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Imaging techniques are a powerful tool for the analysis of human organs and
biological systems and they range from different kinds of tomography to dif-
ferent kinds of microscopy. Their common feature is that they require math-
ematical modeling of the acquisition process and numerical methods for the
solution of the equations relating the data to the unknown object. These prob-
lems are usually named inverse problems and their main feature is that they
are ill-posed in the sense of Hadamard, so that their solutions require special
care. In this chapter we sketch the main issues which must be considered when
treating inverse problems of interest in biomedical imaging.

1 Introduction

The invention of computed tomography (CT) by G. H. Hounsfield at the
beginning of the seventies was a breakthrough in medical imaging compara-
ble to the discovery of X-rays by W. C. Roengten in 1895. Even if CT and
radiography derive from the same physical phenomenon, the conception of
CT was based on ideas which opened new and wide perspectives. Indeed, CT
requires mathematical modeling of X-ray absorption in order to provide equa-
tions which relate the observed data to the unknown physical parameters, and
methods for the solution of these equations. In such a way it is possible to
exploit the tremendous amount of information contained in radiographic data:
a 3D image of the human body can be obtained, descerning variations in soft
tissue such as the liver and pancreas, and measuring in a quantitative way the
density variations of the different tissues. An accuracy of few percent can be
obtained with a resolution of the order of 1 mm.

The new ideas introduced in CT were soon transferred to other methods
for imaging human tissues. The first was magnetic resonance (MR), which is
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based on the detection of the signals emitted by the magnetic moments of
hydrogen nuclei when polarized by means of suitable static magnetic fields
and excited by radiofrequency signals under resonance conditions. Moreover,
earlier scintigraphic methods evolved into the functional imaging techniques
known as positron emission tomography (PET) and single photon emission
computed tomography (SPECT). In these cases a radio-pharmaceutical is
administered to the patient and its distribution, due to metabolic processes,
is investigated by detecting the 7-rays emitted by the radionuclides. As we
briefly discuss at the end of this chapter, the development of other techniques,
based, e. g., on microwaves and on infrared radiation, is in progress.

In general, the new techniques of medical imaging are based on the inter-
rogation of the human body by means of radiation transmitted, reflected or
emitted by the body: the effect of the body on the radiations is observed, a
mathematical model for the body-radiation interaction is developed and the
equations provided by this model are solved in post-processing of the observed
data. The same approach applies to cell imaging by means of fluorescence or
electron microscopy.

We emphasize a specific requirement of medical imaging, namely, the need
for a solution in almost real time. In general a refined model of body-radiation
interaction leads to complex non-linear equations, whose solution may require
hours of computation time on a powerful computer. Hence the need to develop
sufficiently accurate linear models, whenever this is possible, or also to design
the observation process in such a way that a linear approximation is feasible.
For this reason linearity is the first issue we discuss in this chapter (Sect. 2).

A second specific feature of biomedical imaging is that the problems to be
solved are ill-posed in the sense of Hadamard. As we discuss in Sect. 3, being
ill-posed implies that it is meaningless to look for exact solutions and that,
nevertheless, the set of approximate solutions is too broad to be significant.
In other words, although the data at our disposal can contain a tremendous
amount of information, the fact that the problem is ill-posed, combined with
the presence of noise, implies that the extraction of this information is not
trivial.

A very important consequence of being ill-posed is that mathematical mod-
eling of the medical imaging process cannot uniquely consist in establishing
the equations relating the data to the solution; it must also include a model
of the noise perturbing the data and, as far as possible, a model of known
properties of the solution. Indeed the modeling of the noise is needed in or-
der to clarify in what sense one is looking for approximate solutions; on the
other hand the modeling of the solution properties must be used for extracting
meaningful solutions from the broad set of approximate ones. Therefore noise
and “a priori” information on the solution are two other important issues to
be considered in biomedical imaging. These are discussed in Sect. 4 and Sect.
5 respectively. In Sect. 6 we outline the main computational issues concerned
with the solution procedure and the solution methods which are most fre-
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quently used in practice and lastly in Sect. 7 we provide a brief description of
some of the current medical imaging techniques in progress.

Before concluding this introduction we briefly describe two important ex-
amples which can be used as reference cases for the general treatments de-
scribed in subsequent sections: the first is X-ray tomography and the second
fluorescence microscopy.

1.1 X-ray tomography

In the case of X-ray tomography we adopt a tutorial approach which does not
correspond exactly to the data acquisition geometry in CT scanners. There-
fore we assume that we have a source S emitting a well collimated X-ray
beam; the beam crosses the body to be imaged and, at exit, its intensity is
measured by a detector D. The attenuation of the X-rays across the body is
described by the following simple model: let f(z) be the attenuation coeffi-
cient at point  (roughly proportional to the density of the tissue at z); then,
if u is a coordinate along the straight line L joining S and D (see Figure 1),
the intensity loss at z is given by:

dl

7u (@) = —f(@)I(2) , (1)
where I is the intensity measured by D. It follows that, if Iy is the intensity
emitted by S, then
1=ty eap{~ [ s@au} . 2
L

so that the logarithm of the ratio between the intensities of the emitted and
detected radiation is just the line integral of the attenuation coefficient. By
moving the S — D system along two parallel lines, the plane to be imaged is
defined and, by measuring the intensity for all the positions, one gets what
is called a projection of the unknown function f(z). More precisely, if 6 is
the unit vector in the direction of the movement of the S — D system (linear
scanning), s the distance (with sign) of L from the origin of the coordinate
system (see Fig. 1), and #' the unit vector in the orthogonal direction, then
the projection of f in the direction 6 is given by

(P f)(s) = / £(s6 +ub')du 3)

By rotating the S— D system and repeating the linear scanning for all possible
angles (angular scanning) one obtains all possible projections and the result
is the (two-dimensional) Radon transform of the function f: (Rf)(s,8) =
(Pyf)(s). These are just the data of X-ray CT, obtained by combining the
linear and angular scanning as described above. Then, in order to get the
function f, one has to solve the linear equation

9(s,0) = (Bf)(s,0) , (4)
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Fig. 1. Geometry of data acquisition in X-ray CT. The source S and the detector
D move along two parallel straight lines with direction 6. The line L, joining S and
D, is the integration line, with direction ', orthogonal to 6. A point x of L has
coordinates {s,u} with respect to the system formed by 6, §'

where g(s,0) denotes the measured data. This problem was solved by Radon
in 1917 [59] and its inversion formula in the 2D case can be written as follows
[57]:
1 1 Jg
-— [ p|] ——Z
1@ =13 [ P [ s g0 (5)

where P denotes the principal value. This formula clearly shows that the in-
version of the Radon transform is an ill-posed problem since it requires the
computation of the derivative of (noisy) data. Moreover the filtered backprojec-
tion algorithm, first introduced by Bracewell and Riddle [9] in radio astronomy
and now widely used in medical imaging, is just a clever implementation of
this formula.

The 3D imaging is obtained by repeating the previous procedure for dif-
ferent planes, namely, by scanning in the z-direction also, orthogonal to the
imaging plane. Therefore the data of the problem depend on the variables
{s,6, 2z}, which essentially characterize the position of the S—D system. These
data can be called the image of f, as provided by the CT scanner. For a given
z the representation of g in the plane {s, 8} is the so-called sinogram. We give
an example in Figure 2. It is obvious that the interpretation of these data
without the help of a reconstruction algorithm is impossible. As text books in
tomography we mention the books of Kac and Slaney [42] and Natterer [56].
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Fig. 2. Left-hand panel: tomographic reconstruction of a section of a human head.
Right-hand panel: the corresponding sinogram.

1.2 Fluorescence microscopy

Fluorescence microscopy is a technique which is used for the investigation of
living cells. The cell is treated with a fluorescent marker and its 3D image
is formed by means of a technique known as optical sectioning [70], which
can be applied to different kinds of optical microscopes (wide-field, confocal,
multiphoton, etc. [28]). In all cases a 3D image is formed by acquiring a set
of 2D images corresponding to different planes of focus.

Thanks to geometric optics there is a one-to-one correspondence between
the points of the image plane where the detector is located and the points
of the focal plane where the section of the object to be imaged is located.
From this correspondence we can identify a point of the image plane with
the corresponding point of the focal plane, hence with a point z € IR? of the
volume of the sample. In such a way the 3D image can also be considered as a
function of z. However the image of one point receives contributions not only
from the corresponding point in the focal plane but also from neighboring
points both in the plane which is in focus and in the other planes. The result
is an integral relationship between the image and the object.

By assuming perfect spatial incoherence of the radiation emitted by the
sample it turns out that the relationship between the intensities of the de-
tected and emitted radiation is linear. Moreover, by neglecting the spherical
aberration of lenses, this relationship is also translation invariant. In such a
case the imaging system is called isoplanatic or space invariant. As a result,
the image g(x) is given by the convolution product of the object f(x) (pro-
portional to the density of fluorescent atoms at x) with a function h(z), which
is the image of a point-source and is called the point spread function (PSF) of
the imaging system:

g9(@)= | hz—a")f(z")da' . (6)
R3

The effect of the PSF is usually denoted as blurring; moreover the data are
obviously corrupted by noise. It may be interesting to remark that (3) has a
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similar structure but with a PSF which is a distribution and is not translation
invariant.

In conclusion, the problem of reconstructing the object is equivalent to that
of solving the convolution equation of (6). Such a problem is called deconvo-
lution or deblurring and is another classical example of an ill-posed problem.
An introduction to deconvolution methods is given in [4].

2 Linearity

As outlined in the introduction, a basic requirement in medical imaging is the
availability of a linear relationship between the properties of the tissues to be
imaged and the data provided by the medical equipment. All the algorithms
implemented in commercial machines are based on such an assumption, be-
cause, in spite of the increasing power of computers, only in the case of linear
problems it is possible to get a solution in almost real time for large-scale
problems such as those arising in medical imaging. Of course the situation
can change in the future and, for this reason, the investigation of non-linear
models, which provide a more accurate description of the radiation-body in-
teraction, is an exciting research topic.

In the mathematics of image processing the object is that property which
is distributed in a volume and which has to be estimated by means of indirect
measurements; it belongs to a well-characterized functional space (typically,
for sake of simplicity, a Hilbert space) and, in what follows, it is denoted by f,
a function of the variable z € IR?. On the other hand, the image, denoted from
now on by g, is that measurement (again, in a suitable Hilbert space) which is
provided by the imaging device and is regarded as best representing the object
given the specific hardware. The image ¢ is a function of the parameters,
overall denoted by &, which characterize the acquisition process. The two
examples outlined in the introduction show that these parameters can have
quite different physical meanings: in the case of X-ray CT they characterize
the position of the detector and the direction of the incoming radiation, while
in the case of microscopy they can be identified with the coordinates of a point
in the object volume. In the first case the 3D image is a set of sinograms, one
for each section of the volume; in the second case, it is a “blurred” version of
the object.

The relationship between object and image can be obtained by a mathe-
matical model of the physical phenomena which provide the basis of the ac-
quisition process. The most general representation of such a process is given
by the non-linear integral equation

g(6) = / Wz, f()dz | (7)

where h is a continuous function of all its variables. This equation provides
the solution of the so-called direct problem, namely, the problem which must
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be solved for computing the data g related to a given object f. The continuous
dependence on f is just due to the fact that this problem is well-posed, namely,
the solution exists, is unique and depends continuously on the data (in this
case, the object f). The inverse problem is obtained by exchanging the roles
of the data and the solution: in such a case one must find the object f for a
given image g.

The solution of (7) is very difficult from both the theoretical and prac-
tical points of view. No general theory exists for such a non-linear integral
equation: each problem requires specific analysis. Moreover the problem may
be ill-posed and no general regularization theory exists for wide classes of
non-linear problem. A few general results applying to non-linear problems are
described in the book of Engl et al. [29]. Most of these results are inspired
by classical Newton-like optimization schemes, according to which stable ap-
proximate solutions of (7) can be obtained by stopping an iterative procedure
appropriately initialized. The idea is to assume that a non-linear differentiable
map F can be defined between two functional spaces, so that

where F is here the integral operator on the right-hand side of (7). With F’
denoting the Frechet derivative of F, (8) can be replaced by the linearized
equation

FH+Ffa=g , (9)
which has to be solved for the perturbation ¢ to obtain the upgrade f + q.
The method consists in solving iteratively the equations:

fl(f(k))q(k-Fl) — g_f(f(k)) , f(k+1) — f(k) +q(k+l)’ k= 0’ 1’27 L. (10)

starting from an initial guess f(©) for the function f. This approach has two
fundamental drawbacks. First of all, it requires, at each step of the iteration
procedure, the solution of the direct problem in order to compute the map
F (this point is clarified by the example of the inverse scattering problem
discussed below) as well as its Frechet derivative; therefore it is extremely
demanding from the numerical point of view and an accurate approximation
of the solution can be achieved only after such a long computational time that
no realistic technological application is possible at the moment. Second, the
sequence of iterates defined in (10) may converge only if a sufficiently accurate
initialization of f is to hand. This can be a serious bias in applications to
medical imaging.

The situation is quite different if the non-linear equation (7) can be ap-
proximated by a linear one:

9(6) = / W, x)f(@)dz (11)

where h is the impulse response of the imaging instrument, which can be a
distribution, as in tomography, or a function, as in microscopy. Indeed, in
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the case of linear inverse problems one has at one’s disposal very powerful
theoretical tools.

However, the key question is to understand what kind of approximation
can lead to (11). Indeed, two possibilities may occur. In one case, (11) is a
brand new model where linearity is obtained by a precise technological re-
alization or is the consequence of physical approximations. For instance, in
magnetic resonance (MR), data acquisition is designed in such a way that the
data are just the values of the Fourier transform of the object to be imaged.
On the other hand, in fluorescence microscopy, linearity is obtained by neglect-
ing a physical phenomenon. Indeed, it is well-known that an optical system,
namely, a system of lenses, is linear in the amplitude of the wave field in the
case of perfectly coherent radiation and in intensity in the case of perfectly
incoherent radiation (see, e. g., Goodman [32]). In the case of fluorescence, the
emitted radiation is partially coherent but the degree of coherence is not very
high so that the approximation of perfectly incoherent radiation is assumed to
be satisfactory and one gets a linear integral equation relating the intensities
of the emitted and detected radiation. Even the model used in X-ray CT cor-
responds to a rather simplified (but sufficiently accurate) description of the
absorption of photons due to the interaction with the material and moreover,
in this case, linearity is obtained by considering the logarithm of the data and
not the data itself.

A completely different situation occurs when (11) is obtained by means
of a sort of perturbation theory applied to (7), i.e., through a linearization
of Eq. (7) around zero or an approximate object f(®). This approach can
be illustrated by the following inverse scattering problem which represents a
reasonable model for microwave tomography. For simplicity we consider a two-
dimensional approximation and we assume that the body is illuminated by
means of a set of plane waves with fixed wave number &, coming from different
directions given by unit vectors 6. The body is characterized by a refractive
index n(z) # 1 and is immersed in a medium with n(z) = 1; therefore it is
described by the function

fl@)=n*(x) -1, (12)

whose support (2 is the domain of the body. The direct problem consists in
determining the wave function u(z) € C%(IR? \ D) N C*(IR?) which solves
the problem:

Dou(z) + E2n?(z)u(z) =0 (13)
u(z) = e*T fus(z) (14)
Tli)ngo\/f“ (661? - iku3> =0 . (15)

In (14) the first term is the incident plane wave with direction 6 and the
second term is the scattered wave. Potential theory allows us to prove that
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the elliptic differential problem (12)-(15) is equivalent to the integral equation
[21]:

u@) =i [ aepf@u)dy . ceB . (6)

known as the Lippmann-Schwinger equation, in which &(z,y) is the funda-
mental solution of the Helmholtz equation in IR? given by

Ba,y) = S (klz o)) a7)

where H(gl) is the zero-order Hankel function of the first kind. From this
integral formulation, together with considerations based on the unique con-
tinuation principle, one can prove that the direct problem is well-posed. Fur-
thermore, the Sommerfeld radiation condition (15) implies that the scattered
field, propagating in the direction #’, can be asymptotically factorized in the
form
"(1,0,0) = S (61,0) + O 18
U(Ta a)_Wuoo(a)_f' (T )7 ( )
where ux(#',6) is the far-field pattern of the scattered field u®. By using
Green’s theorems one can easily show that

im/4 o
ue(0',0) = o | eIy (19)

where the dependence on 6 on the right-hand side comes from the fact that u
is given by (14). Equation (19) is an actual realization of (7) and allows us to
define the non-linear inverse problem we are interested in. In such a problem
the data function g is represented by the measured values of the far-field
pattern uy, (with £ represented by the unit vectors 6, 8'), the unknown object
is the contrast function (12) and the non-linearity is due to the fact that u(y)
depends on f(y) itself. In other words the mapping F of (8) is defined by the
right-hand-side of (19) and therefore its computation requires the solution of
the direct problem (13)-(15).
However, under the low-frequency, weak-scattering assumption,

kEMa<m (20)

where f(z) # 0 for |z| > a and M = sup|, <, |f()|, a linearization of (19)
can be obtained by applying the successive approximations method to the
Lippmann-Schwinger equation. If we take the first-order approximation, i.
e. we neglect the scattered wave with respect to the incident plane wave,
we obtain the so-called Born approximation and the result is the diffraction
tomography equation [27]

eur/4

- V8rk JR2

oo (9',6) e" RO =0V f(y)dy . (21)
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In other words, in the Born approximation regime, the non-linear image re-
construction problem becomes a linear Fourier transform inversion problem
with limited data, where the low-frequency cut-off which determines the data
limitation is given by (20).

Linearizations like the one induced by Born approximation are unreliable
in those cases, as for microwaves, in which the wavelength A = 27/k of the
field propagating in the biological tissue is of the same order of magnitude
as the tissue dimensions and therefore diffraction effects are predominant.
However, even in this case a linear approach is possible if the aim is the
reconstruction of the support of the object f and not the object itself. This
is the basic idea underlying visualization techniques based on the so-called
linear sampling method [20, 23].

The starting point of this approach is to consider a one-parameter family
of linear integral equations of the first kind which, in a sense, provide exactly
the same estimate of the support of the object as the complete solution of
the non-linear inverse scattering problem (12)-(15). In order to clarify this
statement, we introduce the parameter x, which is just a point in a region of
IR2 (or R3, if the problem is 3D) containing the support 2 of f and, for each
x, we write the far-field equation[20, 18, 19]

[ el 0)0:(0)00 = B0 (22)

where:

o uy(f,0) is the far-field pattern of (19); in practical applications of the
method it is approximated by means of its measured values;

o Py, . (0) is the far-field pattern of the fundamental solution of the Helmholtz
equation, which, in the 2D case discussed above, is given by the far-field
pattern of (17), i. e.

ei7r/4
V8nk

A solution g,(0) of (22) does not exist for any scattering data and, when
it does exist, has no physical meaning. However it can be proved [12] that
an approximate solution exists which has the property that it becomes un-
bounded for z on and in the exterior of the boundary of the scatterer, thus
acting as an indicator for the boundary itself. Such behavior naturally inspires
a visualization algorithm [23] where, for each point of the grid containing the
inhomogeneity, an approximate stable solution of the far-field equation is con-
structed and its norm is plotted: the contour of the scatterer is given by all
points  where this norm is greater than a given threshold.

This approach has two main advantages: first, the implementation is com-
putationally simple and a notable computational speed is achieved (2D objects
can be visualized in a few minutes, which become a couple of hours in the case

¢oo,z(0,) — e*'ik@'.z R (23)
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of very complicated 3D objects); second, very little a priori information on
the inhomogeneity is necessary for the method to work (no knowledge of the
number of scatterers, of their physical nature and of possible boundary con-
ditions is required). A vast literature on the linear sampling method is at our
disposal. Besides the more theoretical papers already cited, applications to
biomedical imaging problems involve microwave tomography [51], impedance
tomography [10] and the detection of leukemia in human bone marrow using
microwaves [22]. Furthermore, a variety of similar inversion schemes has been
formulated, involving the factorization method of Kirsch [44] and the indicator
sampling method of You et al. [7T1]. Of course, such approaches also have sig-
nificant drawbacks. As already mentioned, the linear sampling method is not
a reconstruction method, in the sense that it simply allows a visualization of
the object, without providing information on the point values of the refractive
index. Moreover the spatial resolution achieved is not yet satisfactory, particu-
larly if medical imaging applications are considered. However these techniques
allow us to visualize, although coarsely, even very complex objects in a rea-
sonable time, and therefore can be very helpful to provide inizializations for
Newton-like schemes or information on the support of the inhomogeneity in
the case of the application of constrained iterative algorithms.

3 Ill-posed problems and uncertainty of solution

The availability of a reliable linearized mathematical model for image for-
mation is not sufficient for a straightforward solution of the reconstruction
problem. A crucial difficulty is due to the fact that most image reconstruction
problems arising in biomedical imaging are ill-posed. The concept of being
ill-posed was introduced by Hadamard as a mathematical anomaly in the so-
lution of particular boundary value problems for partial differential equations.
The discussion of the Cauchy problem for the Laplace equation is a classical
example [33]. However, an exhaustive definition of ill-posed is given by a neg-
ative characterization: ill-posed problems do not satisfy at least one of the
three conditions required for being well-posed, i.e., existence, uniqueness and
continuous dependence of the solution on the data. As pointed out in [24],
the lack of the third requirement has particularly important consequences for
the solution of ill-posed problems modeling physical situations: indeed, in the
case of practical applications, the presence of measurement noise in the data
may imply the presence of strong numerical instabilities in the solution when
obtained by means of a straightforward approach.

Inverse problems are very often ill-posed in the sense of Hadamard. In
fact, in most cases of interest for applications, the linear operators modeling
the problems are compact and being ill-posed is a consequence of this func-
tional property of the model. This is the case, for example, of the two image
reconstruction problems described in the introduction. Indeed, if the object
has bounded support, for suitable choices of the source and data functional
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spaces, both the Radon transform describing X-ray tomography and the con-
volution operator at the basis of fluorescence microscopy become compact
linear operators.

In order to formally discuss the issue of being ill-posed and its relationship
with compactness we consider linear inverse problems characterized by the
following general structure [3]. The first step is to define the corresponding
direct problem, whose solution allows us to define a linear operator A from the
(Hilbert) space X containing all functions characterizing the unknown objects
to the (Hilbert) space Y containing all functions describing the corresponding
measurable images. Therefore the measured image g € Y is related to the true
physical object f° € X by

g=Af +h | (24)

where Af° is the (exact, or computable) image of the object f° and h is
a term containing all possible experimental errors. When the signal-to-noise
ratio associated with g is sufficiently high, the norm of Af° is larger than
the norm of h, the noise term in (24) can be neglected and the linear inverse
problem that we are interested in reduces to that of finding f € X such that

g=Af . (25)

Equations (24) and (25) display a clear pathological feature of ill-posed inverse
problems. In fact, if we represent the problem by (24), we have only one
equation for two unknowns: the true object f° and the function h. On the
other hand, if we use (25), since the correct representation of g is given by
(24), then a solution may not exist for all noise realizations.

According to a more formal approach, being ill-posed can be viewed as
a property of the triple {A, X,Y}. Indeed, the data space ¥ must be broad
enough to contain both the exact image Af° and the noisy image g, and there-
fore the range of A, R(A), is strictly contained in Y (typically the functions
in R(A) are much smoother than the functions describing noisy images). Fur-
thermore, when the kernel of A is not empty, the solution of the problem is not
unique; finally, if A~!, when it can be defined, is an unbounded mapping from
Y to X, then the dependence of the solution on the data is not continuous.
The only way out from this puzzling situation is, first of all, to give up looking
for an exact solution of (25) and, for example, to consider the least-squares
problem of determining all functions f € X such that

lAf = glly =min . (26)

It is easy to prove that the set of least-squares solutions concides with the set
of solutions of the Lagrange-Euler equation

A*Af = Ag (27)

where A* is the adjoint operator of A. If P is the linear projection operator
onto the closure R(A) of the range of A, it can be shown that the Euler
equation is in its turn equivalent to
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Af =Pg . (28)

It follows that there exists a class of linear operators for which the set of least-
squares solutions is not empty, namely, the operators whose range is closed.
Furthermore, the set of least-squares solutions is a closed and convex subset of
the Hilbert space X and therefore there exists only one least-squares solution
of minimal norm, which is called the generalized solution and denoted by f1. It
is natural to introduce the generalized inverse operator A : Y — X mapping
g to f and, since At is continuous if and only if R(A) is closed, then, in this
case, the problem of determining the generalized solution is well-posed (these
results apply to the case of discretized problems, as discussed later). However,
as already stated, most inverse problems of interest in biomedical imaging are
modeled by compact operators and easy considerations essentially based on
the open mapping theorem show that, if A is compact, then R(A) is not closed
(unless it is finite-dimensional). In other words, the search for a generalized
solution of problem (25) for compact operators is still an ill-posed problem.

According to a different approach, the best one can do is to look for an
f reproducing the given g within a tolerable uncertainty [6]. Since the image
(24) can contain a term in R(A)L = ker(A*) due to the noise, then the idea
is to look for functions in X such that

|Af = Pglly <€, (29)

where € measures the magnitude of the noise. In order to show that, in the
case of compact A, even this attempt is unsuccesful, we introduce the singular
system of A [43], defined as the set of triples {ok; ur, vk }32; solving the shifted
eigenvalue problem

Auk = 0LV 5 A*’l)k = 0OgUr . (30)

Before going on, we recall that a complete characterization of the singular
system of the Radon transform in any dimension is known [26, 49] (also see
[56, 4]). These results show that the singular values tend to zero very slowly, so
that thousands of singular values are necessary for an accurate reconstruction.
Moreover, the singular functions, which are related to orthogonal polynomials,
become highly oscillating when associated to small singular values. This is
a rather general property of the singular functions of operators involved in
biomedical imaging.

Now, since the set of the singular functions {u}32, C X is an orthonormal
basis in ker(4) while the set of the singular functions {v;}°, C Y is an
orthonormal basis in R(A)=ker(A*)*, elementary computations based on (30)
lead to the following expression of (29):

S % )y - DY g (31)

g
k=1 k

9]
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This equation defines the set of interior points of a sort of ’ellipsoid’ in the
infinite-dimensional solution space X. As the singular values of a compact
operator are real positive numbers accumulating to zero when k£ — oo, then
such an ellipsoid is unbounded, and, together with the true object, it also
contains completely unreliable approximate solutions which, nevertheless, can
reproduce the data within the prescribed accuracy. We observe in Section 5
that the main idea, common to most available methods for dealing with ill-
posed problems, is just to restrict the class of admissible solutions by selecting
a subset of this ellipsoid by exploiting a priori information available about the
solution.

We conclude this section devoted to ill-posed problems, by discussing the
case of finite-dimensional linear problems obtained from a sort of discretiza-
tion of the original ill-posed linear inverse problem formulated in the infinite-
dimensional Hilbert space setting.

Since, in general, we are interested in 3D images, we assume that the
volume of the body is partitioned into N voxels, characterized by an index
n, and we denote by f, the average value of the quantity of interest f(z)
in the voxel n. Moreover we assume that the radiation transmitted, reflected
or emitted by the body is measured by means of M detectors, characterized
by an index m; we denote by g, the output of the detector m. We denote
by f and g respectively, the vectors of the unknown parameters (the object)
and of the outputs (the image). If a linear model has been developed for the
imaging process, then the discretization of this model leads to a matrix A,
M x N, relating the unknown object f to the image g. In practical applications,
typically we have M > N, so that the problem can be overdetermined. Then,
in the absence of experimental errors, the output of the detector m should be
given by

N
n=1

We can now reformulate a discrete least-squares problem, as in (26), with
the norm of Y replaced, for instance, by the usual Euclidean norm of an M-
dimensional vector space. The problem of determining the generalized solution
is then well-posed in the sense of Hadamard. However, being well-posed is
only a necessary condition for numerical stability. Indeed, if we introduce the
singular system of the matrix A, the generalized solution is given by

p
t — (gJ vk)Qu
f ;7% ko (33)

where p is the rank of the matrix A and the scalar product is the Euclidean
one. The numerical stability of this solution is controlled by the condition
number a = 01 /0, and, since the problem derives from the discretization of
an ill-posed problem where the singular values accumulate to zero, it is quite
natural to expect that this condition number is quite large. Moreover, it is also
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clear that the value of the condition number increases for increasing accuracy
of the discretization. Lastly, since the instability is due to the propagation
of the noise corrupting the components associated with small singular values
and since these components are associated with singular functions which are,
in general, highly oscillating, as remarked above, it should be clear that the
generalized solution is characterized by wild oscillations.

If we now consider that, analogous to (31) in the case of infinite-dimensional
spaces, in a finite-dimensional framework the set of approximate solution vec-
tors which reproduce the data vector within an uncertainty e is represented

by the ellipsoid
p

2
STk (fug) — @2 g (34)
=l € ()

we find that the center of this ellipsoid is the generalized solution and its half-
axes have lengths €/oy,. Since for a refined discretization the singular values
of the matrix become closer and closer to those of the corresponding (com-
pact) operator, it follows that, from some principal directions on, the ellipsoid
also contains, together with the true and generalized solutions, approximate
solutions characterized by huge norms and therefore completely unreliable.
Lastly, we note that the ratio between the lengths of the longest and shortest
half-axes is just the condition number.

4 Noise modeling

In the previous section we emphasized the idea that, in the case of an ill-posed
problem or of a discrete ill-conditioned problem, one must look for approxi-
mate solutions, namely, for objects which do not reproduce the detected image
exactly. Indeed, an exact reproduction of the image should be a reproduction
not only of the signal contained in the image but also of the noise affecting
the signal. In other words one must look for objects approximating the im-
age “within the noise” and it is obvious that this expression becomes more
significant if the structure of the noise is known. Therefore in this section
we concentrate on the noise models which are most frequently used in appli-
cations, we provide a definition of the set of approximate solutions and we
ignore, for a moment, the difficulty due to the fact that this set is too broad.
Moreover, in this and subsequent sections we continue to consider discrete
versions of the imaging problems.

We already stated that the outputs of the detectors are affected by pertur-
bations which are usually denoted as noise; randomness is their main feature.
As a consequence, the output of a detector must be viewed as the realization
of a random variable and, if a measurement is repeated several times, the
results will always be different. As a consequence of the ill-conditioning of the
imaging matrix A, the solutions of the linear equation

Af =g | (35)



16 M. Bertero and M. Piana

corresponding to different realizations g of the image are completely different
and this is another way of stating that the set of approximate solutions is
too broad; indeed the solution associated to one realization is an approximate
solution for another realization of the image of the same object.

These remarks indicate that a statistical approach is a quite natural setting
for discussing these questions and, in the following, we provide an attempt at
quantifying the concept of approximate solution in a general way, for any given
noise; it is based on the so-called likelihood function, which is related to the
randomness of the images. As we show, the least-squares approach, already
discussed in the previous section, is obtained as a particular case.

We assume that g is the realization of a vector-valued random variable
(RV) G and that we know the probability distribution of G for a given object
f; for simplicity, we assume that it can be given in terms of a probability
density, which is denoted by Pg(g|f). If a particular realization g of G is
given and if we insert this value in Pg(g|f), we obtain a function of f which
is called the likelihood, or the likelihood function, and is denoted as

Lg(f) = Pa(glf) . (36)

A careful discussion of the statistical meaning of this function is beyond the
scope of this work; we only observe that, if we consider two objects, f; and f5,
and if Lg(f;) > Lg(f;), then f; is “more likely” than f, to be the object which
has generated the image g. Since, in general, the RVs G, are independent,
so that Pg(g|f) is the product of a large number of density functions, it is
convenient to introduce the logarithm of the likelihood function

Jg(f) = —in Ps(glf) . (37)

Then we can define a set of approximate solutions as the set of objects with
a likelihood greater than a given value (obviously smaller than the maximum
value of the likelihood) or, equivalently, as the set of objects defined by the
condition

Seg = {f|Je(f) <e}. (38)

In the two examples we discuss in detail, this second definition is preferable,
when combined with a suitable rescaling of the function Jg(f), since, in these
cases, this function can also be interpreted as the discrepancy between the
computed image Af, associated with the object f and the detected image g.

Before discussing the two particular models, we point out that in both
cases the basic assumption is that the expected value of the RV G is given by
the ideal (computed) image

E{G} = Af . (39)

The two models correspond, respectively, to so-called additive Gaussian noise
and Poisson noise.
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4.1 Additive Gaussian noise
In this model, the RV G is given by

G=Af+W | (40)

where W is a Gaussian vector-valued RV. The noise is called additive just
because it is a random process which is added to the deterministic signal
coming from the object. If all the RVs W,,, have zero expected value and if C'
is their covariance matrix, then the joint probability density of these RVs is
given by

Pw(w) = [(2w>M|c|]%ewp{—éwlw,wb} , (41)

where |C| is the determinant of the covariance matrix. If C = 021, with I the
identity matrix, then we have so-called white noise. From (40) and (41) we
obtain

Po(glt) = [0 [C]] Fesp{-5(C M- AD g - ADR) . (@2

and therefore the functional (37), after multiplication by a factor of 2 and
addition of a suitable constant, becomes

Tg(f) = (C™'(g — Af), g — Af), . (43)
In the particular case of white noise, we get
Jg(f) = [|Af —g|l3 (44)

and this is just the discrete version of the least-squares approach discussed
in the previous section in a continuous setting. On the other hand the func-
tional (43) is that used in the so-called weighted least-squares approach. In
other words, from a statistical point of view, all the different forms of least-
squares approach derive from a specific assumption on the noise perturbing
the data. We remark that these approaches are also the starting points of the
regularization theory of ill-posed problems [29].

4.2 Poisson noise

The second model we consider applies to the case of so-called photon noise,
namely, the noise due to fluctuations in the emission and counting of the
photons involved in the imaging process. This noise is relevant both for trans-
mission and emission CT as well as for fluorescence microscopy. The treatment
of emission CT and fluorescence microscopy is very similar and, for simplicity,
we discuss a model which applies to both cases. The model for transmission
CT is discussed, e. g., by Lange and Carson [47].
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The basic assumption is that each voxel n is a source of photons. This is
a statistical process and we denote by F), the RV describing the statistical
distribution of the number of photons emitted at voxel n and collected by the
detectors of the CT scanner or of the microscope during a given acquisition
time T'. Then the first basic assumption is the following:

e [, is a Poisson RV, with expected value f,, i. e., the probability of the
emission of k photons at voxel n is given by
—fn £k
Py, (k) = & k'f" , k=0,1,2,....; (45)
e the RVs F, and F,, corresponding to different voxels, are statistically
independent.

Next, we denote by A, , the probability that a photon emitted at voxel
n is collected by the detector m. This probability is a crucial quantity in
the modeling of the imaging process. Its computation must take into account
both the geometry of the acquisition system (for instance, the geometry of the
collimating devices) and the physical processes perturbing the photon before
arriving at the detector m. In the case of emission tomography, for instance,
one must take into account the scattering of the photons by the constituents
of the tissues (generating the effects known as attenuation and scatter in PET
and SPECT imaging), while, in the case of microscopy, one must consider the
diffraction effects. In the latter case the matrix A, , is given essentially by
the PSF of the optical system.

Let Fy,,n, be the RV corresponding to the number of photons emitted at
voxel n and collected by the detector m. Then, the second basic assumption
is the following:

e Fp,n is a Poisson RV with expected value given by A, pfr;
o for any fixed n and m # m', the RVs F,, , and F, , are statistically
independent.

If we now denote by G,, the RV corresponding to the number of photons
collected by the detector m, and if we assume efficiency 1 (i. e., all the photons
arriving at the detector are detected), then it is obvious that G, is given by

Gm=Y_ Fun - (46)
=1N

Thanks to the previous assumptions this RV is also a Poisson process with an
expected value given by

N
E{Gm} = Z Am,nfn = (Af)m . (47)

n=1

Moreover, the RVs associated to different detectors are statistically indepen-
dent. It follows that the probability distribution of the vector-valued RV G is
given by
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M
_ Af)9r
Pa(glf) = ] e-nm DI (48)
m=1 m*

where we denote by g the set of whole numbers corresponding to the outputs
of the detectors.

In the framework of the likelihood approach outlined above, it is easy to
see that the functional (37) associated with (48) is equivalent to

M
550 = 3 {omin 22+ (4~ gn | (19)
m=1 (Af)m

since their difference does not depend on f. This is the Csiszar I-divergence
which has the properties of a discrepancy functional [25]. It is a convex and
non-negative functional. Its level sets can be used for defining the sets of
approximate solutions. Their investigation is not easy. However experimental
results obtained on the minimum points of this functional indicate that these
sets of approximate solutions are also presumably very broad.

We conclude this section with a generalization and refinement of the previ-
ous model. In the case of fluorescence microscopy where photons are detected
by means of a charge-coupled-device (CCD), in addition to photon noise,
described above, one should also take into account so-called read-out moise
(RON) [64]. This is a white additive Gaussian noise and is statistically inde-
pendent of the photon noise, so that we have a combination of the two types
of noise described above. Since each G, is the sum of two independent RVs,
one with a Poisson distribution and the other with a Gaussian one, it follows
that the probability density of the detected signals is given by

M 4o (Af)k
Pa(glf) = [ Ze*Mf’mePRON(gm - k), (50)
m=1 k=0 ’
with
1 _@-n?
Pron(u) = oo 202 (51)

if the read-out-noise has expected value r and variance o2.

We remark that the functional (37) derived from this probability density is
bounded from below but is not convex. The utility of such an approach has still
to be demonstrated; however, its investigation is an interesting mathematical
problem.

5 The use of prior information

In the framework of the likelihood approach outlined in the previous section,
it is quite natural to consider the object which most likely reproduces the
detected image g as a possible approximate solution of the inverse problem.
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This is the mazimum likelihood (ML) estimate and, according to (37), it can
be defined by
fvr, = arg ming Jg(f) . (52)

In the case of additive white noise, we again obtain the least-squares prob-
lem discussed in Sect. 3. As we know, the solution of this problem (which,
in general, is unique since the problem is overdetermined) is ill-conditioned
and therefore is affected by strong noise propagation from the data to the
solution. The situation is not so clear in the case of photon noise. However
there are strong experimental indications that the minimization of the Csiszar
I-divergence (49) also does not provide sound solutions. Indeed the minimum
(or the minima; uniqueness is not proved) lies on the boundary of the closed
cone of the non-negative vectors and, as a result, minima must have several
zero values. This effect appears in the use of iterative methods converging to
these minima and is known as checkerboarding effect. From these remarks one
can draw the conclusion that, if one defines a set of approximate solutions
as (38), then this set is too broad. Indeed, it contains both the minima of
the Csiszar I-divergence and the correct solution (if € is correctly chosen) and
therefore it contains very different objects.

A very general idea underlying all approaches to the definition of meaning-
ful approximate solutions of inverse problems consists in introducing criteria
for extracting these solutions from the broad set of all approximate solutions
by means of additional information on the solution itself. This additional infor-
mation, which is sometimes called a priori information, derives from knowl-
edge of expected properties of the solution. For instance, in almost all the
problems considered in this chapter, the solutions must be non-negative; we
also know that they cannot be too large and so on. This information can be
expressed in the form of constraints on the solution of the minimization prob-
lems outlined above. For example, constraints on a norm of derivatives of the
solution lead, through the method of Lagrange multipliers, to the minimiza-
tion of functionals which are the sum of the discrepancy and of a regularization
functional derived from the smoothness conditions. This is just the basis of
Tikhonov regularization theory. In general terms, the problem becomes the
minimization of a functional with structure

Pg,u(f) = Jg(f) + p02Af) (53)

where p > 0 is the so-called regularization parameter controlling the trade-
off between data fitting (the first term) and smoothness of solution (second
term).

However we prefer to provide here a probabilistic justification of this ap-
proach, based on Bayes formula, which is probably more general than the
regularization approach even if its formulation is, in general, restricted to the
discrete case in order to avoid excessive mathematical technicalities.

The basic point in this approach is that the object f is also considered
as a realization of a vector-valued RF F; moreover, the probability density
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Pg(g|f), introduced in the previous section, is viewed as the conditional prob-
ability of g, given f. Therefore, if the marginal probability density of F, Pg(f),
is also given, then the conditional probability density of F for a given g can
be obtained by means of Bayes formula

_ Pa(glf)Pr(f)

Pe(fle) = S5 (54)
where Pg(g) is the marginal probability density of G, which can be obtained
from the joint probability density Prc(g,f) = Pc(g|f)Pr (f). Equation (54) is
the basis of the so-called Bayesian approach to inverse problems; the marginal
density Pg(f) is usually called the prior, while the conditional probability
Pr(f|g) is also called the a posteriori conditional probability of the object
for a given image. This function provides a complete solution of the inverse
problem in the sense of the Bayesian approach. Indeed, from (54) one can
compute, in principle, everything about the unknown object corresponding to
the detected image: expected value, maximum probability value, probability
of subsets of objects, etc.

The difficulty in this approach is that the marginal probability distribution
of F, the prior, is not known, even if in some specific medical applications (e. g.,
the image of a human organ), one could use data bases of previously obtained
images for estimating the prior. This example suggests that the prior is just
what is needed for expressing our a priori information about the object. In
other words we must use our knowledge, or ignorance, about the object for
selecting this marginal distribution which restates, in a probabilistic setting,
the need, mentioned above, of criteria to be used for selecting meaningful
objects from the broad set of all objects compatible with the given image.

However, in any application of inverse problems and, in particular, in med-
ical imaging, it is necessary to show at least one reconstructed object and this
can be provided by the mazimum a posteriori (MAP) estimate, which is an
object maximizing the a posteriori conditional probability

fyap = arg maze Pr(flg) . (55)

It is possible to replace this problem with a minimization problem by taking
the logarithm of the a posteriori density and changing its sign, so that, on
recalling the definition (37), we obtain

frap = arg mazs {Jg(f) — logPe(f)} (56)

where we have neglected the contribution of Pg(g) since it is independent of
f. Therefore the term —logPr(f) plays the role of a regularization functional.
The most frequently used priors are of Gibbs type

Pe(£) = Ceap{-u2(£)} (57)

where 2(f) is, in general, a convex and non-negative functional expressing
prior information about the object and p is a positive parameter (which is just
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the regularization parameter in regularization theory). In such a case we find
that the functional to be minimized for determining the MAP estimate is just
that given in (53). In particular we obtain precisely the standard functional
of Tikhonov regularization theory if we assume that the image is perturbed
by additive white noise, so that the discrepancy functional is given by (44),
and also that the prior of the object corresponds to a white Gaussian process
with zero expected value and variance 1/2y, i.e., 2(f) = ||/f||3. As a result the
functional (53) becomes

Bg.u(f) = ||Af — gl[3 + plIf]]5 - (58)

As it is well known, for each value of y this functional has a unique minimum
which is just the classical Tikhonov regularized solution

f,=(ATA+pu1) ' ATg | (59)

where I denotes the identity matrix. This regularized solution, however, is
not frequently used in medical imaging, firstly because it is not suitable for
the solution of large-scale problems, as we discuss in the next section and,
secondly because, in the case of tomography, it is affected by aliasing effects,
as discussed, e.g., in [14].

6 Computational issues and reconstruction methods

If a linear model is available, then one has at one’sdisposal the very powerful
theoretical tools outlined in the previous Sections for the analysis and the
solution of the problem. However its practical solution can require a consider-
able computational burden both in the 2D and in the 3D case. If the problem
is treated as a sequence of 2D problems as in standard X-ray CT and also,
in general, in emission tomography, then, for each section, the number of un-
knowns is 256 x 256 or 512 x 512. If the problem is genuinely 3D, then the
number of unknowns becomes 256 x 256 x 64 or 512 x 512 x 64 and therefore
it is of the order of millions. In such a situation it is clear that the discretiza-
tion of (11) leads to a matrix which, in general, cannot be stored, even if it
is sparse. Therefore further approximations are, in general, introduced in the
model in order to make the problem tractable from the numerical point of
view.

For instance, in the case of SPECT imaging, one neglects the so-called
“collimation blur”. The discrimination of the photons coming from a given
direction is obtained by means of a hole in a slab; the detector counts all the
photons crossing the hole and therefore integrates over the acceptance cone
of this hole. It follows that the problem is moderately 3D. However, if one
assumes that it is reasonable to approximate the cone with a circular cylinder,
one has a situation close to that of X-ray CT (integration over straight lines or,
more precisely, over tubes). In such a case the problem can be approximated
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by a sequence of 2D problems (as in CT) and one can use the fast algorithm of
filtered back-projection. A more refined model, also leading to a sequence of
2D problems, is the so-called 2D+1 model developed in [8]. However, in such a
case, the matrix does not come from the discretization of the Radon transform
and, since it is too large, it must be computed whenever it is required. It
is also worth mentioning the case of magnetic resonance (MR), where the
acquisition process is designed in such a way that the reconstruction process
can be reduced to Fourier transform inversion and therefore is extremely fast
(and well-posed as well). For an early but excellent tutorial on MR we suggest
the paper of Hinshaw and Lent [35], while, for a good description of the physics
of radioisotope imaging such as PET and SPECT, see [69).

Another example is provided by fluorescence microscopy. Given that, in
such a case, the PSF in (11) describes the spatial dependence of the point
process, this dependence is, in general, space variant, i.e., it is not the same
for all locations of the point source in the object space. Such an effect is
a consequence, for instance, of the spherical aberration of the lenses of the
optical system. However, the manufacturer attempts to correct this effect as
far as possible. As a consequence, it is reasonable to assume that the PSF is
space-invariant so that (11) can be replaced by (6). Moreover, practitioners
approximate the convolution operator by means of a 3D circulant matrix, so
that the Fast Fourier Transform (FFT) can be used for the computation of the
matrix. It is also obvious that the storage of the matrix can be reduced to the
storage of the PSF and therefore is just that of one image. If the condition of
space-invariance is not satisfied, then one in general assumes that it is satisfied
in subdomains of the image volume so that in each of them the reconstruction
techniques developed for the space-invariant case can be used.

In general it is assumed that the problem can be solved in almost real time
if one of the following conditions is satisfied:

e the 3D problem can be approximated by a sequence of 2D problems, each
implying a Radon transform inversion;

e the matrix A is sparse and is not stored since it can be computed by means
of a look-up table of given values or by means of simple rules;

e the matrix A is not sparse but is given by a space-invariant PSF which
can be stored.

In the first case the standard algorithm is filtered back-projection (FBP)
while, in the other cases, the most frequently used approaches are based on
iterative algorithms with regularization properties. For the convenience of the
reader we briefly describe FBP, also because it provides terminology which is
frequently used in medical imaging.

As discussed in the introduction the 2D Radon transform is given by
(Rf)(s,0) = (Pyf)(s), with (Pyf)(s) defined in (3). The inversion formula, (5)
can be decomposed in two steps: the first is the computation of the Hilbert
transform of the derivative, with respect to s, of the Radon transform of f; the
second consists in applying to the result the back-projection operator defined
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by

(R*9)(@) = [ g(o-0.0)d0 . (60)

s

This operator is, in a sense, the dual of the Radon operator R because, while
R corresponds to integrating over the points of a line, R# corresponds to
integrate over the lines through a point. It is also the (formal) adjoint of R
and, for this reason, in medical imaging it is usual to denote the imaging
matrix A, introduced in the previous sections, as the projection matriz and
the matrix AT as the backprojection matriz.

Now, the FBP algorithm consists of the following two steps, corresponding
to the two steps indicated above.

e Step 1 (filtering) . Compute the 1D Fourier transform of each projection
g9 = (Pf)e(s), namely, go(w), multiply the result by the ramp filter |w|
and take the inverse Fourier transform; the result is the filtered projection
in the direction 6:

+oo
Gols) = / W] Go(w)ei™ ds . (61)

21 J_

This step is just the computation, except for a constant, of the Hilbert

transform of the derivative of gy. The set of filtered projections provides the

filtered sinogram, which is the representation of the 2D function G(s,6) =
Gy(s).

e Step 2 (back-projection) . This step is just the application of the back-

projection operator to the filtered projections; it provides the function f:

f(@) = - (R*G)(z) - (62

It is easy to verify that this is a different way of writing (5).

In Figure 3 we give a pictorial representation of the FBP algorithm, also
showing that, if we apply the back-projection operator directly to the projec-
tions (without the ramp filter), then we get a blurred version of the object. In
this figure the sharpening of the sinogram provided by the ramp filter is also
evident.

It is obvious that the FBP algorithm, here described in a continuous set-
ting, allows for fast implementations. Indeed the computation of the filtered
projections can be performed by means of the FFT algorithm and therefore
its computational cost is of the order of M logs M, if M is the number of data.
More expensive is the computation of the back-projection even though fast
algorithms have also been designed in this case (see, e.g., [57]). We also note
that the ill-posed nature of the problem manifests itself in the multiplication
of gp(w) by the ramp filter. Indeed this filter amplifies the high-frequency
noise, i.e., the noise affecting the values of gy(w) for large values of w. This
effect is corrected, in practice, by attenuating the ramp filter at the higher
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Fig. 3. Pictorial representation of the FBP algorithm.

frequency. An example is provided by the Shepp-Logan filter [42] and such a
procedure is basically a regularizing one.

The efficiency of the FBP algorithm makes clear why it is the favorite
in commercial machines: very often the acquisition processes are designed in
such a way that the data approximately provides line integrals of the un-
known object. If this approximation is not satisfactory or if one intends to
improve the results provided by FBP, then one has to deal with a large-scale
projection matrix A and one must solve one of the large-scale minimization
problems discussed in the previous sections. It is obvious that direct meth-
ods such as those provided by the Tikhonov regularized solution (59) are not
feasible in practice. Therefore it is quite natural to look for iterative methods
such that at each iteration the main computational burden is a matrix-vector
multiplication.

It is also important to observe that the minimization of regularized func-
tionals, such as those introduced in the previous Section, faces the problem of
the choice of regularization parameter. Several criteria have been investigated
in the case of Tikhonov regularization method (see, Engl et al. [29], Bertero
and Boccacci [4]) but not in the other cases. In general one should do exper-
iment with the method on sets of simulated images for establishing the best
possible values of these parameters. Such an approach is very costly from the
computational point of view.

A practical solution to these problems is provided by iterative methods for
the minimization of a discrepancy functional, such as that defined in (44) or
(49), with a property which is called semiconvergence: if we define a restora-
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tion error as a distance between the result of iteration k and the true object,
then this restoration error first decreases, goes through a minimum and then
increases up to very large values (remember that the minima of the discrep-
ancy functionals are strongly affected by noise propagation). It turns out that
the solution provided by the iteration corresponding to the minimum of the
restoration error is, in general, a reliable solution of the reconstruction prob-
lem. In such a case, we do not have the problem of choice of regularization
parameter, but rather a problem of optimal stopping. Again criteria can be
obtained by experimenting with the algorithm.

In the case of the least-squares functional (44) the prototype of these
methods is a gradient method known, in the inverse problem literature, as the
Landweber method:

fltD) = ¢0) 4 7 AT (g — AF(R)) | (63)

where 7 is a relaxation parameter (the step in the direction of steepest descent)
satisfying the condition

0<1< % , (64)

01

where o is the maximum singular value of the matrix A. It is easy to prove
(see, e.g., [4]) that this iterative method, initialized with the zero object,
converges to the minimum norm least-squares solution and that the effect of
the iteration k is essentially a filtering of this solution, keeping the components
corresponding to the largest singular values and dropping the others: as the
iteration goes on, the components corresponding to smaller singular values
also appear, hence introducing the instability due to noise amplification. By
such an analysis it is possible to prove the semiconvergent behavior of the
restoration error.

The main drawback of this method is that it is too slow: the minimum of
the reconstruction error can be reached only after hundreds of iterations. A
much more convenient method is provided by the conjugate gradient (CG).
It is proved that this method has also the semiconvergence property (see,
e.g.. Engl et al. [29]), but it is much faster than the Landweber method,
especially if preconditioning techniques are used. For instance, it was shown,
in an application to SPECT imaging [8], that CG, equipped with a very simple
preconditioner, provides reliable solutions after 10 to 15 iterations.

However, in the case of emission tomography or fluorescence microscopy,
the least-squares discrepancy (44) is not the appropriate one and one must
use that derived from the appropriate noise model, namely, (49). An itera-
tive method for the minimization of this discrepancy in the case of emission
tomography was proposed by Shepp and Vardi [63]. It is called ezpectation
mazimization (EM) since it is a particular case of a general method, with
the same name, for the solution of maximum likelihood problems. It must
be remarked that the same iterative algorithm was previously proposed by
Richardson [60] and Lucy [50] for deconvolution problems and, for this reason,
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the algorithm is known as the Richardson-Lucy method (RLM) in astronomy
and microscopy. The algorithm is as follows

k+1) _ p(k) 4T _ 8
£ = £(k) 4 YO (65)

where product and quotient of vectors are to be interpreted as component-wise
(Hadamard product and quotient). We note an interesting property of this
algorithm: since the elements of the matrix A and the components of the image
g are non-negative, if the initial guess is also non-negative, then all the iterates
are automatically non-negative. It must also be pointed out that, in general,
a positive initial guess is chosen (as a rule of thumb, a constant vector),
because, as a consequence of the multiplicative structure of the algorithm, if
a component of the initial guess is zero, then the same component of all the
iterates is zero.

It was proved by Shepp and Vardi (a more complete proof is given by
Lange and Carson [47]) that, for any positive initial guess, the iterates con-
verge to a maximum of the likelihood function, hence, to a minimum of the
Csiszar I-divergence. However, after a number of iterations, the iterates show
the checkerboard effect mentioned earlier, indicating that the minima of the
Csiszar I-divergence are not reliable solutions. The utility of the algorithm is
due to the fact that it has the semiconvergence property (see [4] for a discus-
sion), an experimental result derived from numerical practice. Some theoret-
ical insight is derived from an analysis of the filtering effect of the iterations
[58]. As a consequence reliable solutions can be obtained by suitable stopping
of the iteration.

EM, as Landweber, is very slow and, in general, requires a large number of
iterations. In the case of emission tomgraphy, an accelerated version known as
ordered subset - expectation mazimization (OS-EM) was proposed by Hudson
and Larkin [36]. This approach improves considerably the efficiency of EM; it
was implemented for the reconstruction of SPECT data based on the 2D+1
model [8] and it provides reconstructions in almost real time (a few minutes)
so that it is currently used by medical doctors of the Universities of Genoa
and Florence for the reconstruction and analysis of SPECT data.

In Figure 4 we give an example of the improvement which can be obtained
by means of this method with respect to FBP, by comparing the results ob-
tained with the two methods in the reconstruction of a 3D brain image. The
comparison is performed by showing the results for a transaxial section (up-
per panels), a coronal section (middle panels) and a sagittal section (lower
panels). The left-hand panels correspond to FBP. Since the FBP reconstruc-
tion is simply a set of 2D reconstructions, a smoothing in the axial direction
is needed and this is obtained by means of a suitable Gaussian filter. In the
right-hand panels we show the result of a 3D reconstruction, based on the
2D+1 model for the collimator blur, obtained by grouping the projections
into 12 subsets and using 9 OS-EM iterations. The improvement is evident
not only in the coronal and sagittal sections, as is obvious since we use a 3D
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Fig. 4. Left-hand panels: reconstructions provided by the FBP algorithm, using a
Gaussian filter in the axial direction. Right-hand panels: reconstructions obtained
by means of the 2D+1 model for the collimator blur and the OS-EM algorithm for
data inversion. Upper panels: transaxial sections. Middle panels: coronal sections.
Lower panel: sagittal sections.

method, but also in the transaxial section. This improvement is mainly due
to the improved model of the imaging matrix.
7 Perspectives

The different kinds of tomography and microscopy, as well as MR, represent
well-established imaging techniques, characterized by a high degree of tech-
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nological development and validated through a large variety of biomedical
applications. Nevertheless, recent decades have seen an impressive growth of
the investigation of new modalities able to provide information on both the
structural characteristics and the functional status of the tissues under exam-
ination. The theoretical modeling of these procedures often utilizes sophisti-
cated mathematical tools, thus providing actual motivations to investigations
in important areas of pure mathematics. On the other hand, the necessity of
reliable reconstruction methods on a real-time scale, has inspired the formu-
lation of numerical algorithms of a more general flavor and has significantly
contributed to the development of a new applied science, characterized by the
integration of concepts and techniques originally formulated in different areas
of mathematics, physics, biomedicine and computer science. In the follow-
ing we provide outlines of some of these new imaging techniques, indicating
both their roles as diagnostic tools and the main theoretical connections with
different aspects of applied mathematics.

7.1 Electrical Impedence Tomography

The inverse problem at the basis of electrical impedance tomography (EIT) is
that of imaging the electrical properties in the interior of a body given mea-
surements of electric currents and voltages at the boundary. Medical problems
for which knowledge of internal electrical properties are helpful are related to:
lung medicine, for the detection of pulmonary emboli or blood clots in the
lung; non-invasive monitoring of heart functions; non-invasive detection of
breast cancer. Within the highly idealized framework of the continuum model
[16], the electric potential v in the domain (2 satisfies the boundary value
problem:

V-v(z,w)Vu=0 , ze€, (66)
102D _ @) weon (67)

where
Y(z,w) = o(z,w) + iwe(z,w) (68)

is the admittivity (proportional to the inverse of the impedance of the body),
o the electric conductivity, 7 the imaginary unit, w the angular frequency
of the applied current, € the electric permittivity, j the surface current den-
sity and v the inward-pointing normal unit vector. This Neumann problem is
well-posed under very general conditions on +, provided that the charge con-
servation is assured and a choice for [, u is fixed. The corresponding inverse
problem is much more complicated and can be related to that of determining
v when the Dirichlet-to-Neumann map relating the voltage and the current
on the surface is known. Many important mathematical issues arise from this
problem, essentially concerned with both the injectivity of the forward map
and the stability of the inverse operator [46, 67, 55]. In [13] an imaging al-
gorithm is provided for the linearized problem, which was numerically tested
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in [37] in the case of an elementary geometry. However, in [17] and [65] it
is pointed out that the continuum model is very poor for real experiments,
where the current is known only in wires attached to discrete electrodes and
significant electrochemical effects at the contact between the electrodes and
the body must be taken into account. On the basis of a more realistic and
complete model, an adaptive current tomography system has been designed
and realized by the EIT group at the Rensselaer Polytechnic Institute [16]
and reconstruction algorithms have been implemented and tested in the case
of both simulated and real experiments.

7.2 Optical Tomography

Optical tomography (OT) [2] is a functional medical imaging modality whose
aim is to reconstruct images of optical coefficients, such as tissue absorp-
tion, from boundary measurements of light transmission by using light in the
infrared band between 700 and 1000 nm. The medical motivations of this tech-
nique [15] are essentially related to brain function monitoring, as in the case of
the early detection of after-birth oxygen deficiency or localization of cortical
activation areas during stimulated tasks, although structural reconstructions
can be obtained in the case of the detection of brain and breast cancer. Ac-
cording to a very schematic description, the mathematical model for OT is
based on the integro-differential equation for photon transport theory [39],
which, in the frequency domain, reduces to the elliptic equation [48]:

V.- (AV®) — (B+iC)d =g . (69)

Here & and q are, respectively, the Fourier transform of the isotropic photon
density ¢ and of a function ¢ of space and time representing the source distri-
bution; A and B are coefficients related to the tissue absorption and scattering
properties and C' is the reciprocal of the speed of light. The inverse problem of
OT is that of determining estimates of A and B, given C' and complete data
at the boundaries for two different frequencies. A proof of uniqueness of the
solution can be found in [38] while a rather complete review of the most fre-
quently used reconstruction methods is in [2]. A prototype scanner for OT has
been constructed at the Biomedical Optics Research Laboratory, University
College, London (http://www.medphys.ucl.ac.uk/research/borg/index.htm).
The primary clinical aim of this device is to detect oxygenation failures in
newborn infant brains.

7.3 Microwave Tomography

Microwave tomography (MT) is a structural imaging technique whose aim is
to reconstruct the electrical parameters of the tissues from measurements of
the scattered electromagnetic field in the gigahertz frequency range [53]. This
low-resolution, high-contrast methodology is particularly helpful both when a
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low invasivity is required, as in mammography [30], and when the cancerous
tissues provoke significant variations of the refractive index, as in the diagnosis
of leukemia in human bone marrow [1]. From a mathematical point of view,
in a two-dimensional setting MT can be described by the scattering problem
introduced in Sect. 2 (Eq. (12)-(15)) and, in three dimensions, by an inverse
problems for Maxwell equations [11]. In MT no linearization can be performed,
since the microwave wavelength in biological tissues is of some centimeters and
therefore genuine resonance conditions hold. This implies that most image re-
construction methods in this framework must address a notable computational
expense which is often reduced by adopting oversimplified approximations in
the model. Typical approaches are based on generalization of methods orig-
inally formulated for diffraction tomography [68], on Newton-Kantorowich
algorithms [40] and on gradient methods [45]. Important experimental results
have been obtained at the Biophysical Laboratory, Carolinas Medical Cen-
ter, Charlotte, NC (USA) for various biomedical applications [62]. At the
Department of Biocybernetics, Niigata University, Niigata, an MT prototype
has been realized, with the aim of obtaining hardware-type linearization of
the image restoration problem by means of a mixing/filtering procedure [52].
In this application, named chirp-pulse microwave computerized tomography
(CP-MCT), the input is a chirp signal characterized by increasing frequency,
typically from 1 GHz to 2 GHz, the geometry adopted is that of X-ray tomog-
raphy in its parallel or fan beam setup and the basic reconstruction algorithm
is filtered back-projection. A refined mathematical model for image formation
in CP-MCT was proposed in [7] and validated in [54] while a theoretical com-
putation of the PSF of the device by means of scattering theory methods was
performed in [5]. Applications of this technique to the reconstruction of real
simple objects and to simulated mammographical experiments are currently
in progress.

7.4 Magnetoencephalography

Magnetoencephalography (MEG) [34] is a brain-imaging technique measuring
the weak magnetic fields related to neural currents, with the aim of inversti-
gating cerebral functional behavior, particularly in the study of auditory and
visual cortex, for both healthy subjects and for patients affected by epilepsy
or developmental dyslexia. When compared to other functional modalities
such as PET, SPECT or fMRI, MEG is characterized by very low invasiv-
ity and by a high temporal resolution, which allows us to infer information
about the temporal hierarchy of physiological responses. Furthermore current
MEG scanners provide a spatial resolution of some millimeters, particularly
for sources in the brain cortex, and reliable coregistration procedures with
MR structural data allows us to reproduce even finer anatomical details. The
MEG forward problem [61] is that of computing the magnetic field B(r) of a
given continuous current distribution J(r) when B(r) and J(r) are related by
the Biot-Savart law
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and (2 is a bounded domain corresponding to the human brain. The MEG
inverse problem is ill-posed in the sense of Hadamard and non-linear. Being
ill-posed is a consequence of the fact that the integral operator relating the
current density and magnetic field has a non-empty kernel [31] while non-
linearity arises when one models the neuronal source as a current dipole and
wants to determine both its position and amplitude. Standard approaches to
the solution of this problem need to deal with time series characterized by a
sufficiently high signal-to-noise ratio, and this result is typically accomplished
by averaging several magnetic responses to repeated realizations of the same
external stimulus. However, the main drawback of this procedure is that the
averaging process strongly dissipates the temporal information content of the
MEG signal. Furthermore, averaging such signals would be reliable if the
stimulus responses were the same for each repetition, but this is not necessarily
true, since, in order to avoid habituation effects, typical stimulus realizations
involve small modifications of the stimulus characteristics at each repetition.
More effective approaches utilizing raw non-averaged time series are based
on a probabilistic Bayesian approach [66], whereby the source localization at
each sampled time is obtained by building up a density probability function
conditioned on the experimental measurements, and the time evolution of the
process is realized by exploiting the form of the density function constructed
at the previous time step.
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