the datat yp e of in tegers.

R emark 21. The k ey feature of the CBN translation is that v ariables in the

programming languages are translated in to v ariables ranging o v er computational

t yp es. Another imp ortan t feature is the translation of t yp es, whic h basically

guides (in com bination with op erational considerations) the translation of terms.

Exer cise 22. Extend Hask ell with p olymorphism, as in 2nd-order � -calculus, i.e.

� 2 T y pe

H ask ell

::= X j : : : j 8 X : � :� e 2 E xp

H ask ell

::= : : : j �X : � :e j e �



There is a problem to extend the CBN translation to p olymorphic t yp es. T o

o v ercome the problem assume that computational t yp es comm utes with p oly-

morphism, i.e. the follo wing map is an iso

c : T ( 8 X : � :� )

-

�X : � : let

T

x ( c in [ x X ]

T

: 8 X : � :T �

In realizabilit y mo dels sev eral monads (e.g. lifting) satisfy this prop ert y , indeed

the isomorphism is often an iden tit y .

Algol T ranslation Some CBN languages (including Algol and PCF) allo w

computational e�ects only at base t yp es. Computational t yp es pla y a limited

role in structuring the denotational seman tics of these languages, nev ertheless it

is w orth to compare the translation of suc h languages with that of Hask ell. W e

consider an idealized-Algol with a �xed set of lo cations. Syn tactically it is an

extension of (simple) Hask ell with three base t yp es: Lo c for in teger lo cations, Int

for in teger expressions, and Cmd for commands. In Algol-lik e languages a lo cation

is often iden ti�ed with a pair consisting of an expression and an ac c eptor , i.e.

Lo c � ( Int ; Int ! Cmd ).

� 2 T y pe

Alg ol

::= Lo c j Int j Cmd j �

1

! �

2

j �

1

� �

2

e 2 E xp

Alg ol

::= x j l lo cation

j n j e

0

+ e

1

j ! e con ten ts of a lo cation

if0 e

0

then e

1

else e

2

skip j e

0

:= e

1

n ull and assignmen t commands

e

0

; e

1

sequen tial comp osition of commands

(let x : � = e

1

in e

2

) j �x : � :e j �x : � :e j e

1

e

2

j ( e

1

; e

2

) j �

i

e

The Algol translation

a

(see Figure 3) is de�ned b y induction on t yp es �

and ra w terms e . When f x

i

: �

i

j i 2 m g `

P L

e : � is a w ell-formed term of Algol,

one can sho w that f x

i

: �

a

i

j i 2 m g `

M L

e

a

: �

a

is a w ell-formed term of the

metalanguage with computational t yp es.

R emark 23. The Algol translation seems to violate a k ey principle, namely that

the translation of a program should ha v e computational t yp e. But in Algol v alid

programs are exp ected to b e terms of base t yp e, and the Algol translation in-

deed maps base t yp es to computational t yp es. More generally , one should observ e

that the Algol translation maps Algol t yp es in (carriers of ) T -algebras. Indeed

T -algebras for a (strong) monads are closed under (arbitrary) pro ducts and ex-

p onen tials, more precisely: A

1

� A

2

is the carrier of a T -algebra whenev er A

1

and

A

2

are, and B

A

is the carrier of a T -algebra whenev er B is [EXER CISE: pro v e

these facts in the metalanguage]. The T -algebra structure on the translation of

t yp es is used for de�ning the translation of terms, namely to extend the let and

�x-p oin t com binator from computational t yp es to T -algebras:

{ *let

� ` e

1

: T �

1

� ; x : �

1

` e

2

: U ( � : T �

2

! �

2

)

� ` � let

T

x ( e

1

in e

2

�

= � (let

T

x ( e

1

in [ e

2

]

T

) : U ( � : T �

2

! �

2

)



� 2 T y pe

Alg ol

�

a

2 T y pe

Lo c T Lo c

Int T Int

Cmd T 1

�

1

! �

2

�

a

1

! �

a

2

�

1

� �

2

�

a

1

� �

a

2

e 2 E xp

Alg ol

e

a

2 E xp

x x

n [ n ]

T

e

0

+ e

1

let

T

x

0

; x

1

( e

a

0

; e

a

1

in [ x

0

+ x

1

]

T

if0 e

0

then e

1

else e

2

� let

T

x ( e

a

0

in if x = 0 then e

a

1

else e

a

2

(let x : � = e

1

in e

2

) ( �x : �

a

:e

a

2

) e

a

1

�x : � :e � Y �

a

( �x : �

a

:e

a

)

�x : � :e �x : �

a

:e

a

e

1

e

2

e

a

1

e

a

2

( e

1

; e

2

) ( e

a

1

; e

a

2

)

�

i

e �

i

e

a

l [ l ]

T

! e let

T

l ( e

a

in g et l

skip [()]

T

e

0

:= e

1

let

T

l ; n ( e

a

0

; e

a

1

in set l n

e

0

; e

1

let

T

( e

a

0

in e

a

1

Fig. 3. Algol translation



{ *Y

� ; x : � ` e : U ( � : T � ! � )

� ` � Y � ( �x : � :e )

�

= � ( Y � ( �c : T � : [ e [ x := � c ]]

T

) : U ( � : T � ! � )

The Algol translation suggests to put more emphasis on T -algebras. Indeed,

[Lev99 ] has prop osed a metalanguage for monads with t w o classes of t yp es:

v alue t yp es in terpreted b y ob jects in C , and computation t yp es in terpreted b y

ob jects in C

T

.

The signature � for de�ning the Algol translation consists of

{ Y : 8 X : � : ( T X ! T X ) ! T X , lik e for the Hask ell translation

{ a signature for the datat yp e of in tegers, lik e for the Hask ell translation

{ a t yp e Lo c of lo cations, with a �xed set of constan ts l : Lo c , and op erations

g et : Lo c ! T Int and set : Lo c ! Int ! T 1 to get/store an in teger from/in to

a lo cation.

R emark 24. In Algol expressions and commands ha v e di�eren t computational

e�ects, namely: expressions can only read the state, while commands can also

mo dify the state. Therefore, one w ould ha v e to consider t w o monads, T

sr

A = A

S

?

for state reading computations and T

se

A = ( A � S )

S

?

for computations with side-

e�ects, and a monad morphism from T

sr

to T

se

.

CBV T ranslation: SML W e consider a simple fragmen t of SML with in teger

lo cations. Syn tactically the language is a minor v ariation of idealized Algol,

more precisely: Cmd is replaced b y Unit and skip b y (), sequen tial comp osition

of commands has b een remo v ed (b ecause de�nable), recursiv e de�nitions are

restricted to functional t yp es.

� 2 T y pe

S M L

::= Lo c j Int j Unit j �

1

! �

2

j �

1

� �

2

e 2 E xp

S M L

::= x j l j n j e

0

+ e

1

j ! e j if0 e

0

then e

1

else e

2

j () j e

0

:= e

1

j

(let x : � = e

1

in e

2

) j �f : �

1

! �

2

:�x : �

1

:e j

�x : � :e j e

1

e

2

j ( e

1

; e

2

) j �

i

e

The CBV translation

v

(see Figure 4) is de�ned b y induction on t yp es �

and ra w terms e . When f x

i

: �

i

j i 2 m g `

P L

e : � is a w ell-formed term of SML,

one can sho w that f x

i

: �

v

i

j i 2 m g `

M L

e

v

: T �

v

is a w ell-formed term of the

metalanguage with computational t yp es. The signature � for de�ning the CBV

translation is the same used for de�ning the Algol translation.

Exer cise 25. So far w e ha v e not said ho w to in terpret the metalanguages used as

target for the v arious translations. Prop ose in terpretations of the metalanguages

in the category of cp os: �rst c ho ose a monad for in terpreting computational

t yp es, then explain ho w the other sym b ols in the signature � should b e in ter-

preted.

Exer cise 26. The translations considered so far allo w to v alidate equational la ws

for the programming languages, b y deriving the translation of the equational



� 2 T y pe

S M L

�

v

2 T y pe

Lo c Lo c

Int Int

Unit 1

�

1

! �

2

�

v

1

! T �

v

2

�

1

� �

2

�

v

1

� �

v

2

e 2 E xp

S M L

e

v

2 E xp

x [ x ]

T

n [ n ]

T

e

0

+ e

1

let

T

x

0

; x

1

( e

v

0

; e

v

1

in [ x

0

+ x

1

]

T

if0 e

0

then e

1

else e

2

let

T

x ( e

v

0

in if x = 0 then e

v

1

else e

v

2

(let x : � = e

1

in e

2

) let

T

x ( e

v

1

in e

v

1

�f : �

1

! �

2

:�x : �

1

:e � Y ( �

1

! �

2

)

v

( �f : ( �

1

! �

2

)

v

:�x : �

v

1

:e

v

)

�x : � :e [ �x : �

v

:e

v

]

T

e

1

e

2

let

T

f ; x ( e

v

1

; e

v

2

in f x

( e

1

; e

2

) let

T

x

1

; x

2

( e

v

1

; e

v

2

in [( x

1

; x

2

)]

T

�

i

e let

T

x ( e

v

in [ �

i

x ]

T

l [ l ]

T

! e let

T

l ( e

v

in g et l

() [()]

T

e

0

:= e

1

let

T

l ; n ( e

v

0

; e

v

1

in set l n

Fig. 4. CBV translation of SML

la ws in the metalanguage. Sa y whether � and � for functional t yp es, i.e. ( �x :

�

1

:e

2

) e

1

= e

2

[ x := e

1

] : �

2

and ( �x : �

1

:e x ) = e : �

1

! �

2

with x 62 FV ( e ), are

v alid in Hask ell, Algol or SML. If they are not v alid suggest w eak er equational

la ws that can b e v alidate. This exercise indicates that one should b e careful to

transfer reasoning principle for the � -calculus to functional languages.

Exer cise 27. Consider Hask ell with in teger lo cations, and extend the CBN trans-

lation accordingly . Whic h signature � should b e used?

Exer cise 28. In SML one can create new lo cations using the construct ref e .

Consider this extension of SML, and extend the CBV translation accordingly .

Whic h signature � and monad T in the category of cp os should b e used?

Exer cise 29. Consider SML with lo cations of an y t yp e, and extend the CBV

translation accordingly . Whic h signature � should b e used (y ou ma y �nd con-

v enien t to assume that the metalanguage includes higher-order � -calculus)? It

is v ery di�cult to �nd monads able to in terpret suc h a metalanguage.

3.2 Incremen tal Approac h and Monad T ransformers

The monadic approac h to denotational seman tics has a ca v eat. When the pro-

gramming language P L is complex, the signature � iden ti�ed b y the monadic



approac h can get fairly large, and the translation of M L

T

( � ) in to M L ma y

b ecome quite complicated.

One can alleviate the problem b y adopting an incremen tal approac h in

de�ning the translation of M L

T

( � ) in to M L . The basic idea is to adapt to this

setting the tec hniques and mo dularization facilities adv o cated for formal soft-

w are dev elopmen t, in particular the desired translation of M L

T

( � ) in to M L

corresp onds to the implemen tation of an abstract datat yp e (in some giv en lan-

guage). In an incremen tal approac h, the desired implemen tation is obtained b y

a sequence of steps, where eac h step constructs an implemen tation for a more

complex datat yp e from an implemen tation for a simpler datat yp e.

Hask ell constructor classes (and to a less extend SML mo dules) pro vide

a v ery con v enien t setting for the incremen tal approac h (see [LHJ95 ]): the

t yp e inference mec hanism allo ws concise and readable de�nitions, while

t yp e-c hec king detects most errors. What is missing is only the abilit y to

express and v alidate (equational) prop erties, whic h w ould require extra

features t ypical of Logical F ramew orks (see [Mog97 ]).

T o mak e the approac h viable, w e need a collection of self-con tained parameter-

ized p olymorphic mo dules with the follo wing features:

{ they should b e p olymorphic, i.e. for an y signature � (or at least for a wide

range of signatures) the mo dule should tak e an implemen tation of � and

construct an implemen tation of � + �

new

, where �

new

is �xed

{ they could b e parametric, i.e. the construction and the signature �

new

ma y

dep end on parameters of some �xed signature �

par

.

The p olymorphic requiremen t can b e easily satis�ed, when one can implemen t

�

new

without c hanging the implemen tation of � (this is often the case in soft-

w are dev elopmen t). Ho w ev er, the constructions w e are in terested in are not p er-

sistent , since they in v olv e a re-implemen tation of computational t yp es, and con-

sequen tly of � . The translations w e need to consider are of the form

I : M L

T

( �

par

+ � + �

new

) ! M L

T

( �

par

+ � )

where �

new

are the new sym b ols de�ned b y I , � the old sym b ols r e de�ne d b y

I , and �

par

the parameters of the construction (whic h are una�ected b y I ). In

general I can b e decomp osed in

{ a translation I

new

: M L

T

( �

par

+ �

new

) ! M L

T

( �

par

) de�ning the new

sym b ols (in �

new

) and rede�ning computational t yp es,

{ translations I

op

: M L

T

( �

op

) ! M L

T

( �

par

+ �

op

) rede�ning an old sym b ol

op in isolation (consisten tly with the rede�nition of computational t yp es),

for eac h p ossible t yp e of sym b ol one ma y ha v e in � .

Recen tly [Fil99] has prop osed a more 
exible approac h, whic h uses meta-

languages with sev eral monads T

i

(rather than only one), and at eac h step it



in tro duces a new monad T

0

and new op erations (de�ned in term of the pre-

existing ones), without c hanging the meaning of the old sym b ols. Therefore, one

is considering de�nitional extensions , i.e. translations of the form

I : M L

T

0

;T

i 2 n

( �

old

+ �

0

new

) ! M L

T

i 2 n

( �

old

)

whic h are the iden tit y on M L

T

i 2 n

( �

old

). In Filinski's approac h one can use

the translations I

new

and I

op

, whenev er p ossible, and more ad ho c de�nitions

otherwise. In fact, when Filinski in tro duces a new monad T

0

, he in tro duces also

t w o op erations called monadic re
ection and rei�cation

re
ect : 8 X : � :� ! T

0

X reify : 8 X : � :T

0

X ! �

that establish a bijection b et w een T

0

X and its implemen tation � (i.e. a t yp e in

the pre-existing language). Therefore, one can de�ne op erations related to T

0

b y

mo ving bac k and forth b et w een T

0

and its implemen tation (as done in the case

of op erations de�ned on an abstract datat yp e).

Seman tically a monad transformer is a function F : j M on ( C ) j ! j M on ( C ) j

mapping monads (o v er a category C ) to monads. W e are in terested in monad

transformers for adding c omputational e�e cts , therefore w e require that for an y

monad T there should b e a monad morphism in

T

: T ! F T . It is often the case

that F is a functor on M on ( C ), and in b ecomes a natural transformation from

id

M on ( C )

to F . Syn tactically a monad transformer is a translation

I

F

: M L

T

0

;T

( �

par

) ! M L

T

( �

par

)

whic h is the iden tit y on M L

T

( �

par

). In other w ords w e express the new monad

T

0

in terms of the old monad T (and the parameters sp eci�ed in �

par

). In the

sequel w e describ e (in a higher-order � -calculus) sev eral monad transformers

corresp onding to the addition of a new computational e�ect, more precisely w e

de�ne

{ the new monad T

0

, and the monad morphism in : T ! T

0

{ the op erations on T

0

-computations asso ciated to the new computational ef-

fect

{ an op eration op

0

: 8 X : � :A ! ( B ! T

0

X ) ! T

0

X extending to T

0

-

computations a pre-existing op eration op : 8 X : � :A ! ( B ! T X ) ! T X

on T -computations.

Monad T ransformer I

se

for Adding Side-E�ects

{ signature �

par

for parameters

states S : �

{ signature �

new

for new op erations

lo okup l k p

0

: T

0

S

up date upd

0

: S ! T

0

1



{ de�nition of new monad T

0

and monad morphism in : T ! T

0

T

0

X

�

= S ! T ( X � S )

[ x ]

T

0

�

= �s: [( x; s )]

T

let

T

0

x ( c in f x

�

= �s: let

T

( x; s

0

) ( c s in f x s

0

in X c

�

= �s: let

T

x ( c in [( x; s )]

T

de�nition of new op erations

l k p

0

�

= �s: [( s; s )]

T

upd

0

s

�

= �s

0

: [( � ; s )]

T

extension of old op eration

op

0

X a f

�

= �s:op ( X � S ) a ( �b:f b s )

R emark 30. The op erations l k p

0

and upd

0

do not �t the format for op . Ho w ev er,

giv en an op eration � op : A ! T B one can de�ne an op eration op : 8 X : � :A !

( B ! T X ) ! T X in the righ t format b y taking op X a f

�

= let

T

b ( � op a in f b .

Monad T ransformer I

ex

for Adding Exceptions

{ signature �

par

for parameters

exceptions E : �

{ signature �

new

for new op erations

raise r aise

0

: 8 X : � :E ! T

0

X

handle handl e

0

: 8 X : � : ( E ! T

0

X ) ! T

0

X ! T

0

X

{ de�nition of new monad T

0

and monad morphism in : T ! T

0

T

0

X

�

= T ( X + E )

[ x ]

T

0

�

= [inl x ]

T

let

T

0

x ( c in f x

�

= let

T

u ( c in (case u of x ) f x j n ) [inr n ]

T

)

in X c

�

= let

T

x ( c in [inl x ]

T

de�nition of new op erations

r aise

0

X n

�

= [inr n ]

T

handl e

0

X f c

�

= let

T

u ( c in (case u of x ) [inl x ]

T

j n ) f n )

extension of old op eration

op

0

X a f

�

= op ( X + E ) a f

R emark 31. In this case the de�nition of op

0

is particularly simple, and one

can sho w that the same de�nition w orks for extending a more general t yp e of

op erations.

Monad T ransformer I

co

for Adding Complexit y

{ signature �

par

for parameters

monoid M : �

1 : M

� : M ! M ! M (w e use in�x notation for � )



to pro v e that T

0

is a monad, w e should add axioms sa ying that ( M ; 1 ; � ) is

a monoid

{ signature �

new

for new op erations

cost tick

0

: M ! T

0

1

{ de�nition of new monad T

0

and monad morphism in : T ! T

0

T

0

X

�

= T ( X � M )

[ x ]

T

0

�

= [( x; 1)]

T

let

T

0

x ( c in f x

�

= let

T

( x; m ) ( c in (let

T

( y ; n ) ( f x in [( y ; m � n )]

T

)

in X c

�

= let

T

x ( c in [( x; 1)]

T

de�nition of new op erations

tick

0

m

�

= [( � ; m )]

T

extension of old op eration

op

0

X a f

�

= op ( X � M ) a f

Monad T ransformer I

con

for Adding Con tin uations

{ signature �

par

for parameters

results R : �

{ signature �

new

for new op erations

ab ort abor t

0

: 8 X : � :R ! T

0

X

call-cc cal l cc

0

: 8 X ; Y : � : (( X ! T

0

Y ) ! T

0

X ) ! T

0

X

{ de�nition of new monad T

0

and monad morphism in : T ! T

0

T

0

X

�

= ( X ! T R ) ! T R

[ x ]

T

0

�

= �k :k x

let

T

0

x ( c in f x

�

= �k :c ( �x:f x k )

in X c

�

= �k : let

T

x ( c in k x

de�nition of new op erations

abor t

0

X r

�

= �k : [ r ]

T

cal l cc

0

X Y f

�

= �k :f ( �x:�k

0

: [ k x ]

T

) k

extension of old op eration

op

0

X a f

�

= �k :op R a ( �b:f b k )

R emark 32. The op eration cal l cc

0

do es not �t the sp eci�ed format for an old

op eration, and there is no w a y to massage it in to suc h format. Unlik e the others

monad transformers, I

con

do es not extend to a functor on M on ( C ).

Exer cise 33. F or eac h of the monad transformer, pro v e that T

0

is a monad.

Assume that T is a monad, and use the equational axioms for higher-order � -

calculus with sums and pro ducts, including � -axioms.

Exer cise 34. F or eac h of the monad transformer, de�ne a �x-p oin t com binator

for the new computational t yp es Y

0

: 8 X : � : ( T

0

X ! T

0

X ) ! T

0

X giv en a

�x-p oin t com binator for the old computational t yp es Y : 8 X : � : ( T X ! T X ) !

T X . In some cases one should use the deriv ed �x-p oin t com binator � Y for carriers

of T -algebras.



Exer cise 35. De�ne a monad transformer I

sr

for state-readers, i.e. T

0

X

�

= S !

T X . What could b e �

new

? De�ne a monad morphism from T

sr

to T

se

.

Exer cise 36. Chec k whic h monad transformers comm utes (up to isomorphism).

F or instance, I

se

and I

ex

do not comm ute, more precisely one gets

{ T

se + ex

X = S ! T (( X + E ) � S ) when adding �rst side-e�ects and then

exceptions

{ T

ex + se

X = S ! T (( X � S ) + E ) when adding �rst exceptions and then

side-e�ects

Exer cise 37. F or eac h of the monad transformer, iden tify equational la ws for the

new op erations sp eci�ed in �

new

, and sho w that suc h la ws are v alidated b y the

translation. F or instance, I

se

v alidates the follo wing equations:

s : S ` let

T

0

� ( upd

0

s in l k p

0

= let

T

0

[ s ]

T

0

( upd

0

s in : T

0

S

s; s

0

: S ` let

T

0

� ( upd

0

s in upd

0

s

0

= upd

0

s

0

: T

0

1

s : S ` let

T

0

s ( l k p

0

in upd

0

s = [ � ]

T

0

: T

0

1

X : � ; c : T

0

X ` let

T

0

s ( l k p

0

in c = c : T

0

X

Exer cise 38 (Semantics of E�e cts). Giv en a monad T o v er the category of sets:

{ De�ne predicates for c 2 T

0

X

�

= S ! T ( X � S ) corresp onding to the prop-

erties \ c do es not read from S " and \ c do es not write in S ".

notice that suc h predicates are extensional , therefore a computation that

reads the state and then rewrites it unc hanged, is equiv alen t to a computa-

tion that ignores the state.

{ De�ne a predicate for c 2 T

0

X

�

= T ( X + E ) corresp onding to the prop ert y

\ c do es not raise exceptions in E ".



4 Monads in Hask ell

So far w e ha v e fo cussed on applications of monads in denotational seman tics,

but since W adler's in
uen tial pap ers in the early 90s they ha v e also b ecome

part of the to olkit that Hask ell programmers use on a da y to da y basis. Indeed,

monads ha v e pro v en to b e so useful in practice that the language no w includes

extensions sp eci�cally to mak e programming with them easy . In the next few

sections w e will see ho w monads are represen ted in Hask ell, lo ok at some of their

applications, and try to explain wh y they ha v e had suc h an impact.

4.1 Implemen ting Monads in Hask ell

The represen tation of monads in Hask ell is based on the Kleisli triple form ulation:

recall De�nition 1.4:

A Kleisli triple o v er a category C is a triple ( T ; � ;

�

), where T : jC j !

jC j , �

A

: A ! T A for A 2 jC j , f

�

: T A ! T B for f : A ! T B and the

follo wing equations hold: . . .

In Hask ell, T corresp onds to a parameterised t yp e, � is called return , and

�

is

called >>= . This w ould suggest the follo wing t yp es:

return :: a -> T a

(>>=) :: (a -> T b) -> (T a -> T b)

where a and b are Hask ell t yp e v ariables, so that these t yp es are p olymorphic.

But notice that w e can consider >>= to b e a curried function of two argumen ts,

with t yp es (a -> T b) and T a . In practice it is con v enien t to rev erse these

argumen ts, and instead giv e >>= the t yp e

(>>=) :: T a -> (a -> T b) -> T b

No w the metalanguage notation let x ( e

1

in e

2

can b e con v enien tly expressed as

e1 >>= \x -> e2

(where \x -> e is Hask ell's notation for �x:e ). In tuitiv ely this binds x to the

result of e1 in e2 ; with this in mind w e usually pronounce \ >>= " as \bind".

Example 39. The monad of partialit y can b e represen ted using the built-in

Hask ell t yp e

data Maybe a = Just a | Nothing

This de�nes a parameterised t yp e Maybe , whose elemen ts are Just x for an y

elemen t x of t yp e a (represen ting a successful computation), or Nothing (repre-

sen ting failure).

The monad op erators can b e implemen ted as



return a = Just a

m >>= f = case m of

Just a -> f a

Nothing -> Nothing

and failure can b e represen ted b y

failure = Nothing

As an example of an application, a division function whic h op erates on p os-

sibly failing in tegers can no w b e de�ned as

divide :: Maybe Int -> Maybe Int -> Maybe Int

divide a b = a >>= \m ->

b >>= \n ->

if n==0 then failure

else return (a `div` b)

T ry unfolding the calls of >>= in this de�nition to understand the gain in clarit y

that using monadic op erators brings.

Example 40. As a second example, w e sho w ho w to implemen t the monad of

side-e�ects in Hask ell. This time w e will need to de�ne a new t yp e, State s a ,

to represen t computations pro ducing an a , with a side-e�ect on a state of t yp e

s . Hask ell pro vides three w a ys to de�ne t yp es:

type State s a = s -> (s,a)

newtype State s a = State (s -> (s,a))

data State s a = State (s -> (s,a))

The �rst alternativ e declares a typ e synonym : State s a w ould b e in ev ery

resp ect equiv alen t to the t yp e s -> (s,a) . This w ould cause problems later:

since man y monads are represen ted b y functions, it w ould b e di�cult to tell just

fr om the typ e whic h monad w e w ere talking ab out.

The second alternativ e declares State s a to b e a new t yp e, di�eren t from

all others, but isomorphic to s -> (s,a) . The elemen ts of the new t yp e are

written State f to distinguish them from functions. (There is no need for the

tag used on elemen ts to ha v e the same name as the t yp e, but it is often con v enien t

to use the same name for b oth).

The third alternativ e also declares State s a to b e a new t yp e, with elemen ts

of the form State f , but in con trast to newtype the State constructor is lazy:

that is, State ? and ? are di�eren t v alues. This is b ecause data declarations

create lifted sum-of-pro duct t yp es, and ev en when the sum is trivial it is still

lifted. Th us State s a is not isomorphic to s -> (s,a) | it has an extra

elemen t | and v alues of this t yp e are more costly to manipulate as a result.

W e therefore c ho ose the second alternativ e. The monad op erations are no w

easy to de�ne:



return a = State (\s -> (s,a))

State m >>= f = State (\s -> let (s',a) = m s

State m' = f a

in m' s')

The state can b e manipulated using

readState :: State s s

readState = State (\s -> (s,s))

writeState :: s -> State s ()

writeState s = State (\_ -> (s,()))

F or example, a function to incremen t the state could b e expressed using these

functions as

increment :: State Int ()

increment = readState >>= \s ->

writeState (s+1)

4.2 The Monad Class: Ov erloading return and Bind

Hask ell programmers mak e use of man y di�eren t monads; it w ould b e a wkw ard

if return and >>= had to b e giv en di�eren t names for eac h one. T o a v oid this,

w e use overlo ading so that the same names can b e used for ev ery monad.

Ov erloading in Hask ell is supp orted via the class system : o v erloaded names

are in tro duced b y de�ning a class con taining them. A class is essen tially a signa-

ture, with a di�eren t implemen tation for eac h t yp e. The monad op erations are

a part of a class Monad , whose de�nition is found in Hask ell's standard prelude:

class Monad m where

return :: a -> m a

(>>=) :: m a -> (a -> m b) -> m b

Here the class parameter m ranges o v er p ar ameterise d t yp es; read the declaration

as \A parameterised t yp e m is a Monad if it supp orts implemen tations of return

and >>= with the giv en t yp es".

Implemen tations of these op erations are pro vided b y making a corresp onding

instanc e declaration, for example:

instance Monad Maybe where

return a = Just a

m >>= f = case m of

Just a -> f a

Nothing -> Nothing

whic h corresp onds to the de�nition of the Maybe monad giv en earlier. F or the

monad of side-e�ects, w e write



instance Monad (State s) where

return a = State (\s -> (s,a))

State m >>= f = State (\s -> let (s',a) = m s

State m' = f a

in m' s')

Notice that although w e de�ned the t yp e State with t w o parameters, and the

Monad class requires a t yp e with one parameter, Hask ell allo ws us to create the

t yp e w e need b y p artial ly applying the State t yp e to one parameter: t yp es with

man y parameters are `curried'. Indeed, w e c hose the order of the parameters in

the de�nition of State with this in mind.

No w when the monadic op erators are applied, the t yp e at whic h they are

used determines whic h implemen tation is in v ok ed. This is wh y w e w ere careful

to mak e State a new t yp e ab o v e.

A great adv an tage of o v erloading the monad op erators is that it enables us

to write co de whic h w orks with any monad. F or example, w e could de�ne a

function whic h com bines t w o monadic computations pro ducing in tegers in to a

computation of their sum:

addM a b = a >>= \m ->

b >>= \n ->

return (m+n)

Since nothing in this de�nition is sp eci�c to a particular monad, w e can use this

function with an y: addM (Just 2) (Just 3) is Just 5 , but w e could also use

addM with the State monad. The t yp e assigned to addM re
ects this, it is

1

addM :: (Monad m) => m Int -> m Int -> m Int

The \ (Monad m) => " is called a c ontext , and restricts the t yp es whic h ma y b e

substituted for m to instances of the class Monad .

Although addM is p erhaps to o sp ecialised to b e really useful, w e can deriv e a

v ery useful higher-order function b y generalising o v er + . Indeed, Hask ell's stan-

dard Monad library pro vides a n um b er of suc h functions, suc h as

liftM :: Monad m => (a -> b) -> m a -> m b

liftM2 :: Monad m => (a -> b -> c) -> m a -> m b -> m c

sequence :: Monad m => [m a] -> m [a]

With these de�nitions,

addM = liftM2 (+)

Programming with monads is greatly eased b y suc h a library .

Exer cise 41. Giv e a de�nition of sequence . The in ten tion is that eac h compu-

tation in the list is executed in turn, and a list made of the results.

1

Actually t yp e inference pro duces an ev en more general t yp e, since the arithmetic is

also o v erloaded, but w e will gloss o v er this.



Finally , Hask ell pro vides syn tactic sugar for >>= to mak e monadic programs

more readable: the do -notation. F or example, the de�nition of addM ab o v e could

equiv alen tly b e written as

addM a b = do m <- a

n <- b

return (m+n)

The do -notation is de�ned b y

do e = e

do x <- e = e >>= (\x -> do c)

c

do e = e >>= (\_ -> do c)

c

Applying these rules to the de�nition of addM ab o v e rewrites it in to the form

�rst presen ted. The do -notation is simply a shorthand for bind, but do es mak e

programs more recognisable, esp ecially for b eginners.

Example 42. As an example of monadic programming, consider the problem of

decorating the lea v es of a tree with unique n um b ers. W e shall use a parameterised

tree t yp e

data Tree a = Leaf a | Bin (Tree a) (Tree a)

and de�ne a function

unique :: Tree a -> Tree (a,Int)

whic h n um b ers the lea v es from 1 up w ards in left-to-righ t order. F or example,

unique (Bin (Bin (Leaf 'a') (Leaf 'b')) (Leaf 'c'))

= Bin (Bin (Leaf ('a',1)) (Leaf ('b',2))) (Leaf ('c',3))

In tuitiv ely w e think of an in teger state whic h is incremen ted ev ery time a leaf is

encoun tered: w e shall therefore mak e use of the State monad to de�ne a function

unique' :: Tree a -> State Int (Tree (a,Int))

First w e de�ne a function to incremen t the state,

tick :: State Int Int

tick = do n <- readState

writeState (n+1)

return n

and then the de�nition of unique' is straigh tforw ard:

unique' (Leaf a) = do n <- tick

return (Leaf (a,n))

unique' (Bin t1 t2) = liftM2 Bin (unique' t1) (unique' t2)



Notice that w e use liftM2 to apply the t w o-argumen t function Bin to the results

of lab elling the t w o subtrees; as a result the notational o v erhead of using a monad

is v ery small.

Finally w e de�ne unique to in v ok e the monadic function and supply an initial

state:

unique t = runState 1 (unique' t)

runState s (State f) = snd (f s)

It is instructiv e to rewrite the unique function directly , without using a

monad | explicit state passing in the recursiv e de�nition clutters it signi�can tly ,

and creates opp ortunities for errors that the monadic co de completely a v oids.

5 Applying Monads

So far w e ha v e sho wn ho w monads are represen ted in Hask ell, and ho w the

language supp orts their use. But what are monads used for ? Wh y ha v e they

b ecome so prev alen t in Hask ell programs? In this section w e try to answ er these

questions.

5.1 Input/Output: the Killer Application

Historically , input/output has b een a wkw ard to handle in pur ely functional lan-

guages. The same applies to foreign function calls: there is no w a y to guar ante e

that a function written in C, for example, do es not ha v e side e�ects, so calling

it directly from a Hask ell program w ould risk compromising Hask ell's purely

functional seman tics.

Y et it is clear enough that input/output can b e mo del le d in a purely func-

tional w a y: w e m ust just consider a program to b e a function from the state of

the univ erse b efore it is run, to the state of the univ erse afterw ards. One p ossibil-

it y is to write the program in this w a y: ev ery function dep ending on the external

state w ould tak e the univ erse as a parameter, and ev ery function mo difying it

w ould return a new univ erse as a part of its result. F or example a program to

cop y one �le to another migh t b e written as

copy :: String -> String -> Universe -> Universe

copy from to universe =

let contents = readFile from universe

universe' = writeFile to contents universe

in universe'

Suc h a program has a purely functional seman tics, but is not easy to im-

plemen t. Of course, w e cannot really main tain sev eral copies of the univ erse

at the same time, and so `functions' suc h as writeFile m ust b e implemen ted

b y actually writing the new con ten ts to the �lestore. If the programmer then



acciden tally or delib erately returns universe instead of universe' as the �-

nal result of his program, then the purely functional seman tics is not correctly

implemen ted. This approac h has b een follo w ed in Clean though, using a linear

t yp e system to guaran tee that the programmer manipulates univ erses correctly

[BS96 ].

Ho w ev er, ha ving seen monads w e w ould probably wish to simplify the pro-

gram ab o v e b y using a State monad to manage the univ erse. By de�ning

type IO a = State Universe a

and altering the t yp es of the primitiv es sligh tly to

readFile :: String -> IO String

writeFile :: String -> String -> IO ()

then w e can rewrite the �le cop ying program as

copy :: String -> String -> IO ()

copy from to = do contents <- readFile from

writeFile to contents

whic h lo oks almost lik e an imp erativ e program for the same task

2

.

This program is b oth purely functional and e�cien tly implemen table: it is

quite safe to write the output �le destructiv ely . Ho w ev er, there is still a risk that

the programmer will de�ne inappropriate op erations on the IO t yp e, suc h as

snapshot :: IO Universe

snapshot = State (\univ -> (univ, univ))

The solution is just to make the IO typ e abstr act [JW93]! This do es not c hange the

seman tics of programs, whic h remains purely functional, but it do es guaran tee

that as long as all the primitiv e op erations on the IO t yp e treat the univ erse in

a prop er single-threaded w a y (whic h all op erations implemen ted in imp erativ e

languages do), then so do es an y Hask ell program whic h uses them.

Since the IO monad w as in tro duced in to Hask ell, it has b een p ossible to write

Hask ell programs whic h do input/output, call foreign functions directly , and y et

still ha v e a purely functional seman tics. Moreo v er, these programs lo ok v ery

lik e ordinary programs in an y imp erativ e language. The con tortions previously

needed to ac hiev e similar e�ects are not w orth y of description here.

The reader ma y b e w ondering what all the excitemen t is ab out here: after all,

it has b een p ossible to write ordinary imp erativ e programs in other languages

for a v ery long time, including functional languages suc h as ML or Sc heme; what

is so sp ecial ab out writing them in Hask ell? Tw o things:

2

The main di�erence is that w e read and write the en tire con ten ts of a �le in one

op eration, rather than b yte-b y-b yte as an imp erativ e program probably w ould. This

ma y seem w asteful of space, but thanks to lazy ev aluation the c haracters of the

input �le are only actually read in to memory when they are needed for writing to

the output. That is, the space requiremen ts are small and constan t, just as for a

b yte-b y-b yte imp erativ e program.



{ Input/output can b e com bined cleanly with the other features of Hask ell,

in particular higher-order functions, p olymorphism, and lazy ev aluation. Al-

though ML, for example, com bines input/output with the �rst t w o, the abil-

it y to mix lazy ev aluation cleanly with I/O is unique to Hask ell with monads

| and as the copy example sho ws, can lead to simpler programs than w ould

otherwise b e p ossible.

{ Input/output is com bined with a purely functional seman tics. In ML, for

example, any expression ma y p oten tially ha v e side-e�ects, and transforma-

tions whic h re-order computations are in v alid without an e�ect analysis to

establish that the computations are side-e�ect free. In Hask ell, no expres-

sion has side-e�ects, but some denote commands with e�ects; moreo v er, the

p oten tial to cause side-e�ects is eviden t in an expression's t yp e. Ev aluation

order can b e c hanged freely , but monadic computations cannot b e reordered

b ecause the monad la ws do not p ermit it.

P eyton-Jones' excellen t tutorial [P ey01 ] co v ers this kind of monadic program-

ming in m uc h more detail, and also discusses a useful re�nemen t to the seman tics

presen ted here.

5.2 Imp erativ e Algorithms

Man y algorithms can b e expressed in a purely functional st yle with the same

complexit y as their imp erativ e forms. But some e�cien t algorithms dep end crit-

ically on destructiv e up dates. Examples include the UNION-FIND algorithm,

man y graph algorithms, and the implemen tation of arra ys with constan t time

access and mo di�cation. Without monads, Hask ell cannot express these algo-

rithms with the same complexit y as an imp erativ e language.

With monads, ho w ev er, it is easy to do so. Just as the abstr act IO monad en-

ables us to write programs with a purely functional seman tics, and giv e them an

imp erativ e implemen tation, so an abstract state tr ansformer monad ST allo ws us

to write purely functional programs whic h up date the state destructiv ely [LJ94 ]

3

.

Seman tically the t yp e ST a is isomorphic to State -> (State,a) , where State

is a function from t yp ed references (lo cations) to their con ten ts. In the imple-

men tation, only one State ev er exists, whic h is up dated destructiv ely in place.

Op erations are pro vided to create, read, and write t yp ed references:

newSTRef :: a -> ST (STRef a)

readSTRef :: STRef a -> ST a

writeSTRef :: STRef a -> a -> ST ()

Here STRef a is the t yp e of a reference con taining a v alue of t yp e a . Other

op erations are pro vided to create and manipulate arra ys.

The reason for in tro ducing a di�er ent monad ST , rather than just pro viding

these op erations o v er the IO monad, is that destructiv e up dates to v ariables in

3

While the IO monad is a part of Hask ell 98, the curren t standard [JHe

+

99 ], the

ST monad is not. Ho w ev er, ev ery implemen tation pro vides it in some form; the

description here is based on the Hugs mo dules ST and LazyST [JR tYHG

+

99].



a program are not external ly visible side-e�ects. W e can therefore encapsulate

these imp erativ e e�ects using a new primitiv e

runST :: ST a -> a

whic h seman tically creates a new State , runs its argumen t in it, and discards

the �nal State b efore returning an a as its result. (A corresp onding function

runIO w ould not b e implemen table, b ecause w e ha v e no w a y to `discard the �nal

Universe '). In the implemen tation of runST , State s are represen ted just b y a

collection of references stored on the heap; there is no cost in v olv ed in creating

a `new' one therefore. Using runST w e can write pure (non-monadic) functions

whose implemen tation uses imp erativ e features in ternally .

Example 43. The depth-�rst searc h algorithm for graphs uses destructiv ely up-

dated marks to iden tify previously visited no des and a v oid tra v ersing them again.

F or simplicit y , let us represen t graph no des b y in tegers, and graphs using the

t yp e

type Graph = Array Int [Int]

A graph is an arra y indexed b y in tegers (no des), whose elemen ts are the list

of successors of the corresp onding no de. W e can record whic h no des ha v e b een

visited using an up dateable arra y of b o olean marks, and program the depth-�rst

searc h algorithm as follo ws:

dfs g ns = runST (do marks <- newSTArray (bounds g) False

dfs' g ns marks)

dfs' g [] marks = return []

dfs' g (n:ns) marks =

do visited <- readSTArray marks n

if visited then dfs' g ns marks

else do writeSTArray marks n True

ns' <- dfs' g ((g!n)++ns) marks

return (n:ns')

The function dfs returns a list of all no des reac hable from the giv en list of ro ots

in depth-�rst order, for example:

dfs (array (1,4) [(1,[2,3]), (2,[4]), (3,[4]), (4,[1])]) =

[1,2,4,3]

The typ e of the depth-�rst searc h function is

dfs :: Graph -> [Int] -> [Int]

It is a pure, non-monadic function whic h can b e freely mixed with other non-

monadic co de.

Imp erativ e features com bine in terestingly with lazy ev aluation. In this ex-

ample, the output list is pro duced lazily: the tra v ersal runs only far enough to



pro duce the elemen ts whic h are demanded. This is p ossible b ecause, in the co de

ab o v e, return (n:ns') can pro duce a result b efor e ns' is kno wn. The recursiv e

call of dfs' need not b e p erformed un til the v alue of ns' is actually needed

4

.

Th us w e can e�cien tly use dfs ev en for incomplete tra v ersals: to searc h for the

�rst no de satisfying p , for example, w e can use

head (filter p (dfs g roots))

safe in the kno wledge that the tra v ersal will stop when the �rst no de is found.

King and Launc h bury ha v e sho wn ho w the lazy depth-�rst searc h function

can b e used to express a wide v ariet y of graph algorithms b oth elegan tly and

e�cien tly [KL95 ].

The ST monad raises some in teresting t yping issues. Note �rst of all that

its op erations cannot b e implemen ted in Hask ell with the t yp es giv en, ev en

ine�cien tly! The problem is that w e cannot represen t an indexed collection of

v alues with arbitrary t yp es { if w e tried to represen t State s as functions from

references to con ten ts, for example, then all the con ten ts w ould ha v e to ha v e the

same t yp e. A purely functional implemen tation w ould need dep endent typ es , to

allo w the t yp e of a reference's con ten ts to dep end on the reference itself. Th us

the ST monad giv es the Hask ell programmer indirect access to dep enden t t yp es,

and indeed, sometimes other applications whic h require dep enden t t yp es can b e

programmed in terms of ST .

Secondly , w e m ust someho w prev en t references created in one State b eing

used in another | it w ould b e hard to assign a sensible meaning to the result.

This is done b y giving the ST t yp e an additional parameter, whic h w e ma y think

of as a `state iden ti�er': ST s a is the t yp e of computations on state s pro ducing

an a . Reference t yp es are also parameterised on the state iden ti�er, so the t yp es

of the op erations on them b ecome:

newSTRef :: a -> ST s (STRef s a)

readSTRef :: STRef s a -> ST s a

writeSTRef :: STRef s a -> a -> ST s ()

These t yp es guaran tee that ST computations only manipulate references lying

in `their' State .

But what should the t yp e of runST b e? It is supp osed to create a new State

to run its argumen t in, but if w e giv e it the t yp e

runST :: ST s a -> a

then it will b e applicable to any ST computation, including those whic h ma-

nipulate references in other State s. T o prev en t this, runST is giv en a r ank-2

p olymorphic t yp e:

runST :: (forall s. ST s a) -> a

4

Hugs actually pro vides t w o v ariations on the ST monad, with and without lazy b e-

ha viour. The programmer c ho oses b et w een them b y imp orting either ST or LazyST.



(and Hugs has b een extended with rank-2 p olymorphism just to mak e this p os-

sible). This t yp e ensures that the argumen t of runST can safely b e run in any

State , in particular the new one whic h runST creates.

Example 44. The expression

runST (newSTRef 0)

is not w ell-t yp ed. Since newSTRef 0 has the t yp e ST s (STRef s Int) , then

runST w ould ha v e to pro duce a result of t yp e STRef s Int | but the scop e of

s do es not extend o v er the t yp e of the result.

Example 45. The expression

runST (do r<-newSTRef 0

return (runST (readSTRef r)))

is not w ell-t yp ed either, b ecause the argumen t of the inner runST is not p oly-

morphic | it dep ends on the state iden ti�er of the outer one.

The inclusion of the ST monad and assignmen ts in Hask ell raises an in terest-

ing question: just what is a pur ely functional language? P erhaps the answ er is:

one in whic h assignmen t has a funn y t yp e!

5.3 Domain Sp eci�c Em b edded Languages

Since the early da ys of functional programming, c ombinator libr aries ha v e b een

used to de�ne succinct notations for programs in particular domains [Bur75 ].

There are com binator libraries for man y di�eren t applications, but in this section

w e shall fo cus on one v ery w ell-studied area: parsing. A library for writing parsers

t ypically de�nes a t yp e Parser a , of parsers for v alues of t yp e a , and com binators

for constructing and in v oking parsers. These migh t include

satisfy :: (Char -> Bool) -> Parser Char

to construct a parser whic h accepts a single c haracter satisfying the giv en pred-

icate,

(|||) :: Parser a -> Parser a -> Parser a

to construct a parser whic h accepts an input if either of its op erands can parse

it, and

runParser :: Parser a -> String -> a

to in v ok e a parser on a giv en input.

A parsing library m ust also include com binators to run parsers in sequence,

and to build parsers whic h in v ok e functions to compute their results. W adler

realised that these could b e pro vided b y declaring the Parser t yp e to b e a monad

[W ad92 ]. F urther com binators can then b e de�ned in terms of these basic ones,

suc h as a com binator accepting a particular c haracter,



literal :: Char -> Parser Char

literal c = satisfy (==c)

and a com binator for rep etition,

many :: Parser a -> Parser [a]

many p = liftM2 (:) p (many p) ||| return []

whic h parses a list of an y n um b er of p s.

Giv en suc h a library , parsing programs can b e written v ery succinctly . As

an example, w e presen t a function to ev aluate arithmetic expressions in v olving

addition and m ultiplication:

eval :: String -> Int

eval = runParser expr

expr = do t <- term

literal '+'

e <- expr

return (t+e)

||| term

term = do c <- closed

literal '*'

t <- term

return (c*t)

||| closed

closed = do literal '('

e <- expr

literal ')'

return e

||| numeral

numeral = do ds <- many (satisfy isDigit)

return (read ds)

With a go o d c hoice of com binators, the co de of a parser closely resem bles the

grammar it parses

5 6

!

In recen t y ears, a di�eren t view of suc h com binator libraries has b ecome

p opular: w e think of them as de�ning a domain sp e ci�c language (DSL), whose

5

In practice the resem blance w ould b e a little less close: real parsers for arithmetic ex-

pressions are left-recursiv e, use a lexical analyser, and are written to a v oid exp ensiv e

bac ktrac king. On the other hand, real parsing libraries pro vide more com binators to

handle these features and mak e parsers ev en more succinct! See [HM98 ] for a go o d

description.

6

Notice ho w imp ortan t Hask ell's lazy ev aluation is here: without it, these recursiv e

de�nitions w ould not mak e sense!



constructions are the com binators of the library [Hud98]. With this view, this

little parsing library de�nes a programming language with sp ecial constructions

to accept a sym b ol and to express alternativ es.

Ev ery time a functional programmer designs a com binator library , then, w e

migh t as w ell sa y that he or she designs a domain sp eci�c programming lan-

guage, in tegrated with Hask ell. This is a useful p ersp ectiv e, since it encourages

programmers to pro duce a mo dular design, with a clean separation b et w een the

seman tics of the DSL and the program that uses it, rather than mixing com-

binators and `ra w' seman tics willy-nilly . And since monads app ear so often in

programming language seman tics, it is hardly surprising that they app ear often

in com binator libraries also!

W e will return to the implemen tation of the parsing library in the next sec-

tion, after a discussion of monad transformers.

6 Monad T ransformers in Hask ell

The Hask ell programmer who mak es hea vy use of com binators will need to im-

plemen t a large n um b er of monads. Although it is p erfectly p ossible to de�ne

a new t yp e for eac h one, and implemen t return and >>= from scratc h, it sa v es

lab our to construct monads systematically where p ossible. The monad tr ans-

formers of section 3.2 o�er an attractiv e w a y of doing so, as Liang, Hudak and

Jones p oin t out [LHJ95 ].

Recall the de�nition:

A monad transformer is a function F : j M on ( C ) j ! j M on ( C ) j , i.e. a

function mapping monads (o v er a category C ) to monads. W e are in ter-

ested in monad transformers for adding c omputational e�e cts , therefore

w e require that for an y monad T there should b e a monad morphism

in

T

: T ! F T .

W e represen t monad transformers in Hask ell b y t yp es parameterised on a monad

(itself a parameterised t yp e), and the result t yp e | that is, t yp es of kind

(* -> *) -> * -> * . F or example, the partialit y monad transformer is rep-

resen ted b y the t yp e

newtype MaybeT m a = MaybeT (m (Maybe a))

According to the de�nition, MaybeT m should b e a monad whenev er m is, whic h

w e can demonstrate b y implemen ting return and >>= :

instance Monad m => Monad (MaybeT m) where

return x = MaybeT (return (Just x))

MaybeT m >>= f =

MaybeT (do x <- m

case x of

Nothing -> return Nothing

Just a -> let MaybeT m' = f a in m')



Moreo v er, according to the de�nition of a monad transformer ab o v e, there should

also b e a monad morphism from m to MaybeT m | that is, it should b e p ossible

to transform computations of one t yp e in to the other. Since w e need to de-

�ne monad morphisms for man y di�eren t monad transformers, w e use Hask ell's

o v erloading again and in tro duce a class of monad tr ansformers

class (Monad m, Monad (t m)) => MonadTransformer t m where

lift :: m a -> t m a

Here t is the monad transformer, m is the monad it is applied to, and lift is

the monad morphism

7

. No w w e can mak e MaybeT in to an instance of this class:

instance Monad m => MonadTransformer MaybeT m where

lift m = MaybeT (do x <- m

return (Just x))

The purp ose of the MaybeT transformer is to enable computations to fail: w e

shall in tro duce op erations to cause and handle failures. One migh t exp ect their

t yp es to b e

failure :: MaybeT m a

handle :: MaybeT m a -> MaybeT m a -> MaybeT m a

Ho w ev er, this is not go o d enough: since w e exp ect to com bine MaybeT with other

monad transformers, the monad w e actually w an t to apply these op erations

at ma y w ell b e of some other form | but as long as it in v olv es the MaybeT

transformer somewhere, w e ough t to b e able to do so.

W e will therefore o v erload these op erations also, and de�ne a class of ` Maybe -

lik e' monads

8

:

class Monad m => MaybeMonad m where

failure :: m a

handle :: m a -> m a -> m a

Of course, monads of the form MaybeT m will b e instances of this class, but later

w e will also see others. In this case, the instance declaration is

instance Monad m => MaybeMonad (MaybeT m) where

failure = MaybeT (return Nothing)

MaybeT m `handle` MaybeT m' =

MaybeT (do x <- m

case x of

Nothing -> m'

Just a -> return (Just a))

7

Here w e step outside Hask ell 98 b y using a multiple p ar ameter class { an extension

whic h is, ho w ev er, supp orted b y Hugs and man y other implemen tations. W e mak e

m a parameter of the class to p ermit the de�nition of monad transformers whic h

place additional requiremen ts on their argumen t monad.

8

Usually the standard Hask ell class MonadPlus with op erations mzero and mplus is

used in this case, but in the presen t con text the names Ma yb eMonad, failure and

handle are more natural.



Finally , w e need a w a y to `run' elemen ts of this t yp e. W e de�ne

runMaybe :: Monad m => MaybeT m a -> m a

runMaybe (MaybeT m) = do x <- m

case x of

Just a -> return a

for this purp ose. (W e lea v e unde�ned ho w w e `run' an erroneous computation,

th us con v erting an explicitly represen ted error in to a real Hask ell one).

W e ha v e no w seen all the elemen ts of a monad transformer in Hask ell. T o

summarise:

{ W e de�ne a t yp e to represen t the transformer, sa y TransT , with t w o param-

eters, the �rst of whic h should b e a monad.

{ W e declare TransT m to b e a Monad , under the assumption that m already

is.

{ W e declare TransT to b e an instance of class MonadTransformer , th us de�n-

ing ho w computations are lifted from m to TransT m .

{ W e de�ne a class TransMonad of ` Trans -lik e monads', con taining the op era-

tions that it is TransT 's purp ose to supp ort.

{ W e declare TransT m to b e an instance of TransMonad , th us sho wing that it

do es indeed supp ort them.

{ W e de�ne a function to `run' (TransT m) -computations, whic h pro duces

m -computations as a result. In general runTrans ma y need additional pa-

rameters | for example, for a state transformer w e probably w an t to supply

an initial state.

W e can carry out this program to de�ne monad transformers for, among others,

{ state transformers , represen ted b y

newtype StateT s m a = StateT (s -> m (s, a))

supp orting op erations in the class

9

class Monad m => StateMonad s m | m -> s where

readState :: m s

writeState :: s -> m ()

{ en vironmen t readers , represen ted b y

newtype EnvT s m a = EnvT (s -> m a)

supp orting op erations in the class

9

This class declaration uses Mark Jones' functional dep endencies , supp orted b y Hugs,

to declare that the t yp e of the monad's state is determined b y the t yp e of the monad

itself. In other w ords, the same monad cannot ha v e t w o di�eren t states of di�eren t

t yp es. While not strictly necessary , making the dep endency explicit enables the

t yp e-c hec k er to infer the t yp e of the state m uc h more often, and helps to a v oid

hard-to-understand error messages ab out am biguous t ypings.



class Monad m => EnvMonad env m | m -> env where

inEnv :: env -> m a -> m a

rdEnv :: m env

where rdEnv reads the curren t v alue of the en vironmen t, and inEnv runs its

argumen t in the giv en en vironmen t.

{ con tin uations , represen ted b y

newtype ContT ans m a = ContT ((a -> m ans) -> m ans)

supp orting op erations in the class

class Monad m => ContMonad m where

callcc :: ((a -> m b) -> m a) -> m a

where callcc f calls f , passing it a function k , whic h if it is ev er called

terminates the call of callcc immediately , with its argumen t as the �nal

result.

Tw o steps remain b efore w e can use monad transformers in practice. Firstly ,

since monad transformers only transform one monad in to another, w e m ust de�ne

a monad to start with. Although one could start with an y monad, it is natural

to use a `v anilla' monad with no computational features { the identity monad

newtype Id a = Id a

The implemen tations of return and >>= on this monad just add and remo v e the

Id tag.

Secondly , so far the only instances in class MaybeMonad are of the form

MaybeT m , the only instances in class StateMonad of the form StateT s m , and

so on. Y et when w e com bine t w o or more monads, of course w e exp ect to use the

features of b oth in the resulting monad. F or example, if w e construct the monad

StateT s (MaybeT Id) , then w e exp ect to b e able to use failure and handle

at this t yp e, as w ell as readState and writeState .

The only w a y to do so is to giv e further instance declarations, whic h de�ne

ho w to `lift' the op erations of one monad o v er another. F or example, w e can lift

failure handling to state monads as follo ws:

instance MaybeMonad m => MaybeMonad (StateT s m) where

failure = lift failure

StateT m `handle` StateT m' = StateT (\s -> m s `handle` m' s)

Certainly this requires O ( n

2

) instance declarations, one for eac h pair of monad

transformers, but there is unfortunately no other solution.

The pa y o� for all this w ork is that, when w e need to de�ne a monad, w e can

often construct it quic kly b y comp osing monad transformers, and automatically

inherit a collection of useful op erations.



Example 46. W e can implemen t the parsing library from section 5.3 b y com bin-

ing state transformation with failure. W e shall let a parser's state b e the input

to b e parsed; running a parser will consume a part of it, so running t w o parsers

in sequence will parse successiv e parts of the input. A ttempting to run a parser

ma y succeed or fail, and w e will often wish to handle failures b y trying a di�eren t

parser instead. W e can therefore de�ne a suitable monad b y

type Parser a = StateT String (MaybeT Id) a

whose computations w e can run using

runParser p s = runId (runMaybe (runState s p))

It turns out that the op erator w e called ||| earlier is just handle , and satisfy

is simply de�ned b y

satisfy :: (s -> Bool) -> Parser s s

satisfy p = do s<-readState

case s of

[] -> failure

x:xs -> if p x then do writeState xs

return x

else failure

There is no more to do.

6.1 Monads and DSLs: a Discussion

It is clear wh y monads ha v e b een so successful for programming I/O and im-

p erativ e algorithms in Hask ell | they o�er the only really satisfactory solution.

But they ha v e also b een widely adopted b y the designers of com binator libraries.

Wh y? W e ha v e made the analogy b et w een a com binator library and a domain

sp eci�c language, and since monads can b e used to structure denotational se-

man tics, it is not so surprising that they can also b e used in com binator libraries.

But that something c an b e used, do es not mean that it wil l b e used. The de-

signer of a com binator library has a c hoice: he need not sla vishly follo w the One

Monadic P ath | wh y , then, ha v e so man y c hosen to do so? What are the o v er-

whelming practical b ene�ts that 
o w from using monads in com binator library

design in particular?

Monads o�er signi�can t adv an tages in three k ey areas. Firstly , they o�er a

design principle to follo w. A designer who w an ts to capture a particular func-

tionalit y in a library , but is unsure exactly what in terface to pro vide to it, can b e

reasonably con�den t that a monadic in terface will b e a go o d c hoice. The monad

in terface has b een tried and tested: w e kno w it allo ws the library user great


exibilit y . In con trast, early parsing libraries, for example, used non-monadic

in terfaces whic h made some parsers a wkw ard to write.

Secondly , monads can guide the implementation of a library . A library de-

signer m ust c ho ose an appropriate t yp e for his com binators to w ork o v er, and his



task is eased if the t yp e is a monad. Man y monad t yp es can b e constructed sys-

tematically , as w e ha v e seen in this section, and so can some parts of the library

whic h op erate on them. Giv en a collection of monad transformers, substan tial

parts of the library come `for free', just as when w e found there w as little left

to implemen t after comp osing the represen tation of Parser s from t w o monad

transformers.

Thirdly , there are b ene�ts when man y libraries shar e a p art of their inter-

fac es . Users can learn to use eac h new library more quic kly , b ecause the monadic

part of its in terface is already familiar. Because of the common in terface, it is

reasonable to de�ne generic monadic functions, suc h as liftM2 , whic h w ork with

an y monadic library . This b oth helps users, who need only learn to use liftM2

once, and greatly eases the task of implemen tors, who �nd m uc h of the func-

tionalit y they w an t to pro vide comes for free. And of course, it is thanks to the

widespread use of monads that Hask ell has b een extended with syn tactic sugar

to supp ort them | if eac h library had its o wn completely separate in terface,

then it w ould b e impractical to supp ort them all with sp ecial syn tax.

T ak en together, these are comp elling reasons for a library designer to c ho ose

monads whenev er p ossible.

7 Exercises on Monads

This section con tains practical exercises, in tended to b e solv ed using Hugs on

a computer. Since some readers will already b e familiar with Hask ell and will

ha v e used monads already , while others will b e seeing them for the �rst time,

the exercises are divided in to di�eren t lev els of di�cult y . Cho ose those whic h

are righ t for y ou.

The Hugs in terpreter is started with the command

hugs -98

The 
ag informs hugs that extensions to Hask ell 98 should b e allo w ed | and

they are needed for some of these exercises. When Hugs is started it prompts for

a command or an expression to ev aluate; the command \:?" lists the commands

a v ailable. Hugs is used b y placing de�nitions in a �le, loading the �le in to the

in terpreter (with the \:l" or \:r" command), and t yping expressions to ev aluate.

Y ou can obtain information on an y de�ned name with the command \:i", and

disco v er whic h names are in scop e using \:n" follo w ed b y a regular expression

matc hing the names y ou are in terested in. Do not try to t yp e de�nitions in

resp onse to the in terpreter's prompt: they will not b e understo o d.

7.1 Easy Exercises

Cho ose these exercises if y ou w ere previously unfamiliar with monads or Hask ell.

Exer cise 47. W rite a function

dir :: IO [String]



whic h returns a list of the �le names in the curren t directory . Y ou can obtain

them b y running ls and placing the output in a �le, whic h y ou then read. Y ou

will need to imp ort mo dule System , whic h de�nes a function system to execute

shell commands | place \ import System " on the �rst line of y our �le. A string

can b e split in to its constituen t w ords using the standard function words , and

y ou can prin t v alues (for testing) using the standard function print .

Exer cise 48. W rite a function

nodups :: [String] -> [String]

whic h remo v es duplicate elemen ts from a list of strings | the in ten tion is to

return a list of strings in the argumen t, in order of �rst o ccurrence. It is easy

to write an ine�cien t v ersion of no dups, whic h k eeps a list of the strings seen

so far, but y ou should use a hash table in ternally so that eac h string in the

input is compared against only a few others. (The c hoice of hash function is not

particularly imp ortan t for this exercise, though). Moreo v er, y ou should pro duce

the result list lazily . T est this b y running

interact (unlines . nodups . lines)

whic h should ec ho eac h line y ou then t yp e on its �rst o ccurrence.

Y ou will need to use Hask ell lists, whic h are written b y enclosing their ele-

men ts in square brac k ets separated b y commas, and the cons op erator, whic h

is \:". Imp ort mo dule LazyST , and use newSTArray to create y our hash table,

readSTArray to read it, and writeSTArray to write it. Bew are of Hask ell's la y-

out rule, whic h insists that ev ery expression in a do b egin in the same column

| and in terprets ev erything app earing in that column as the start of a new

expression.

Exer cise 49. The implemen tation of the MaybeT transformer is giv en ab o v e, but

the implemen tations of the StateT , EnvT and ContT transformers w ere only

sk etc hed. Complete them. ( ContT is quite di�cult, and y ou migh t w an t to lea v e

it for later).

Exer cise 50. W e de�ne the MaybeT t yp e b y

newtype MaybeT m a = MaybeT (m (Maybe a))

What if w e had de�ned it b y

newtype MaybeT m a = MaybeT (Maybe (m a))

instead? Could w e still ha v e de�ned a monad transformer based on it?

Exer cise 51. W e de�ned the t yp e of Parser s ab o v e b y

type Parser a = StateT String (MaybeT Id) a

What if w e had com bined state transformation and failure the other w a y round?

type Parser a = MaybeT (StateT String Id) a

De�ne an instance of StateMonad for MaybeT , and in v estigate the b eha viour of

sev eral examples com bining failure handling and side-e�ects using eac h of these

t w o monads. Is there a di�erence in their b eha viour?



7.2 Mo derate Exercises

Cho ose these exercises if y ou are comfortable with Hask ell, and ha v e seen monads

b efore.

Exer cise 52. Implemen t a monad MaybeST based on the built-in ST monad,

whic h pro vides up dateable t yp ed references, but also supp orts failure and failure

handling. If m fails in m `handle` h , then all references should con tain the same

v alues on en tering the handler h that they had when m w as en tered.

Can y ou add an op erator

commit :: MaybeST ()

with the prop ert y that up dates b efore a commit surviv e a subsequen t failure?

Exer cise 53. A di�eren t w a y to handle failures is using the t yp e

newtype CPSMaybe ans a =

CPSMaybe ((a -> ans -> ans) -> ans -> ans)

This is similar to the monad of con tin uations, but b oth computations and con-

tin uations tak e an extra argumen t | the v alue to return in case of failure. When

a failure o ccurs, this argumen t is returned directly and the normal con tin uation

is not in v ok ed.

Mak e CPSMaybe an instance of class Monad and MaybeMonad , and de�ne

runCPSMaybe .

F ailure handling programs often use a great deal of space, b ecause failure

handlers retain data that is no longer needed in the successful execution. Y et

once one branc h has progressed su�cien tly far, w e often kno w that its failure

handler is no longer relev an t. F or example, in parsers w e usually com bine parsers

for quite di�eren t constructions, and if the �rst parser succeeds in parsing more

than a few tok ens, then w e kno w that the second cannot p ossibly succeed. Can

y ou de�ne an op erator

cut :: CPSMaybe ans ()

whic h discards the failure handler, so that the memory it o ccupies can b e re-

claimed? Ho w w ould y ou use cut in a parsing library?

7.3 Di�cult Exercises

These should giv e y ou something to get y our teeth in to!

Exer cise 54. Implemen t a domain sp eci�c language for concurren t programming,

using a monad Process s a and t yp ed c hannels Chan s a , with the op erations

chan :: Process s (Chan s a)

send :: Chan s a -> a -> Process s ()

recv :: Chan s a -> Process s a

to create c hannels and send and receiv e messages (sync hronously),



fork :: Process s a -> Process s ()

to start a new concurren t task, and

runProcess :: (forall s. Process s a) -> a

to run a pro cess. By analogy with the ST monad, s is a state-thread iden ti-

�er whic h is used to guaran tee that c hannels are not created in one call of

runProcess and used in another. Y ou will need to write the t yp e of runProcess

explicitly | Hugs cannot infer rank 2 t yp es.

Exer cise 55. Prolog pro vides so-called lo gic al variables , whose v alues can b e re-

ferred to b efore they are set. De�ne a t yp e LVar and a monad Logic in terms

of ST , supp orting op erations

newLVar :: Logic s (LVar s a)

readLVar :: LVar s a -> a

writeLVar :: LVar s a -> a -> Logic s ()

where s is again a state-thread iden ti�er. The in ten tion is that an LVar should b e

written exactly once, but its v alue ma y b e read b efor ehand , b et w een its creation

and the write | lazy ev aluation is at w ork here. Note that readLVar do es not

ha v e a monadic t yp e, and so can b e used an ywhere. Of course, this can only

w ork if the v alue written to the LVar do es not dep end on itself. Hint: Y ou will

need to use

fixST :: (a -> ST s a) -> ST s a

to solv e this exercise | fixST (\x -> m) binds x to the result pro duced b y m

during its o wn computation.

Exer cise 56. In some applications it is useful to dump the state of a program

to a �le, or send it o v er a net w ork, so that the program can b e restarted in the

same state later or on another mac hine. De�ne a monad Interruptable , with

an op eration

dump :: Interruptable ()

whic h stops execution and con v erts a represen tation of the state of the program

to a form that can b e sa v ed in a �le. The result of running an Interruptable

computation should indicate whether or not dumping o ccurred, and if so, pro vide

the dump ed state. If s is a state dump ed b y a computation m , then resume m s

should restart m in the state that s represen ts. Note that m migh t dump sev eral

times during its execution, and y ou should b e able restart it at eac h p oin t.

Y ou will need to c ho ose a represen tation for states that can include ev ery

t yp e of v alue used in a computation. T o a v oid t yping problems, con v ert v alues

to strings for storage using show .

Y ou will not b e able to mak e Interruptable an instance of class Monad ,

b ecause y our implemen tations of return and >>= will not b e su�cien tly p oly-

morphic | they will only w ork o v er v alues that can b e con v erted to strings.

This is unfortunate, but y ou can just c ho ose other names for the purp oses of

this exercise. One solution to the problem is describ ed in [Hug99 ].



8 In termediate Languages for Compilation

W e ha v e seen ho w monads ma y b e used to structure the denotational seman tics

of languages with implicit computational e�ects and ho w they ma y b e used to

express and con trol the use of computational e�ects in languages lik e Hask ell, in

whic h the only implicit e�ect is the p ossibilit y of non-termination. W e no w turn

to the use of monads in the practical compilation of languages, suc h as ML, with

implicit side e�ects. Muc h of this material refers to the MLj compiler for Stan-

dard ML [BKR98 ], and its in termediate language MIL (Monadic In termediate

Language) [BK99 ].

8.1 Compilation b y T ransformation

It should not b e a surprise that ideas whic h are useful in structuring seman-

tics also turn out to b e useful in structuring the in ternals of compilers since, b y

implemen ting rules for deriving program equiv alences, there is a sense in whic h

compilers actually do seman tics. Ev en in the absence of sophisticated static anal-

yses, compilers for functional languages t ypically w ork b y translating the user's

program in to an in termediate form and then p erforming a sequence of rewrites

on the in termediate represen tation b efore translating that in to lo w er-lev el co de

in the bac k end. These rewrites are in tended to preserv e the seman tics (i.e. the

observ able b eha viour) of the user's program, whilst impro ving the e�ciency of

the �nal program in terms of execution sp eed, dynamic memory usage and/or

co de size. Hence the rewriting rules used b y the compiler should b e observ a-

tional equiv alences, and if they are applied lo cally (i.e. indep enden tly of the

surrounding con text) then they should b e instances of an observ ational c ongru-

enc e relation. Of course, the hard part is that the compiler also has to decide

when applying a particular seman tic equation is lik ely to b e an impro v emen t.

8.2 In termediate Languages

The reasons for ha ving an in termediate language at all, rather than just doing

rewriting on the abstract syn tax tree of the source program, include:

1. Complexit y . Source languages tend to ha v e man y sophisticated syn tactic

forms (e.g. nested patterns or list comprehensions) whic h are con v enien t for

the programmer but whic h can b e translated in to a simpler core language,

lea ving few er cases for the optimizer and co de generator to deal with.

2. Lev el. Man y optimizing transformations in v olv e c hoices whic h cannot b e

expressed in the source language b ecause they are at a lo w er lev el of ab-

straction. In other w ords, they in v olv e distinctions b et w een implemen tation

details whic h the source language cannot mak e. F or example

{ All functions in ML tak e a single argumen t { if y ou w an t to pass more

than one then y ou pac k age them up as a single tuple. This is simple

and elegan t for the programmer, but w e don't w an t the compiled co de

to pass a p oin ter to a fresh heap-allo cated tuple if it could just pass



a couple of argumen ts on the stac k or in registers. Hence MIL (lik e

other in termediate languages for ML) includes b oth tuples and m ultiple

argumen ts and transforms some instances of the former in to the latter.

{ MIL also includes datastructures with `holes' (i.e. uninitialized v alues).

These are used to express a transformation whic h turns some non-tail

calls in to tail calls and ha v e linear t yping rules whic h prev en t holes b eing

dereferenced or �lled more than once [Min98].

Of course, there are man y lev els of abstraction b et w een the source and target

languages, so it is common for compilers to use sev eral di�eren t in termediate

languages at di�eren t phases.

10

Ho w ev er, in these notes w e shall not b e concerned so m uc h with the com-

plexit y of realistic source languages, or with expressing lo w-lev el implemen tation

details in in termediate languages. Instead, w e will b e in terested in the sligh tly

more nebulous idea that a go o d in termediate language ma y b e more uniform ,

expr essive and explicit than the source.

Man y imp ortan t transformations do not in v olv e concepts whic h are essen-

tially at a lo w er-lev el lev el of abstraction than the source language, but can

nev ertheless b e an ywhere b et w een b othersome and imp ossible to express or im-

plemen t directly on the source language syn tax.

The equational theory of ev en a simpli�ed core of the source language ma y

b e messy and ill-suited to optimization b y rewriting. Rather than ha v e a com-

plex rewriting system with conditional rewrites dep ending on v arious kinds of

con textual information, one can often ac hiev e the same end result b y translat-

ing in to an in termediate language with a b etter-b eha v ed equational theory . It

is t ypically the case that a `cleaner' in termediate language mak es explicit some

asp ects of b eha viour whic h are implicit in the source language.

11

Examples:

{ Man y in termediate languages in tro duce explicit names for ev ery in termediate

v alue. Not only are the names useful in building v arious auxiliary datastruc-

tures, but they mak e it easy to, for example, share sub expressions. A v ery

trivial case w ould b e

let val x = ((3,4),5)

in (#1 x, #1 x)

end

whic h w e don 't w an t to simplify to the equiv alen t

((3,4),(3,4))

b ecause that allo cates t w o iden tical pairs. One particularly straighforw ard

w a y to get a b etter result is to only allo w in tro ductions and eliminations to

b e applied to v ariables or atomic constan ts, so the translation of the original

program in to the in termediate form is

10

Or to ha v e one all-encompassing in termediate datat yp e, but the ensure that the

input and output of eac h phase satisfy particular additional constrain ts.

11

Whic h can mak e suc h in termediate represen tations larger than the corresp onding

source.



let val y = (3,4)

in let val x = (y,5)

in (#1 x, #1 x)

end

end

whic h rewrites to

let val y = (3,4)

in let val x = (y,5)

in (y, y)

end

end

and then to

let val y = (3,4)

in (y, y)

end

whic h is probably what w e w an ted.

{ MIL con tains an un usual exception-handling construct b ecause SML's handle

construct is unable to express some comm uting con v ersion-st yle rewrites

whic h w e wished to p erform [BK01 ].

{ Some compilers for higher-order languages use a con tin uation passing st yle

(CPS) lam b da-calculus as their in termediate language (see, for example,

[App92,KKR

+

86 ]). There are translations of call b y v alue (CBV) and call

b y name (CBN) source languages in to CPS. Once a program is in CPS, it

is sound to apply the full unrestricted � ; � rules, rather than, sa y , the more

restricted �

v

; �

v

rules whic h are v alid for �

v

(the CBV lam b da calculus).

Moreo v er, as Plotkin sho ws in his seminal pap er [Plo75 ], � and � on CPS

terms pro v e strictly more equiv alences b et w een translated terms than do �

v

and �

v

on the corresp onding �

v

terms. Hence, a compiler for a CBV language

whic h translates in to CPS and uses � � can p erform more transformations

than one whic h just uses �

v

and �

v

on the source syn tax.

CPS transformed terms mak e ev aluation order explict (whic h mak es them

easier to compile to lo w-lev el imp erativ e co de in the bac k end), allo w tail-call

elimination b e b e expressed naturally , and are particularly natural if the

language con tains call/cc or other sophisticated con trol op erators.

Ho w ev er, Flanagan et al. [FSDF93] argue that compiling CBV lam b da-

calculus via CPS is an unnecessarily complicated and indirect tec hnique.

The translation in tro duces lots of new � -abstractions and new, essen tially

trivial, `administrativ e redexes'. T o generate go o d co de, and to iden tify ad-

ministrativ e redexes, real CPS compilers treat abstractions in tro duced b y

the translation pro cess di�eren tly from those originating in the original pro-

gram and e�ectiv ely undo the CPS translation in the bac k end, after ha ving

p erformed transformations. Flanagan et al. sho w that the same e�ect can b e

obtained b y using a � -calculus with let and p eforming A-r e ductions to reac h



an A-normal form . A-reductions w ere in tro duced in [SF93 ] and are de�ned

in terms of evaluation c ontexts . Amongst other things, A-normal forms name

all in termediate v alues and only apply eliminations to v ariables or v alues.

An example of an A-reduction is the follo wing:

E [if V then N

1

else N

2

] � ! if V then E [ N

1

] else E [ N

2

]

where E [ � ] is an ev aluation con text. Flanagan et al. observ e that most non-

CPS (`direct st yle') compilers p erform some A-reductions in a more-or-less

ad ho c manner, and suggest that doing all of them, and so w orking with

A-normal forms, is b oth more uniform and leads to faster co de.

T yp ed In termediate Languages One big decision when designing an in ter-

mediate language is whether or not it should b e t yp ed. Ev en when the source

language has strong static t yp es, man y compilers discard all t yp es after they

ha v e b een c hec k ed, and w ork with an un t yp ed in termediate language. More

recen tly , t yp ed in termediate languages ha v e b ecome m uc h more p opular in com-

pilers (and in the fashionable area of mobile co de securit y). Examples of t yp ed

compiler in termediate languages include FLINT [Sha97 ], the GHC in termediate

language [Jon96 ] and MIL. The adv an tages of k eeping t yp e information around

in an in termediate language include:

{ T yp es are increasingly the basis for static analyses, optimizing transforma-

tions and represen tation c hoices. T yp e-based optimization can range from

the use of sophisticated t yp e systems for static analyses to exploitation of

the fact that static t yp es in the source language pro vide v aluable information

whic h it w ould b e fo olish to ignore or recompute. F or example, the fact that

in man y languages p oin ters to ob jects of di�eren t t yp es can nev er alias can

b e used to allo w more transformations. The MLj compiler uses simple t yp e

information to share represen tations, using a single Ja v a class to implemen t

sev eral di�eren t ML closures.

{ T yp e information can b e used in generating bac k end co de, for example in

in terfacing to a garbage collector or allo cating registers.

{ T yp e-c hec king the in termediate represen tation is a v ery go o d w a y of �nding

compiler bugs.

12

{ It's particularly natural if the language allo ws t yp es to b e re
ected as v alues.

{ It's clearly the righ t thing to do if the target language is itself t yp ed. This is

the case for MLj (since Ja v a b yteco de is t yp ed) and for compilers targetting

t yp ed assem bly language [MW CG99].

But there are disadv an tages to o:

{ Keeping t yp e information around and main taining it during transformations

can b e v ery exp ensiv e in b oth space and time.

12

And this really is a signi�can t adv an tage!



{ Unless the t yp e system is complex and/or rather non-standard, restricting

the compiler to w ork with t ypable terms can prohibit transformations. Ev en

something lik e closure-con v ersion (pac k aging functions with the v alues of

their free v ariables) is not trivial from the p oin t of view of t yping [MMH96].

� ML

T

as a Compiler In termediate Language Sev eral researc hers ha v e sug-

gested that Moggi's computational metalanguage � ML

T

[Mog89 ,Mog91 ] migh t

b e useful as the basis of a t yp ed in termediate language.

13

Ben ton [Ben92 ] prop osed the use of the computational metalanguage as a

w a y of expressing the optimizations whic h ma y b e p erformed as a result of

strictness analysis in compilers for CBN languages suc h as Hask ell. Earlier w ork

on expressing the use of strictness analysis w as largely in terms of a somewhat

informal notion of c hanges in `ev aluation strategy' for �xed syn tax. It is m uc h

more elegan t to reason ab out c hanges in tr anslation of the source language in to

some other language whic h itself has a �xed op erational seman tics. In the case

of a pure CBN source language (suc h as PCF [Plo77 ]), ho w ev er, one cannot

(directly) use a source-to-source translation to express strictness-based transfor-

mations. Adding a strict let construct with t yping rule

� ` M : A � ; x : A ` N : B

� ` let x = M in N : B

where let x = M in N �rst ev aluates M to W eak Head Normal F orm (WHNF)

b efore substituting for x in N , allo ws one to express basic strictness optimiza-

tions, suc h as replacing the application M N with let x = N in ( M x ) when

M is kno wn to b e strict. But this is only half the story { w e'd also lik e to b e

able to p erform optimizations based on the fact that certain expressions (suc h

as x in our example) are kno wn to b e b ound to v alues in WHNF and so need

not b e represen ted b y th unks or re-ev aluated. T o capture this kind of informa-

tion, Ben ton suggested a v arian t of the computational metalanguage in whic h

an expression of a value t yp e A is alw a ys in WHNF and the c omputation t yp e

T A is used for p oten tially unev aluated expressions whic h, if they terminate, will

yield v alues of t yp e A . The default translation of a call-b y-name expression of

t yp e A ! B is then to an in termediate language expression of t yp e of t yp e

T (( A ! B )

n

) = T ( T A

n

! T B

n

), i.e. a computation pro ducing a function from

computations to computations. An expression denoting a strict function whic h is

only called in strict con texts, b y con trast, can b e translated in to an in termediate

language term of t yp e T ( A

n

! T B

n

) : a computation pro ducing a function from

values to computations.

Exer cise 57. The `standard' denotational seman tics of PCF is in the CCC of

p oin ted ! -cp os and con tin uous maps, with [ [ int ] ] = Z

?

and function space in ter-

preted b y [ [ A ! B ] ] = [ [ B ] ]

[ [ A ] ]

. This seman tics is adequate for a CBN op erational

13

The author, lik e sev eral others, p ersisten tly refers to � ML

T

as the c omputational

lamb da c alculus , although Moggi actually in v en ted that name for his �

c

, a di�er-

en t calculus (without computational t yp es). This do esn't seem to ha v e ev er caused

terrible confusion, but one should b e a w are of it.



seman tics in whic h the notion of observ ation is termination of closed terms of

ground t yp e. It seems natural that one could giv e a seman tics to PCF with a

strict let construct just b y de�ning

[ [let x = M in N ] ] � =

�

? if [ [ M ] ] � = ?

[ [ N ] ] � [ x 7! [ [ M ] ] � ] otherwise

but in fact, the seman tics is then no longer adequate. Wh y? Ho w migh t one

mo dify the seman tics to �x the problem? Ho w go o d is the mo di�ed seman tics

as a seman tics of the original language (i.e. without let )?

Other authors addressed the problem of expressing strictness-based trans-

formations b y v arying a translation of the source language in to con tin uation

passing st yle [BM92 ,DH93]. The t w o strands of w ork w ere then brough t to-

gether b y Dan vy and Hatcli� [HD94 ], who sho w ed ho w v arious CPS transforms

could b e factored through translations in to the computational metalanguage and

ho w the administrativ e reductions of CPS, and Flanagan et al.'s A-reductions,

corresp onded to applying the � -reduction and c ommuting c onversions (see Sec-

tion 11) asso ciated with the computation t yp e constructor in the computational

metalanguage. Dan vy and Hatcli� also suggest that the computational metalan-

guage could mak e an attractiv e compiler in termediate language.

P eyton Jones et al. [JLST98 ] prop osed the use of an in termediate language

based on the computational metalanguage as a common framew ork for compiling

b oth call-b y-v alue and call-b y-name languages.

14

Barthe et al. [BHT98 ] add

computational t yp es to the pure t yp e systems (PTS) to obtain monadic v ersions

of a whole family of higher-order t yp ed lam b da calculi (suc h as F

!

and the

Calculus of Constructions) and adv o cate the use of suc h calculi as compiler

in termediate languages for languages whic h com bine p olymorphic t yp e and/or

mo dule systems with side-e�ects.

9 T yp e and E�ect Systems

9.1 In tro duction

The w ork referred to in the previous section concerns using a w ell-b eha v ed in ter-

mediate language (A-normal forms, CPS or � ML

T

) to p erform sound rewriting

on a programs written in languages with `impure' features. All those in terme-

diate languages mak e some kind of separation (in the t yp e system and/or the

language syn tax) b et w een `pure' v alues and `impure' (p oten tially side-e�ecting)

computations. The separation is, ho w ev er, fairly crude and there are often go o d

reasons for w an ting to infer at compile-time a safe appro ximation

15

to just which

14

Unfortunately , [JLST98 ] con tains an error: the seman tics of the in termediate lan-

guage L

2

do es not actually satisfy the monad equations.

15

As is alw a ys the case with static analyses, precise information is uncomputable, so

w e ha v e to settle for appro ximations. In this case, that means o v erestimating the

p ossible side-e�ects of an expression.



side-e�ects ma y happ en as a result of ev aluating a particular expression. This

kind of e�e ct analysis is really only applicable to CBV languages, since CBN

languages do not usually allo w an y side-e�ects other than non-termination.

Historically , the �rst e�ect analyses for higher order languages w ere dev elop ed

to a v oid a t yp e soundness problem whic h o ccurs when p olymorphism is com bined

naiv ely with up dateable references. T o see the problem, consider the follo wing

(illegal) SML program:

let val r = ref (fn x=> x)

in (r := (fn n=>n+1);

!r true

)

end

Using the `ob vious' extension of the Hindley-Milner t yp e inference rules to co v er

reference creation, dereferencing and assignmen t, the program ab o v e w ould t yp e-

c hec k:

1. (fn x=>x) has t yp e � ! � , so

2. ref (fn x=>x) has t yp e ( � ! � ) ref

3. generalization then giv es r the t yp e sc heme 8 �: ( � ! � ) ref

4. so b y sp ecialization r has t yp e ( int ! int ) ref , meaning the assignmen t

t yp ec hec ks

5. and b y another sp ecialization, r has t yp e ( bool ! bool ) ref , so

6. !r has t yp e bool ! bool , so the application t yp e c hec ks.

Ho w ev er, it is clear that the program really has a t yp e error, as it will try to

incremen t a b o olean.

T o get around this problem, Gi�ord, Lucassen, Jouv elot, T alpin and others

[GL86 ,GJLS87 ,TJ94 ] dev elop ed typ e and e�e ct systems . The idea is to ha v e a

re�ned t yp e system whic h infers b oth the t yp e and the p ossible e�ects whic h an

expression ma y ha v e, and to restrict p olymorphic generalization to t yp e v ariables

whic h do not app ear in side-e�ecting expressions. In the example ab o v e, one

w ould then infer that the expression ref (fn x=>x) creates a new reference cell

of t yp e � ! � . This prev en ts the t yp e of r b eing generalized in the let rule,

so the assignmen t causes � to b e uni�ed with int and the application of !r to

true then fails to t yp ec hec k.

16

It should b e noted in passing that there are a n um b er of di�eren t w a ys

of a v oiding the t yp e lo ophole. F or example, T ofte's imp erativ e t yp e discipline

[T of87 ] using `imp erativ e t yp e v ariables' w as used in the old (1990) v ersion of the

Standard ML De�nition, whilst Lero y and W eis prop osed a di�eren t sc heme for

trac king `dangerous' t yp e v ariables (those app earing free in the t yp es of expres-

sions stored in references) [L W91 ]. A k ey motiv ation for most of that w ork w as

16

Dep ending on the order in whic h the inference algorithm w orks, the application

migh t alternativ ely cause � to b e uni�ed with bool and then the error w ould b e

disco v ered in the assignmen t. This is an example of wh y giving go o d t yp e error

messages is hard.



to allo w as m uc h p olymorphic generalization as p ossible to happ en in the let

rule, whilst still k eeping the t yp e system sound. Ho w ev er, exp ensiv e and unpre-

dictable inference systems whic h ha v e a direct impact on whic h user programs

actually t yp ec hec k are not often a go o d idea. In 1995, W righ t published a study

[W ri95 ] indicating that nearly all existing SML co de w ould still t yp ec hec k and

run iden tically (sometimes mo dulo a little � -expansion) if p olymorphic general-

ization w ere simply restricted to source expressions whic h w ere syn tactic v alues

(and th us trivially side-e�ect free). This simple restriction w as adopted in the

revised (1997) SML De�nition and researc h in to fancy t yp e systems for impure

p olymorphic languages seems to ha v e no w essen tially ceased.

Ho w ev er, there are still v ery go o d reasons for w an ting to do automatic ef-

fect inference. The most ob vious is that more detailed e�ect information allo ws

compilers to p erform more aggressiv e optimizations. Other applications include

v arious kinds of v eri�cation to ol, either to assist the programmer or to c hec k

securit y p olicies, for example. In SML, ev en a seemingly trivial rewrite, suc h as

the dead-co de elimination

let val x = M

1

in M

2

end � ! M

2

( x 62 F V ( M

2

))

is generally only v alid if the ev aluation of M

1

do esn't div erge, p erform I/O,

up date the state or thro w an exception (though it is still v alid if M

1

reads from

reference cells or allo cates new ones).

17

9.2 The Basic Idea

There are no w man y di�eren t t yp e and e�ect systems in the literature, but they

all share a common core. (The b o ok [NHH99] con tains, amongst other things,

a fair amoun t on e�ect systems and man y more references than these notes.) A

traditional t yp e system infers judgemen ts of the form

x

1

: A

1

; : : : ; x

n

: A

n

` M : B

where the A

i

and B are t yp es. A t yp e and e�ect system infers judgemen ts of

the form

x

1

: A

1

; : : : ; x

n

: A

n

` M : B ; "

whic h sa ys that in the giv en t yping con text, the expression M has t yp e B and

e�ect " . The e�ect " is dra wn from some set E whose elemen ts denote sets of

actual e�ects whic h ma y o ccur at run time (in other w ords, they are abstr actions

of run time e�ects, just as t yp es are abstractions of run time v alues). Exactly what

is in E dep ends not only on what run time e�ects are p ossible in the language,

but also on ho w precise one wishes to mak e the analysis. The simplest non-trivial

e�ect system w ould simply tak e E to ha v e t w o elemen ts, one (usually written ; )

17

The reader who thinks that this is a silly example b ecause `programmers nev er write

co de lik e that' is quite mistak en. Immediately un used bindings ma y not b e common

in the original source, but they are frequen tly created as a result of other rewrites.



denoting no e�ect at all (`pure'), and the other just meaning `p ossibly has some

e�ect'. Most e�ect systems are, as w e shall see, a little more re�ned than this.

The �rst thing to remark ab out the form of a t yp e and e�ect judgemen t is

that an e�ect app ears on the righ t of the turnstile, but not on the left. This

is b ecause w e are only considering CBV languages, and that means that at

run time free v ariables will alw a ys b e b ound to values , whic h ha v e no e�ect. An

e�ect system for an impure CBN language, w ere there an y suc h thing, w ould

ha v e pairs of t yp es and e�ects in the con text to o.

18

Because v ariables are alw a ys

b ound to v alues, the asso ciated t yp e and e�ect rule will b e:

� ; x : A ` x : A; ;

The second p oin t is that E actually needs to b e an algebra, rather than

just a set; i.e. it has some op erations for com bining e�ects de�ned on it. Con-

sider the e�ectful v ersion of the rule for a simple (strict, non-p olymorphic, non-

computational) let expression:

� ` M : A; "

1

� ; x : A ` N : B ; "

2

� ` let x = M in N : B ; ?

What should the e�ect of the comp ound expression b e? Dynamically , M will b e

ev aluated, p ossibly p erforming some side-e�ect from the set denoted b y "

1

and,

assuming the ev aluation of M terminated with a v alue V , then N [ V =x ] will b e

ev aluated and p ossibly p erform some side-e�ect from the set denoted b y "

2

. Ho w

w e com bine "

1

and "

2

dep ends on ho w m uc h accuracy w e are willing to pa y for

in our static analysis. If w e care ab out the relativ e ordering of side-e�ects then

w e migh t tak e elemen ts of E to denote sets of se quenc es (e.g. regular languages)

o v er some basic set of e�ects and then use language concatenation "

1

� "

2

to

com bine the e�ects in the let rule. Commonly , ho w ev er, w e abstract a w a y from

the relativ e sequencing and m ultiplicit y of e�ects and just consider sets of basic

e�ects. In this case the natural com bining op eration for the let rule is some

abstract union op eration.
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F or the conditional expression, the follo wing is a natural rule:

� ` M : b o ol ; "

0

� ` N

1

: A; "

1

� ` N

2

: A; "

2

� ` (if M then N

1

else N

2

) : A; "

0

� ( "

1

[ "

2

)

If w e w ere not trac king sequencing or m ultiplicit y , then the e�ect in the conclu-

sion of the if rule w ould just b e "

0

[ "

1

[ "

2

, of course.

18

Although the mixture of CBN and side-e�ects is an unpredictable one, Hask ell do es

actually allo w it, via the `exp erts-only' unsafePerformIO op eration. But I'm still

not a w are of an y t yp e and e�ect system for a CBN language.
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E�ect systems in the literature often include a binary [ op eration in the formal

syn tax of e�ect annotations, whic h are then considered mo dulo unit, asso ciativit y ,

comm utativit y and idemp otence. F or v ery simple e�ect systems, this is unnecessar-

ily syn tactic, but it's not so easy to a v oid when one also has e�ect v ariables and

substitution.



The other main in teresting feature of almost all t yp e and e�ect systems is the

form of the rules for abstraction and application, whic h mak e t yp es dep enden t

on e�ects, in that the function space constructor is no w annotated with a `laten t

e�ect' A

"

! B . The rule for abstraction lo oks lik e:

� ; x : A ` M : B ; "

� ` ( �x : A : M ) : A

"

! B ; ;

b ecause the � -abstraction itself is a v alue, and so has no immediate e�ect ( ; ) but

will ha v e e�ect " when it is applied, as can b e seen in the rule for application:

� ` M : A

"

1

! B ; "

2

� ` N : A; "

3

� ` M N : B ; "

2

� "

3

� "

1

The o v erall e�ect of ev aluating the application is made up of three separate

e�ects { that whic h o ccurs when the function is ev aluated, that whic h o ccurs

when the argumen t is ev aluated and �nally that whic h o ccurs when the b o dy

of the function is ev aluated. (Again, most e�ect systems w ork with sets rather

than sequences, so the com bining op eration in the conclusion of the application

rule is just [ .)

The �nal thing w e need to add to our minimal sk eleton e�ect system is some

w a y to w eak en e�ects. The collection E of e�ects for a giv en analysis alw a ys has

a natural partial order relation � de�ned on it suc h that " � "

0

means "

0

denotes

a larger set of p ossible run time side-e�ects than " . T ypically � is just the subset

relation on sets of primitiv e e�ects. The simplest rule w e can add to mak e a

usable system is the sub e�e cting rule:

� ` M : A; " " � "

0

� ` M : A; "

0

Exer cise 58. De�ne a to y simply-t yp ed CBV functional language (in tegers, b o oleans,

pairs, functions, recursion) with a �xe d collection of global, m utable in teger v ari-

ables. Giv e it an op erational and/or denotational seman tics. Giv e a t yp e and

e�ect system (with sub e�ecting) for y our language whic h trac ks whic h global

v ariables ma y b e read and written during the ev aluation of eac h expression (so

an e�ect will b e a pair of sets of global v ariable names). F orm ulate and pro v e a

soundness result for y our analysis. Are there an y closed terms in y our language

whic h require the use of the sub e�ect rule to b e t ypable at all?

9.3 More Precise E�ect Systems

One of the great things ab out static analyses is that one can alw a ys t w eak an y

analysis system to mak e it more accurate.

20

There are a n um b er of natural

and p opular w a ys to impro v e the precision of the hop elessly w eak `simple-t yp es'

approac h to e�ect analysis sk etc hed in the previous section.

20

This corollary to the unsolv abilit y of the Halting Problem is kno wn as `The F ull

Emplo ymen t Theorem for Compiler W riters'.



Subt yping The bidirectional 
o w of information in t yp e systems or analyses

whic h simply constrain t yp es to b e equal frequen tly leads to an undesirable loss

of precision. F or example, consider an e�ect analysis of the follo wing v ery silly

ML program (and forget p olymorphism for the momen t):

let fun f x = ()

fun pure () = ()

fun impure () = print "I'm a side-effect"

val m = (f pure, f impure)

in pure

end

If they w ere t yp ed in isolation, the b est t yp e for pure w ould b e unit

;

! unit

and impure w ould get unit

f prin t g

! unit (assuming that the constan t print has

t yp e string

f pr int g

! unit ). Ho w ev er, the fact that b oth of them get passed to the

function f means that w e end up ha ving to mak e their t yp es, including the laten t

e�ects, iden tical. This w e can do b y applying the sub e�ecting rule to the b o dy

of pure and hence deriving the same t yp e unit

f prin t g

! unit for b oth pure and

impure . But then that ends up b eing the t yp e inferred for the whole expression,

when it's blindingly ob vious that w e should ha v e b een able to deduce the more

accurate t yp e unit

;

! unit .

The fact that the argumen t t yp e of f has to b e an impure function t yp e has

prop ogated all the w a y bac k to the de�nition of pure . P eyton Jones has giv en

this phenomenon the rather apt name of the p oisoning pr oblem . One solution is

to extend to notion of sub e�ecting to allo w more general subtyping . W e replace

the sub e�ecting rule with

� ` M : A; " " � "

0

A � A

0

� ` M : A

0

; "

0

where � is a partial order on t yp es de�ned b y rules lik e

A

0

� A B � B

0

" � "

0

A

"

! B � A

0

"

0

! B

0

and

A � A

0

B � B

0

A � B � A

0

� B

0

Note the c ontr avarianc e of the function space constructor in the argumen t t yp e.

Using the subt yping rule w e can no w get the t yp e and e�ect w e'd exp ect for

our silly example. The de�nitions of pure and impure are giv en di�eren t t yp es,

but w e can apply the subt yping rule (writing 1 for unit )

� ; pure : (1

;

! 1) ` pure : (1

;

! 1) ; ;

1 � 1 1 � 1 ; � f prin t g

(1

;

! 1) � (1

f prin t g

! 1) ; � ;

� ; pure : (1

;

! 1) ` pure : (1

f prin t g

! 1) ; ;



to co erce the use of pure when it is passed to f to matc h the required argumen t

t yp e whilst still using the more accurate t yp e inferred at the p oin t of de�nition

as the t yp e of the whole expression.

E�ect P olymorphism Another approac h to the p oisoning problem is to in tro-

duce ML-st yle p olymorphism at the lev el of e�ects (this is largely orthogonal to

whether w e also ha v e p olymorphism at the lev el of t yp es). W e allo w e�ects to

con tain e�ect v ariables and then to allo w the con text to bind iden ti�ers to t yp e

sc hemes, whic h quan tify o v er e�ect v ariables.

Consider the follo wing program

let fun run f = f ()

fun pure () = ()

fun impure () = print "Poison"

fun h () = run impure

in run pure

end

In this case, ev en with subt yping, w e end up deriving a t yp e and e�ect of

unit ; f prin t g for the whole program, though it actually has no side e�ect. With

e�ect p olymorphism, w e can express the fact that there is a dep endency b et w een

the e�ect of a particular call to run and the laten t e�ect of the function whic h

is passed at that p oin t. The de�nition of run gets the t yp e sc heme

8 a: ( unit

a

! unit )

a

! unit

whic h is instan tiated with a = ; in the application to pure and a = f prin t g

in the application to impure (whic h is actually nev er executed). That lets us

deduce a t yp e and e�ect of unit ; ; for the whole program.

Regions One of the most in
uen tial ideas to ha v e come out of w ork on t yp e

and e�ect systems is that of r e gions : static abstractions for sets of dynamically

allo cated run-time lo cations. If (as in the earlier exercise) one is designing an

e�ect system to trac k the use of m utable storage in a language with a �xe d set

of global lo cations, there are t w o ob vious c hoices for ho w precisely one trac ks

the e�ects { either one records simply whether or not an expression migh t read

or write some unsp eci�ed lo cations, or one records a set of just which lo cations

migh t b e read or written. Clearly the second is more precise and can b e used

to enable more transformations. F or example, the ev aluation of an expression

whose only e�ect is to read some lo cations migh t b e mo v ed from after to b efore

the ev aluation of an expression whose e�ect is to write some lo cations if the set

of lo cations p ossibly read is disjoin t from the set of lo cations p ossibly written.

But no real programming language (with the p ossible exception of ones de-

signed to b e compiled to silicon) allo ws only a statically �xed set of m utable

lo cations. When an un b ounded n um b er of new references ma y b e allo cated dy-

namically at run time, a static e�ect system clearly cannot name them all in



adv ance. The simple approac h of just ha ving one big abstraction for all lo ca-

tions (`the store') and trac king only whether some reading or some writing tak es

place is still sound, but w e w ould lik e to b e more precise.

In man y languages, the existing t yp e system giv es a natural w a y to partition

the run time set of m utable lo cations in to disjoin t sets. In an ML-lik e language, an

int ref and a bool ref are nev er aliased, so one ma y obtain a useful increase

in precision b y indexing read, write and allo cation e�ects b y t yp es. Ignoring

p olymorphism again, w e migh t tak e

E = P f rd ( A ) ; wr( A ) ; al ( A ) j A a t yp e g

(Note that t yp es and e�ects are no w m utually recursiv e.)

But w e can do ev en b etter. Imagine that our language had t w o quite distinct

t yp es of references, sa y red ones and blue ones, and one alw a ys had to sa y

whic h sort one w as creating or accessing. Then clearly a red reference and a blue

reference can nev er alias, w e could re�ne our e�ect t yp es system to trac k the

colours of references in v olv ed in store e�ects, and w e could p erform some more

transformations (for example comm uting an expression whic h can only write

blue in teger references with one whic h only reads red in teger references).

In its simplest form, the idea of region inference is to tak e a t yping deriv ation

for a mono c hrome program and to �nd a w a y of colouring eac h reference t yp e

app earing in the deriv ation sub ject to preserving the v alidit y of the deriv ation

(so, for example, a function exp ecting a red reference as an argumen t can nev er b e

applied to a blue one). It should b e clear that the aim is to use as man y di�eren t

colours as p ossible. The colours are con v en tionally called r e gions , b ecause one

can imagine that dynamically all the lo cations of a giv en colour are allo cated in

a particular region of the heap.

21

So no w w e ha v e three static concepts: t yp e, e�ect and region. Eac h of these

can b e treated monomorphically , with a sub widget relation or p olymorphically .

The t yp e and e�ect discipline describ ed b y T alpin and Jouv elot in [TJ94 ] is

p olymorphic in all three comp onen ts and indexes reference e�ects b y b oth regions

and t yp es.

P erhaps the most in teresting thing ab out regions is that w e can use them to

extend our inference system with a rule in whic h the e�ect of the conclusion is

smal ler than the e�ect of the assumption. Consider the follo wing example

fun f x = let val r = ref (x+1)

in !r

end

21

Alternativ ely , one migh t think that an y run time lo cation will ha v e a unique allo cation

site in the co de and all lo cations with the same allo cation site will share a colour,

so one could think of a region as a set of static program p oin ts. But this is a less

satisfactory view, since more sophisticated systems allo w references allo cated at the

same program p oin t to b e in di�eren t regions, dep ending on more dynamic con textual

information, suc h as whic h functions app ear in the call c hain.



A simple e�ect system w ould assign f a t yp e and e�ect lik e int

f al;r d g

! int ; ; ,

whic h seems reasonable, since it is indeed a functional v alue whic h tak es in tegers

to in tegers with a laten t e�ect of allo cating and reading. But the fact that f

has this laten t e�ect is actually completely unobserv able, since the only uses of

storage it mak es are completely priv ate. In this case it is easy to see that f is

observ ationally equiv alen t to the completely pure successor function

fun f' x = x+1

whic h means that, pro vided the use to whic h w e are going to mak e of e�ect

information resp ects observ ational equiv alence

22

w e could soundly just forget all

ab out the laten t e�ect of f and infer the t yp e int

;

! int for it instead. Ho w do

regions help? A simple t yp e, region and e�ect deriv ation lo oks lik e this

�

�

�

� ; x:int ` x+1:int ; ;

� ; x:int ` (ref x+1):int ref

�

; f al

�

g

�

�

�

� ; x:int ; r:int ref

�

`

(!r):int ; f rd

�

g

� ; x:int ` (let r=ref x+1 in !r):int ; f al

�

; rd

�

g

� ` (fn x=>let r=ref x+1 in !r) : int

f al

�

; rd

�

g

! int ; ;

where � is a region. No w this is a v alid deriv ation for any c hoice of � ; in particular,

w e can pic k � to b e distinct from an y region app earing in � . That means that the

b o dy of the function do es not ha v e an y e�ect in v olving references imp orted from

its surrounding con text. F urthermore, the t yp e of the function b o dy is simply

int , so whatev er the rest of the program do es with the result of a call to the

function, it cannot ha v e an y dep endency on the references used to pro duce it.

Suc h considerations motiv ate the e�e ct masking rule

� ` M : A; "

� ` M : A; " n f rd

�

; al

�

; wr

�

j � 62 � ^ � 62 A g

Using this rule b efore just b efore t yping the abstraction in the deriv ation ab o v e

do es indeed allo w us to t yp e f as ha ving no observ able laten t e�ect.

One of the most remark able uses of region analysis is T ofte and T alpin's

w ork on static memory managemen t [TT97 ]: they assign region-annotated t yp es

to ev ery non-base v alue (rather than just m utable references) in an in termedi-

ate language where new lexically-scop ed regions are in tro duced explicitly b y a

letregion � in ...end construct. F or a w ell-t yp ed and annotated program in

this language, no v alue allo cated in region � will b e referenced again after the

end of the letregion blo c k in tro ducing � . Hence that region of the heap ma y

22

This should b e the case for justifying optimising transformations or inferring more

generous p olymorphic t yp es, but migh t not b e in the case of a static analysis to ol

whic h helps the programmer reason ab out, sa y , memory usage.



b e safely reclaimed on exiting the blo c k. This tec hnique has b een successfully

applied in a v ersion of the ML Kit compiler in whic h there is no run time garbage

collector at all. F or some programs, this sc heme leads to dramatic reductions in

run time space usage compared with traditional garbage collection, whereas for

others the results are m uc h w orse. Com bining the t w o tec hniques is p ossible, but

requires some care, since the region-based memory managemen t reclaims mem-

ory whic h will not b e referenced again, but to whic h there ma y still b e p oin ters

accessible from the GC ro ot. The GC therefore needs to a v oid follo wing these

`dangling p oin ters'.

The soundness of e�ect masking in the presence of higher-t yp e references

and of region-based memory managemen t is not at all trivial to pro v e. Both

[TJ94 ] and [TT97 ] form ulate correctness in terms of a coinductiv ely de�ned con-

sistency relation b et w een stores and t yping judgemen ts. A n um b er of researc hers

ha v e recen tly published more elemen tary pro ofs of the correctness of region cal-

culi, either b y translation in to other systems [BHR99 ,dZG00 ] or b y more direct

metho ds [HT00 ,Cal01 ].

10 Monads and E�ect Systems

10.1 In tro duction

This section describ es ho w t yp e and e�ect analyses can b e presen ted in terms of

monads and the computational metalanguage. Although this is actually rather

ob vious, it w as only recen tly that an yb o dy got around to writing an ything seri-

ous ab out it. In ICFP 1998, W adler published a pap er [W ad98 ] (later extended

and corrected as [WT99 ]) sho wing the equiv alence of a mild v arian t of the e�ect

system of T alpin and Jouv elot [TJ94 ] and a v ersion of the computational met-

alanguage in whic h the computation t yp e constructor is indexed b y e�ects. In

the same conference, Ben ton, Kennedy and Russell describ ed the MLj compiler

[BKR98 ] and its in termediate language MIL, whic h is a similar e�ect-re�ned

v ersion of the computational metalanguage. Also in 1998, T olmac h prop osed an

in termediate represen tation with a hierarc h y of monadic t yp es for use in com-

piling ML b y transformation [T ol98 ].

The basic observ ation is that the places where the computation t yp e construc-

tor app ears in the call-b y-v alue translation of the lam b da calculus in to � ML

T

corresp ond precisely to the places where e�ect annotations app ear in t yp e and

e�ect systems. E�ect systems put an " o v er eac h function arro w and on the

righ t-hand side of turnstiles, whilst the CBV translation adds a T to the end of

eac h function arro w and on the righ t hand side of turnstiles. W adler started with

a CBV lam b da calculus with a v alue-p olymorphic t yp e, region and e�ect system

trac king store e�ects (without e�ect masking). He then sho w ed that Moggi's

CBV translation of this language in to a v ersion of the metalanguage in whic h

the computation t yp e constructor is annotated with a set of e�ects (and the

monadic let rule unions these sets) preserv es t yping, in that

� `

ef f

M : A; " ) �

v

`

mon

M

v

: T

"

( A

v

)



where

int

v

= int

( A

"

! B )

v

= A

v

! T

"

( B

v

)

W adler also de�ned an instrumen ted op erational seman tics for eac h of the t w o

languages and used these to pro v e sub ject reduction t yp e soundness results in the

st yle of W righ t and F elleisen [WF94]. The instrumen ted op erational seman tics

records not only the ev aluation of an expression and a state to a v alue and a

new state, but also a tr ac e of the side e�ects whic h o ccur during the ev aluation;

part of the de�nition of t yp e soundness is then that when an expression has a

static e�ect " , an y e�ect o ccuring in the dynamic trace of its ev aluation m ust b e

con tained in " .

T olmac h's in termediate language has four monads:

1. The iden tit y monad, used for pure, terminating computations;

2. The lifting monad, used to mo del p oten tial non-termination;

3. The monad of exceptions and non-termination;

4. The ST monad, whic h com bines lifting, exceptions and the p ossibilit y of

p erforming output.

These are linearly ordered, with explicit monad morphisms used to co erce com-

putations from one monad t yp e to a larger one. T olmac h giv es a denotational

seman tics for his in termediate language (using cp os) and presen ts a n um b er of

useful transformation la ws whic h can b e v alidated using this seman tics.

10.2 MIL-lite: Monads in MLj

MIL-lite is a simpli�ed fragmen t of MIL, the in termediate language used in the

MLj compiler. It w as in tro duced b y Ben ton and Kennedy in [BK99 ] as a basis

for pro ving the soundness of some of the e�ect-based optimizing transforma-

tions p erformed b y MLj. Compared with man y e�ect systems in the literature,

MIL only p erforms a fairly crude e�ect analysis { it do esn't ha v e regions, ef-

fect p olymorphism or masking. MIL-lite further simpli�es the full language b y

omitting t yp e p olymorphism, higher-t yp e references and recursiv e t yp es as w ell

as v arious lo w er lev el features. Nev ertheless, MIL-lite is far from trivial, com-

bining higher-order functions, recursion, exceptions and dynamically allo cated

state with e�ect-indexed computation t yp es and subt yping.

T yp es and terms MIL-lite is a compiler in termediate language for whic h w e

�rst giv e an op erational seman tics and then derive an equational theory , so there

are a couple of design di�erences b et w een it and Moggi's equational metalan-

guage. The �rst is that t yp es are str ati�e d in to v alue t yp es (ranged o v er b y � )

and computation t yp es (ranged o v er b y 
 ); w e will ha v e no need of computations

of computations. The second di�erence is that the distinction b et w een compu-

tations and v alues is alarmingly syn tactic: the only expressions of v alue t yp es

are normal forms. It is p erhaps more elegan t to assign v alue t yp es to a wider



collection of pure expressions than just those in normal form. That is the w a y

W adler's e�ect-annotated monadic language is presen ted, and it leads naturally

to a strati�ed op erational seman tics in whic h there is one relation de�ning the

pure reduction of expressions of v alue t yp e to normal form and another de�ning

the p ossibly side-e�ecting ev aluation of computations.

Giv en a coun table set E of exception names, MIL-lite t yp es are de�ned b y

� ::= unit j in t j in tref j � � � j � + � j � ! 



 ::= T

"

( � ) " � E = f? ; r ; w ; a g ] E

W e write b o ol for unit + unit. F unction t yp es are restricted to b e from v alues

to computations as this is all w e shall need to in terpret a CBV source language.

The e�ects whic h w e detect are p ossible failure to terminate ( ? ), r eading from

a reference, w riting to a reference, a llo cating a new reference cell and raising

a particular exception E 2 E . Inclusion on sets of e�ects induces a subt yping

relation:

� 6 �

� 2 f unit ; in t ; in tref g

" � "

0

� 6 �

0

T

"

( � ) 6 T

"

0

( �

0

)

�

1

6 �

0

1

�

2

6 �

0

2

�

1

� �

2

6 �

0

1

� �

0

2

�

1

6 �

0

1

�

2

6 �

0

2

�

1

+ �

2

6 �

0

1

+ �

0

2

�

0

6 � 
 6 


0

� ! 
 6 �

0

! 


0

Re
exivit y and transitivit y are consequences of these rules.

There are t w o forms of t yping judgmen t: � ` V : � for v alues and � ` M : 


for computations, where in b oth cases � is a �nite map from term v ariables to

value t yp es (b ecause the source language is CBV). W e assume a coun table set

L of lo cations. The t yping rules are sho wn in Figure 5 and satisfy the usual

w eak ening, strengthening and substitution lemmas. W e will sometimes use G to

range o v er b oth v alue and computation terms and � to range o v er b oth v alue

and computation t yp es. Most of the terms are unsurprising, but w e do use a

no v el construct

try x ( M catc h f E

1

:M

1

; : : : ; E

n

:M

n

g in N

whic h should b e read \Ev aluate the expression M . If successful, bind the result

to x and ev aluate N . Otherwise, if exception E

i

is raised, ev aluate the exception

handler M

i

instead, or if no handler is applicable, pass the exception on." A full

discussion of the reasons for adopting the try-handle construct ma y b e found in

[BK01 ], but for no w observ e that it nicely generalises b oth handle and Moggi's

monadic let, as illustrated b y some of the syn tactic sugar de�ned in Figure 6.

F or ease of presen tation the handlers are treated as a set in whic h no ex-

ception E app ears more than once. W e let H range o v er suc h sets, and write

H n E to denote H with the handler for E remo v ed (if it exists). W e sometimes

use map-lik e notation, for example writing H ( E ) for the term M in a handler

E :M 2 H , and writing dom( H ) for f E j E :M 2 H g . W e write � ` H : 
 to

mean that for all E :M 2 H , � ` M : 
 .



� ; x : � ` x : �
� ` n : in t

� ` () : unit
� ` ` : in tref

` 2 L

� ` V : �

i

� ` in

i

V : �

1

+ �

2

i = 1 ; 2

� ` V

1

: �

1

� ` V

2

: �

2

� ` ( V

1

; V

2

) : �

1

� �

2

� ; x : � ; f : � ! T

" [f?g

( �

0

) ` M : T

"

( �

0

)

� ` (rec f x = M ) : � ! T

"

( �

0

)

� ` V : �

1

� ` V : �

2

�

1

6 �

2

� ` V

1

: � ! 
 � ` V

2

: �

� ` V

1

V

2

: 


� ` V : �

� ` v al V : T

;

( � )

� ` M : T

"

( � ) � ` H : T

"

0

( �

0

) � ; x : � ` N : T

"

0

( �

0

)

� ` try x ( M catc h H in N : T

" n dom ( H ) [ "

0

( �

0

)

� ` raise E : T

f E g

( � )

� ` V : �

1

� �

2

� ` �

i

V : T

;

( �

i

)

i = 1 ; 2

� ` V : �

1

+ �

2

f � ; x

i

: �

i

` M

i

: 
 g

i =1 ; 2

� ` (case V of in

1

x

1

:M

1

; in

2

x

2

:M

2

) : 


� ` V : in t

� ` ref V : T

f a g

(in tref)

� ` V : in tref

� ` ! V : T

f r g

(in t )

� ` V

1

: in tref � ` V

2

: in t

� ` V

1

:= V

2

: T

f w g

(unit )

� ` V

1

: in t � ` V

2

: in t

� ` V

1

+ V

2

: T

;

(in t)

� ` V

1

: in t � ` V

2

: in t

� ` V

1

= V

2

: T

;

(b o ol )

� ` M : 


1

� ` M : 


2




1

6 


2

Fig. 5. T yping rules for MIL-lite

�x: M

def

= rec f x = M ( f =2 F V ( M ))




def

= (rec f x = f x ) ()

false

def

= in

1

()

true

def

= in

2

()

if V then M

2

else M

1

def

= case V of in

1

x

1

:M

1

; in

2

x

2

:M

2

( x

i

=2 F V ( M

i

))

let x ( M in N

def

= try x ( M catc h fg in N

let x

1

( M

1

; x

2

( M

2

in N

def

= let x

1

( M

1

in let x

2

( M

2

in N

M ; N

def

= let x ( M in N ( x =2 F V ( N ))

M handle H

def

= try x ( M catc h H in v al x

set f `

1

7! n

1

; : : : ; `

k

7! n

k

g

def

= `

1

:= n

1

; : : : ; `

k

:= n

k

; v al ()

assert ( `; n )

def

= let v ( ! ` ; b ( ( v = n ) in if b then v al () else 


assert f `

1

7! n

1

; : : : ; `

k

7! n

k

g

def

= assert ( `

1

; n

1

) ; : : : ; assert ( `

k

; n

k

) ; v al ()

Fig. 6. Syn tactic sugar



The analysis The w a y in whic h the MIL-lite t yping rules express a simple

e�ects analysis should b e fairly clear, though some features ma y deserv e fur-

ther commen t. The ! in tro duction rule incorp orates an extremely feeble, but

nonetheless v ery useful, termination test: the more ob vious rule w ould insist that

? 2 " , but that w ould prev en t �x:M from getting the natural deriv ed t yping rule

and w ould cause undesirable non-termination e�ects to app ear in, particularly ,

curried recursiv e functions.

Just as with traditional e�ect systems, the use of subt yping increases the

accuracy of the analysis compared with one whic h just uses simple t yp es or

sub e�ecting.

There are man y p ossible v arian ts of the rules. F or example, there is a stronger

(try) rule in whic h the e�ects of the handlers are not all required to b e the same,

and only the e�ects of handlers corresp onding to exceptions o ccurring in " are

unioned in to the e�ect of the whole expression.

Exer cise 59. Giv e examples whic h v alidate the claim that the ! in tro duction

rule giv es b etter results than the ob vious v ersion with ? 2 " .

MIL-lite do es not include recursiv e t yp es or higher-t yp e references, b ecause

they w ould mak e pro ving correctness signi�can tly more di�cult. But can y ou de-

vise candidate rules for an extended language whic h do es include these features?

They're not en tirely ob vious (esp ecially if one tries to mak e the rules reasonably

precise to o). It ma y help to consider

datatype U = L of U->U

and

let val r = ref (fn () => ())

val _ = r := (fn () => !r ())

in !r

end

Op erational seman tics W e presen t the op erational seman tics of MIL-lite us-

ing a big-step ev aluation relation � ; M + �

0

; R where R ranges o v er v alue terms

and exception iden ti�ers and � 2 States

def

= L *

�n

Z .

W rite � ; M + if � ; M + �

0

; R for some �

0

; R and b G c for the set of lo cation

names o ccuring in G . If � ; � 2 States then ( � / � ) 2 States is de�ned b y

( � / � )( ` ) = � ( ` ) if that's de�ned and � ( ` ) otherwise.

In [BK99 ], w e next pro v e a n um b er of tec hnical results ab out the op erational

seman tics, using essen tially the tec hniques describ ed b y Pitts in his lectures

[Pit00a ]. Since most of that material is not directly related to monads or e�ects,

w e will omit it from this accoun t, but the imp ortan t p oin ts are the follo wing:

{ W e are in terested in reasoning ab out c ontextual e quivalenc e , whic h is a typ e-

indexe d relation b et w een terms in c ontext :

� ` G =

ctx

G

0

: �



� ; v al V + � ; V � ; raise E + � ; E � ; �

i

( V

1

; V

2

) + � ; V

i

� ; n + m + � ; n + m � ; n = n + � ; true � ; n = m + � ; false ( n 6= m )

� ; ! ` + � ; � ( ` ) � ; ` := n + � [ ` 7! n ] ; () � ; ref n + � ] [ ` 7! n ] ; `

� ; M

i

[ V =x

i

] + �

0

; R

� ; case in

i

V of in

1

x

1

:M

1

; in

2

x

2

:M

2

+ �

0

; R

i = 1 ; 2

� ; M [ V =x; (rec f x = M ) =f ] + �

0

; R

� ; (rec f x = M ) V + �

0

; R

� ; M + �

0

; V �

0

; N [ V =x ] + �

00

; R

� ; try x ( M catc h H in N + �

00

; R

� ; M + �

0

; E �

0

; M

0

+ �

00

; R

� ; try x ( M catc h H in N + �

00

; R

H ( E ) = M

0

� ; M + �

0

; E

� ; try x ( M catc h H in N + �

0

; E

E =2 dom ( H )

Fig. 7. Ev aluation relation for MIL-lite

{ Rather than w ork with con textual equiv alence directly , w e sho w that con tex-

tual equiv alence coincides with ciu e quivalenc e , whic h sho ws that only certain

sp ecial con texts need b e considered to establish equiv alence. F or MIL-lite,

ciu equiv alence is the op en extension of the relation de�ned b y the follo wing

clauses:

� If M

1

: T

"

( � ) and M

2

: T

"

( � ) w e write M

1

� M

2

: T

"

( � ) and sa y M

1

is

ciu e quivalent to M

2

at typ e T

"

( � ) when 8 N ; H suc h that x : � ` N : 


and ` H : 
 , and 8 � 2 States suc h that dom � � b M

1

; M

2

; H ; N c w e

ha v e

� ; try x ( M

1

catc h H in N + , � ; try x ( M

2

catc h H in N +

� If V

1

: � and V

2

: � then w e write V

1

� V

2

: � for v al V

1

� v al V

2

: T

;

( � ) .

10.3 T ransforming MIL-lite

Seman tics of E�ects W e w an t to use the e�ect information expressed in MIL-

lite t yp es to justify some optimizing transformations. Our initial inclination w as

to pro v e the correctness of these transformations b y using a denotational seman-

tics. Ho w ev er, giving a go o d denotational seman tics of MIL-lite is surprisingly

tric ky , not really b ecause of the m ultiple computational t yp es, but b ecause of

the presence of dynamically allo cated references. Stark's thesis [Sta94 ] examines

equiv alence in a v ery minimal language with dynamically generated names in

considerable detail and do es giv e a functor category seman tics for a language



with higher order functions and in teger references. But MIL-lite is rather more

complex than Stark's language, requiring a functor category in to cp os (rather

than sets) and then indexed monads o v er that. W orst of all, the resulting se-

man tics turns out to b e v ery far from fully abstract { it actually fails to v alidate

some of the most elemen tary transformations whic h w e wished to p erform. So w e

decided to pro v e correctness of our transformations using op erational tec hniques

instead.

Most w ork on using op erational seman tics to pro v e soundness of e�ect anal-

yses in v olv es instrumen ting the seman tics to trace computational e�ects in some

w a y and then pro ving that `w ell-t yp ed programs don't go wrong' in this mo di-

�ed seman tics. This approac h is p erfectly correct, but the notion of correctness

and the meaning of e�ect annotations is quite in tensional and closely tied to

the formal system used to infer them. Since w e w an ted to pro v e the soundness

of using the analysis to justify observ ational equiv alences in an uninstrumen ted

seman tics, w e instead tried to c haracterise the meaning of e�ect-annotated t yp es

as prop erties of terms whic h are closed under observ ational equiv alence in the

uninstrumen ted seman tics. T o giv e a simple example of the di�erence b et w een

the t w o approac hes, a w eak e�ect system (suc h as that in MIL-lite) will only

assign a term an e�ect whic h do es not con tain w if the ev aluation of that term

really do es nev er p erform a write op eration. A region-based analysis ma y infer

suc h an e�ect if it can detect that the term only writes to priv ate lo cations. But

the prop ert y w e r e al ly w an t to use to justify equations is m uc h more extensional:

it's that after ev aluating the term, the con ten ts of all the lo cations whic h w ere

allo cated b efore the ev aluation are indistinguishable from what they w ere to

start with.

The decision not to use an instrumen ted seman tics is largely one of taste,

but there is another (p ost ho c) justi�cation. There are a few places in the MLj

libraries where w e man ually annotate bindings with smaller e�ect t yp es than

could b e inferred b y our analysis, t ypically so that the rewrites can dead-co de

them if they are not used (for example, the initialisation of lo okup tables used

in the 
oating p oin t libraries). Since those bindings do ha v e the extensional

prop erties asso ciated with the t yp e w e force them to ha v e, the correctness result

for our optimizations extends easily to these man ually annotated expressions.

W e capture the in tended meaning [ [ � ] ] of eac h t yp e � in MIL-lite as the set

of closed terms of that t yp e whic h pass all of a collection of cotermination tests

T ests

�

� States � Ctxt

�

� Ctxt

�

where Ctxt

�

is the set of closed con texts with

a �nite n um b er of holes of t yp e � . F ormally:

[ [ � ] ]

def

= f G : � j 8 ( � ; M [ � ] ; M

0

[ � ]) 2 T ests

�

:

b M [ G ] ; M

0

[ G ] c � dom � ) ( � ; M [ G ] +$ � ; M

0

[ G ] + ) g

W e de�ne T ests

�

inductiv ely as sho wn in Figure 8.



T ests

in t

def

= fg T ests

in tref

def

= fg T ests

unit

def

= fg

T ests

�

1

� �

2

def

=

S

i =1 ; 2

f ( � ; M [ �

i

[ � ] ] ; M

0

[ �

i

[ � ] ]) j ( � ; M [ � ] ; M

0

[ � ]) 2 T ests

�

i

g

T ests

�

1

+ �

2

def

=

S

i =1 ; 2

f ( � ; case [ � ] of in

i

x :M [ x ] ; in

3 � i

y :
 ;

case [ � ] of in

i

x :M

0

[ x ] ; in

3 � i

y :
 ) j ( � ; M [ � ] ; M

0

[ � ]) 2 T ests

�

i

g

T ests

� ! 


def

= f ( � ; M [[ � ] V ] ; M

0

[[ � ] V ]) j V 2 [ [ � ] ] ; ( � ; M [ � ] ; M

0

[ � ]) 2 T ests




g

T ests

T

"

�

def

= f ( � ; let x ( [ � ] in set �

0

; M [ x ] ; let x ( [ � ] in set �

0

; M

0

[ x ])

j ( �

0

; M [ � ] ; M

0

[ � ]) 2 T ests

�

; � 2 States g [

S

e 62 "

T ests

e;�

where

T ests

? ;�

def

= f ( � ; [ � ] ; v al () ) j � 2 States g

T ests

w ;�

def

= f ( � ; let y ( ! ` in try x ( [ � ] catc h E :M in N ;

try x ( [ � ] catc h E : let y ( ! ` in M in let y ( ! ` in N )

j y : in t ; x : � ` N : 
 ; y : in t ` M : 
 ; � 2 States ; ` 2 dom � g

T ests

r ;�

def

= f ( � ; d( � ; �; E ); try x ( [ � ] catc h E : assert � / � ; raise E in N ;

d ( � ; �; E ); ` := n ; try x ( [ � ] catc h E : assert � [ ` 7! n ] / � ; raise E

in assert ( `; ( � [ ` 7! n ] / � )( ` )) ; ` := ( � / � )( ` ) ; N )

j E 2 E ; � ; � 2 States ; dom � � dom � 3 `; n 2 Z ; x : � ` N : 
 g

[f ( � ; [ � ] handle E :
 ; set �

0

; [ � ] handle E :
 ) j � ; �

0

2 States ; E 2 E g

T ests

E ;�

def

= f ( � ; [ � ] ; [ � ] handle E :N ) j � 2 States ; ` N : 
 g

T ests

a ;�

def

= f ( � ; let x ( [ � ] ; y ( (set � ; [ � ]) in N ; let x ( [ � ] ; y ( v al x in N )

j � 2 States ; x : � ; y : � ` N : 
 g

and

K

�

n

def

= f ` 7! n j ` 2 dom( � ) g

d ( � ; �; E )

def

= set K

�

0 ; (([ � ]; v al ()) handle E : v al () ); assert K

�

0 / � ;

set K

�

1 ; (([ � ]; v al ()) handle E : v al () ); assert K

�

1 / � ; set �

Fig. 8. De�nition of T ests

�



Although these de�nitions app ear rather complex, at v alue t yp es they actu-

ally amoun t to a familiar-lo oking logical predicate:

Lemma 101

{ [ [ int ] ] = f n j n 2 Z g , [ [ intr ef ] ] = f ` j ` 2 L g and [ [ unit ] ] = f () g .

{ [ [ �

1

� �

2

] ] = f ( V

1

; V

2

) j V

1

2 [ [ �

1

] ] ; V

2

2 [ [ �

2

] ] g

{ [ [ � ! 
 ] ] = f F : � ! 
 j 8 V 2 [ [ � ] ] : ( F V ) 2 [ [ 
 ] ] g

{ [ [ �

1

+ �

2

] ] =

S

i =1 ; 2

f in

i

V j V 2 [ [ �

i

] ] g

ut

Lemma 102 If � 6 �

0

then [ [ � ] ] � [ [ �

0

] ] . ut

W e also ha v e to pro v e an op erational v ersion of admissibilit y for the predicate

asso ciated with eac h t yp e. This follo ws from a standard `compactness of ev alua-

tion' or `un winding' result whic h is pro v ed using termination induction, but w e

omit the details. Finally , w e can pro v e the `F undamen tal Theorem' for our logical

predicate, whic h sa ys that the analysis is correct in the sense that whenev er a

term is giv en a particular t yp e it actually satis�es the prop ert y asso ciated with

that t yp e:

Theorem 60. If x

i

: �

i

` G : � and V

i

2 [ [ �

i

] ] then G [ V

i

= x

i

] 2 [ [ � ] ] . ut

Although w e ha v e explained the meaning of the logical predicate at v alue

t yp es, it seems w orth commen ting a little further on the de�nitions of T ests

e
;�

.

The in ten tion is that the exten t of T ests

e;�

is the set of computations of t yp e

T

E

( � ) whic h de�nitely do not ha v e e�ect e . So, passing all the tests in T ests

? ;�

is easily seen to b e equiv alen t to not div erging in an y state and passing all the

tests in T ests

E ;�

means not thro wing exception E in an y state.

The tests concerning store e�ects are a little more subtle. It is not to o hard to

see that T ests

w ;�

expresses not observably writing the store. Similarly , T ests

r ;�

tests (con tortedly!) for not observ ably reading the store, b y running the compu-

tation in di�eren t initial states and seeing if the results can b e distinguished b y

a subsequen t con tin uation.

The most surprising de�nition is probably that of T ests

a
;�

, the exten t of

whic h is in tended to b e those computations whic h do not observ ably allo cate

an y new storage lo cations. This should include, for example, a computation

whic h allo cates a reference and then returns a function whic h uses that reference

to k eep coun t of ho w man y times it has b een called, but whic h nev er rev eals

the coun ter, nor returns di�eren t results according to its v alue. Ho w ev er, the

de�nition of T ests

a
;�

do es not seem to sa y an ything ab out store extension; what

it actually captures is those computations for whic h t w o ev aluations in equiv alen t

initial states yield indistinguishable results. Our c hoice of this as the meaning of

`do esn't allo cate' w as guided b y the optimising transformations whic h w e wished

to b e able to p erform rather than a deep understanding of exactly what it means

to not allo cate observ ably , but in retrosp ect it seems quite reasonable.



� - �

� ` V

1

: �

1

� ` V

2

: �

2

� ` �

i

( V

1

; V

2

)

�

=

v al V

i

: T

;

( �

i

)

� - T

� ` V : � � ; x : � ` M : 


� ` let x ( v al V in M

�

=

M [ V =x ] : 


� - !

� ; x : � ; f : � ! T

" [f?g

( �

0

) ` M : T

"

( �

0

) � ` V : �

� ` (rec f x = M ) V

�

=

M [ V =x; rec f x = M =f ] : T

"

( �

0

)

� - +

� ` V : �

i

� ; x

1

: �

1

` M

1

: 
 � ; x

2

: �

2

` M

2

: 


� ` case in

i

V of in

1

x

1

:M

1

; in

2

x

2

:M

2

�

=

M

i

[ V =x

i

] : 


� - �

� ` V : �

1

� �

2

� ` let x

1

( �

1

V ; x

2

( �

2

V in v al ( x

1

; x

2

)

�

=

v al V : T

;

( �

1

� �

2

)

� - +

� ` V : �

1

+ �

2

� ` case V of in

1

x

1

: v al (in

1

x

1

); in

2

x

2

: v al (in

2

x

2

)

�

=

v al V : T

;

( �

1

+ �

2

)

� - !

� ` V : � ! 


� ` rec f x = V x

�

=

V : � ! 


� - T

� ` M : 


� ` let x ( M in v al x

�

=

M : 


c c

1

� ` M

1

: T

"

1

( �

1

) � ; y : �

1

` M

2

: T

"

2

( �

2

) � ; y : �

1

; x : �

2

` M

3

: T

"

3

( �

3

)

� ` let x ( (let y ( M

1

in M

2

) in M

3

�

=

let y ( M

1

; x ( M

2

in M

3

: T

"

1

[ "

2

[ "

3

( �

3

)

c c

2

� ` V : �

1

+ �

2

f � ; x

i

: �

i

` M

i

: T

"

( � ) g � ; x : � ` N : T

"

0

( �

0

)

� ` let x ( case V of f in

i

x

i

:M

i

g in N

�

=

case V of f in

i

x

i

: let x ( M

i

in N g : T

" [ "

0

( �

0

)

� - E

� ` M : 
 � ` H : 
 � ; x : � ` N : 


� ` try x ( raise E catc h ( E :M ); H in N

�

=

M : 


� - E

� ` M : T

"

( � ) � ` H : T

"

0

( �

0

) � ; x : � ` N : T

"

0

( �

0

)

� ` try x ( M catc h ( E : raise E ); H in N

�

=

try x ( M catc h H in N : T

" [ "

0

( �

0

)

Fig. 9. E�ect-indep enden t equiv alences (1)



E�ect-indep enden t equiv alences Figure 9 presen ts some t yp ed observ ational

congruences that corresp ond to iden tities from the equational theory of the com-

putational lam b da calculus, and Figure 10 presen ts equiv alences that in v olv e

lo cal side-e�ecting b eha viour.
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Directed v arian ts of man y of these are useful

transformations that are in fact p erformed b y MLj (although the duplication

of terms in c c

2

is a v oided b y in tro ducing a sp ecial kind of abstraction). These

equations can b e deriv ed without recourse to our logical predicate, b y making

use of a rather strong notion of equiv alence called Kle ene e quivalenc e that can

easily b e sho wn to b e con tained in ciu equiv alence. Tw o terms are Kleene equiv-

alen t if they coterminate in an y initial state with syn tactically iden tical results

and the same v alues in all accessible lo cations of the store (Mason and T alcott

call this `strong isomorphism' [MT91 ]).

� ` V : in t � ` M : T

"

( � )

� ` let x ( ref V in M

�

=

M : T

" [f a g

( � )

� ` V : in tref � ; x : in t ; y : in t ` M : T

"

( � )

� ` let x ( ! V ; y ( ! V in M

�

=

let x ( ! V ; y ( v al x in M : T

" [f r g

( � )

� ` V

1

: in t � ` V

2

: in t � ; x

1

: in tref ; x

2

: in tref ` M : T

"

( � )

� ` let x

1

( ref V

1

; x

2

( ref V

2

in M

�

=

let x

2

( ref V

2

; x

1

( ref V

1

in M : T

" [f a g

( � )

� ` V

1

: in tref � ` V

2

: in t � ; x : in t ` M : T

"

( � )

� ` V

1

:= V

2

; let x ( ! V

1

in M

�

=

V

1

:= V

2

; M [ V

2

=x ] : T

" [f r ;w g

( � )

Fig. 10. E�ect-indep enden t equiv alences (2)

The b eta-equiv alences and comm uting con v ersions of Figure 9 together with

the equiv alences of Figure 10 are deriv ed directly as Kleene equiv alences. Deriv a-

tion of the eta-equiv alences in v olv es �rst deriving a n um b er of extensionalit y

prop erties using ciu equiv alence; similar tec hniques are used in [Pit97 ].

E�ect-dep enden t equiv alences W e no w come to a set of equiv alences that

are dep enden t on e�ect information, whic h are sho wn in Figure 11. Notice ho w

the �rst three of these equations resp ectiv ely subsume the �rst three lo cal equiv-

alences of Figure 10. Eac h of these equiv alences is pro v ed b y considering ev alua-

tion of eac h side in an arbitrary ciu-con text and then using the logical predicate

to sho w that if the ev aluation terminates then so do es the ev aluation of the other

side in the same con text.
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Some side conditions on v ariables are implicit in our use of con texts. F or example,

the �rst equation in Figure 10 has the side condition that x 62 f v ( M ).



disc ar d

� ` M : T

"

1

( �

1

) � ` N : T

"

2

( �

2

)

� ` let x ( M in N

�

=

N : T

"

1

[ "

2

�

2

where "

1

� f r ; a g

c opy

� ` M : T

"

( � ) � ; x : � ; y : � ` N : T

"

0

( �

0

)

� ` let x ( M ; y ( M in N

�

=

let x ( M ; y ( v al x in N : T

" [ "

0

( �

0

)

where f r ; a g \ " = ; or f w ; a g \ " = ;

swap

� ` M

1

: T

"

1

( �

1

) � ` M

2

: T

"

2

( �

2

) � ; x

1

: �

1

; x

2

: �

2

` N : T

"

3

( �

3

)

� ` let x

1

( M

1

; x

2

( M

2

in N

�

=

let x

2

( M

2

; x

1

( M

1

in N : T

"

1

[ "

2

[ "

3

( �

3

)

where "

1

; "

2

� f r ; a; ?g or "

1

� f a; ?g ; "

2

� f r ; w ; a; ?g

de ad-try

� ` M : T

"

( � ) � ` H : T

"

0

( �

0

) � ; x : � ` N : T

"

0

( �

0

)

� ` try x ( M catc h H in N

�

=

try x ( M catc h H n E in N : T

" [ "

0

( �

0

)

where E =2 "

Fig. 11. E�ect-dep enden t equiv alences

10.4 E�ect-Dep enden t Rewriting in MLj

In practice, m uc h of the b ene�t MLj gets from e�ect-based rewriting is simply

from dead-co de elimination ( disc ar d and de ad-try ). A lot of dead co de (particu-

larly straigh t after linking) is just un used top-lev el function bindings, and these

could clearly b e remo v ed b y a simple syn tactic c hec k instead of a t yp e-based

e�ect analysis. Nev ertheless, b oth un used non-v alues whic h detectably at most

read or allo cate and unreac hable exception handlers do o ccur fairly often to o,

and it is con v enien t to b e able to use a single framew ork to eliminate them

all. Here is an example (from [BK01 ]) of ho w trac king exception e�ects w orks

together with MIL's un usual handler construct to impro v e an ML program for

summing the elemen ts of an arra y:

fun sumarray a =

let fun s(n,sofar) = let val v = Array.sub(a,n)

in s(n+1, sofar+v)

end handle Subscript => sofar

in s(0,0)

end

Because the SML source language do esn't ha v e try , the programmer has made

the handler co v er b oth the arra y access and the recursiv e call to the inner func-

tion s . But this w ould prev en t a na • �v e compiler from recognising that call as

tail-recursiv e. In MLj, the in termediate co de for s lo oks lik e (in MLish, rather

than MIL, syn tax):

fun s(n,sofar) =

try val x = try val v = Array.sub(a,n)



catch {}

in s(n+1, sofar+v)

end

catch Subscript => sofar

in x

end

A comm uting con v ersion turns this in to

fun s(n,sofar) = try val v = Array.sub(a,n)

catch Subscript => sofar

in try val x = s(n+1, sofar+v)

catch Subscript => sofar

in x

end

end

The e�ect analysis detects that the recursiv e call to s cannot, in fact, ev er thro w

the Subscript exception, so the function is rewritten again to

fun s(n,sofar) = try val v = Array.sub(a,n)

catch Subscript => sofar

in s(n+1, sofar+v)

end

whic h is tail recursiv e, and so gets compiled as a lo op in the �nal co de for

sumarray .

Making practical use of the swap and c opy equations is more di�cult { al-

though it is easy to come up with real programs whic h could b e usefully impro v ed

b y sequences of rewrites including those equations, it is hard for the compiler to

sp ot when comm uting t w o computations mak es useful progress to w ards a more

signi�can t rewrite. The most signi�can t e�ect-based co de motion transformation

whic h w e do p erform is pulling constan t, pure computations out of functions (in

particular, lo ops), a sp ecial case of whic h is

� ` M : T

;

( �

3

) � ; f : �

1

! T

" [?

( �

2

) ; x : �

1

; y : �

3

` N : T

"

( �

2

)

� ` v al (rec f x = let y ( M in N )

�

=

let y ( M in v al (rec f x = N ) : T

;

( �

1

! T

"

( �

2

))

where there's an implied side condition that neither f nor x is free in M . This is

not alw a ys an impro v emen t (if the function is nev er applied), but in the absence

of more information it's w orth doing an yw a y . Sligh tly em barassingly , this is not

an equiv alence whic h w e ha v e pro v ed correct using the tec hniques describ ed here,

ho w ev er.

One other place where information ab out whic h expressions comm ute could

usefully b e applied is in a compiler bac k end, for example in register allo cation.

W e ha v en't tried this in MLj since a JIT compiler will do its own job of al-

lo cating real mac hine registers and sc heduling real mac hine instructions later,

whic h mak es doing a v ery `go o d' job of compiling virtual mac hine co de unlik ely

to pro duce great impro v emen ts in the p erformance of the �nal mac hine co de.



An early v ersion of the compiler also implemen ted a t yp e-directed uncurrying

transformation, exploiting the isomorphism

�

1

! T

;

( �

2

! T

"

( �

3

))

�

=

�

1

� �

2

! T

"

( �

3

)

but this can lead to extra w ork b eing done if the function is actually partially

applied, so this transformation also seems to call for auxiliary information to b e

gathered.

10.5 E�ect Masking and Monadic Encapsulation

W e ha v e seen that it is not to o hard to recast simple e�ect systems in a monadic

framew ork. But what is the monadic equiv alen t of e�ect masking? The answ er

is something lik e the encapsulation of side-e�ects pro vided b y runST in Hask ell,

but the full connection has not y et b een established.

Hask ell allo ws monadic computations whic h mak e purely lo cal use of state

to b e encapsulated as v alues with `pure' t yp es b y making use of a cunning tric k

with t yp e v ariables whic h is v ery similar to the use of regions in e�ect systems.

Brie
y (see Section 5 for more information), the state monad is parameterized

not only b y the t yp e of the state s , but also b y another `dumm y' t yp e v ariable

r .
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In MLish syn tax:

datatype ('r,'s,'a) ST = S of 's -> 's * 'a

The idea is that the r parameters of t yp es inferred for computations whose states

migh t in terfere will b e uni�ed, so if a computation can b e assigned a t yp e whic h is

parametrically p olymorphic in r , then its use of state can b e encapsulated. This

is expressed using the runST com binator whic h is giv en the rank-2 p olymorphic

t yp e

runST : 8 s; a: ( 8 r : ( r ; s; a ) ST ) ! a

Just as the soundness of e�ect masking and of the region calculus is hard to

establish, pro ving the correctness of monadic encapsulation is di�cult. Early

attempts to pro v e soundness b y sub ject reduction [LS97] are no w kno wn to b e

incorrect.

More recen tly , Semmelroth and Sabry ha v e succeeded in de�ning a CBV lan-

guage with monadic encapsulation, relating this to a language with e�ect mask-

ing and pro ving t yp e soundness [SS99]. Moggi and P alum b o ha v e also addressed

this problem [MP99 ], b y de�ning a sligh tly di�eren t form of monadic encapsula-

tion (without the `b ogus' t yp e parameter) and pro ving a t yp e soundness result

for a language in whic h the stateful op erations are strict. Pro ving soundness for

monadic encapsulation in a CBN language with lazy state op erations is still, so

far as I am a w are, an op en problem.

24

Actually , Hask ell's built-in state monad is not parameterized on the t yp e of the state

itself.



11 Curry-Ho w ard Corresp ondence and Monads

This section pro vides a little optional bac kground on a logical reading of the

computational metalanguage and explains the term `comm uting con v ersion'.

Most readers will ha v e some familiarit y with the so-called Curry-Ho w ard

Corresp ondence (or Isomorphism, ak a the Prop ositions-as-T yp es Analogy). This

relates t yp es in certain t yp ed lam b da calculi to prop ositions in in tuitionistic

logics, t yp ed terms in con text to (natural deduction) pro ofs of prop ositions from

assumptions, and reduction to pro of normalization. The basic example of the

corresp ondence relates the simply t yp ed lam b da calculus with function, pair

and disjoin t union t yp es to in tutionisitic prop ositional logic with implication,

conjunction and disjunction [GL T89 ].

Whilst it ma y b e true that almost no realistic programming language corre-

sp onds accurately to an ything whic h migh t plausibly b e called a logic (b ecause of

the presence of general recursion, if nothing else), logic and pro of theory can still

pro vide helpful insigh ts in to the design of programming languages and in terme-

diate languages. P artly this seems to b e b ecause pro of theorists ha v e dev elop ed

a n um b er of taxonomies and criteria for `w ell-b eha v edness' of pro of rules whic h

turn out to b e transferable to the design of `go o d' language syn tax.

The computational metalanguage pro vides a nice example of the applicabilit y

of pro of theoretic ideas (see [BBdP98 ] for details). If one reads the t yp e rules for

the in tro duction and elimination of the computation t yp e constructor logically ,

then one ends up with an in tuitionistic mo dal logic (whic h w e dubb ed `CL-logic')

with a sligh tly un usual kind of p ossibilit y mo dalit y , � . In sequen t-st yle natural

deduction form:

� ` A

� ` � A

( �

I

)

� ` � A � ; A ` � B

� ` � B

( �

E

)

In terestingly , not only w as (the Hilb ert-st yle presen tation of ) this logic disco v-

ered b y F airtlough and Mendler (who call it `lax logic') in the con text of hard-

w are v eri�cation [FM95], but it had ev en b een considered b y Curry in 1957

[Cur57 ]! Moreo v er, from a logical p ersp ectiv e, the three basic equations of the

computational metalanguage arise as inevitable consequences of the form of the

in tro duction and elimination rules, rather than b eing imp osed separately .

The w a y in whic h the � -rule for the computation t yp e constructor arises

from the natural deduction presen tation of the logic is fairly straigh tforw ard { the

basic step in normalization is the remo v al of `detours' caused b y the in tro duction

and immediate elimination of a logical connectiv e:

�

�

�

A

( �

I

)

� A

[ A ] � � � [ A ]

�

�

�

� B

( �

E

)

� B

� !

�

�

�

[ A ] � � �

�

�

�

[ A ]

�

�

�

� B



� ` M : A

� ` v al M : T A � ; x : A ` N : T B

� ` let x ( v al M in N : T B

� ! � ` N [ M =x ] : T B

Natural deduction systems can also giv e rise to a secondary form of normal-

isation step whic h are necessary to ensure that normal deductions satisfy the

subform ula prop ert y , for example. These o ccur when the system con tains elimi-

nation rules whic h ha v e a minor premiss (Girard calls this a `parasitic form ula'

and refers to the necessit y for these extra reduction `the shame of natural de-

duction' [GL T89 ]). In general, when w e ha v e suc h a rule, w e w an t to b e able

to comm ute the last rule in the deriv ation of the minor premiss do wn past the

rule, or to mo v e the application of a rule to the conclusion of the elimination

up past the elimination rule in to to the deriv ation of the minor premiss. The

only imp ortan t cases are mo ving eliminations up or in tro ductions do wn. Suc h

transformations are called c ommuting c onversions. The elimination rule for dis-

junction (copro ducts) in in tuitionisitic logic giv es rise to comm uting con v ersions

and so do es the elimination for the � mo dalit y of CL-logic. The restriction on

the form of the conclusion of our ( �

E

) rule (it m ust b e mo dal) means that the

rule giv es rise to only one comm uting con v ersion:

{ A deduction of the form

�

�

�

� A

[ A ]

�

�

�

� B

( �

E

)

� B

[ B ]

�

�

�

� C

( �

E

)

� C

comm utes to

�

�

�

� A

[ A ]

�

�

�

� B

[ B ]

�

�

�

� C

( �

E

)

� C

( �

E

)

� C

On terms of the computational metalanguage, this comm uting con v ersion in-

duces the `let of a let' asso ciativit y rule:

� ` M : T A � ; y : A ` P : T B

� ` let y ( M in P : T B � ; x : B ` N : T C

� ` let x ( (let y ( M in P ) in N : T C

� !

� ` M : T A

� ; y : A ` P : T B � ; y : A; x : B ` N : T C

� ; y : A ` let x ( P in N : T C

� ` let y ( M in (let x ( P in N ) : T C



Comm uting con v ersions are not generally optimizing tranformations in their

o wn righ t, but they reorganise co de so as to exp ose more computationally sig-

ni�can t � reductions. They are therefore imp ortan t in compilation, and most

compilers for functional languages p erform at least some of them. MLj is some-

what dogmatic in p erforming al l of them, to reac h what w e call c c-normal form ,

from whic h it also turns out to b e particularly straighforw ard to generate co de.

As Dan vy and Hatcli� observ e [HD94], this is closely related to w orking with

A-normal forms, though the logical/pro of theoretic notion is an older and more

precisely de�ned pattern.



Ac kno wledgemen ts

W e ha v e used P aul T a ylor's pac k age for diagrams.
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