
Multiple image deblurring with high
dynamic-range Poisson data

Marco Prato, Andrea La Camera, Carmelo Arcidiacono, Patrizia Boccacci, and

Mario Bertero

1 Introduction

Image deconvolution is a classical inverse and ill-posed problem which was inves-

tigated since the dawn of regularization theory. Nowadays there exists a plethora

of methods and also some good codes for its solution. Examples for astronomical

applications are provided by IDAC [34], MISTRAL [38] and AIDA [33]. In these

codes a weighted least-squares approximation to the Poisson data fidelity function

is used. This approximation is justified by the fact that data are perturbed by both

Poisson and Gaussian noise, and, when the number of counts is large, a Poisson

distribution can be approximated by a Gaussian one (for a discussion see [49]).

Therefore the question is: why to propose other methods? The answer is that, as

far as we know, all regularized deconvolution methods do not produce satisfactory

reconstructions in the case of images with high dynamic range, i.e. images where

extremely bright and localized sources are superimposed to fainter and smoothly

varying structures. In general the reconstructions are affected by significant ringing

artifacts around the bright sources.

In this paper we propose methods for dealing with this difficulty in the frame-

work of multiple deconvolution of images satisfying Poisson statistics. This prob-

lem arises, for instance, in the case of images obtained by Fizeau interferometry [8],

a particular feature of the Large Binocular Telescope (LBT) [31]. Of the two Fizeau
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interferometers planned for this unique telescope, one, the so-called LBTI [32], has

already produced the first interferometric images [37, 21], while the other, LINC-

NIRVANA [29], is currently being commissioned and routinely performs Adaptive

Optics observations at LBT Observatory [30]. Our group participated in the decon-

volution of the first images of LBTI, showing, for the first time, the possibility of

resolving volcanic structures on the surface of the Jovian moon Io from ground

based observations [21].

Since we need efficient regularized methods, we first describe the application of

the Scaled Gradient Projection (SGP) method to the regularized deconvolution of

Poisson data. SGP is a general optimization method for the minimization of differ-

entiable objective functions as proposed in [16]; therefore it can be used when the

data fidelity function of Poisson data is regularized with the addition of a differen-

tiable function. As concerns the choice of the scaling, we derive it from the Split-

Gradient Method (SGM) proposed in [36]. This algorithm, with different kinds of

regularization is already implemented in the software package AIRY 1 [23, 19].

For the deconvolution of high dynamic range images we consider an approach

proposed in [25, 28] which consists in assuming that the image to be reconstructed

is the sum of two components: a point-wise one corresponding to the point bright

sources (stars) and a smooth one representing the underlying structures. More-

over, a different regularization is used for the two components: a sparsity enforc-

ing regularization in terms of ℓ1 norm in pixel space for the point-wise component

and a smoothing regularization for the other one. We call this approach a Multi-

Component Method (MCM).

Since the ℓ1 regularization of the point-wise component is unable to produce

reconstructions which localize correctly the point sources, in a subsequent paper

[35] we improve the MCM method in the particular case of a single star, with known

position, surrounded by an unknown accretion disc. Thanks to the knowledge of

the position of the star, in that paper we assume that the point-wise component

consists of an array which is zero everywhere except in one given pixel (the star),

a very strong constraint on this component; moreover simple ℓ2 regularization is

used for the smooth component and an alternating method is proposed for image

reconstruction. This approach provides both a satisfactory estimate of the magnitude

of the star and a satisfactory reconstruction of the accretion disc.

Having established the relevance of the knowledge of the location of the bright

sources, in this paper we extend the approach by defining a suitable objective func-

tion where the unknowns are the intensities of the sources and the smooth compo-

nent; next we consider the addition of a penalization term depending only on the

smooth component; finally, by a suitable extension of SGP to this model, we pro-

pose a convergent iterative method for the minimization of this function with respect

to the full set of variables,. Therefore only convex and differentiable regularizations

of the smooth component are considered. Moreover, besides non-negativity, addi-

tional constraints such as the flux value of the complete science object (point-wise

1 AIRY can be downloaded from http://www.airyproject.eu
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plus smooth) can be introduced. The focus is on the case of interferometric imaging,

i.e. multiple image deconvolution.

Since, especially in the case of interferometric images, the localization of the

bright sources can not be easily derived from the observed images, we also introduce

an approach able to overcome this difficulty. We call it a Multi-Step Method (MSM).

The first step consists in an SGP based deconvolution of the observed images and

the result is used for estimating the localization of the bright sources. This allows

to produce a mask which is used as an input of an MCM deconvolution; finally

the result of this step is used as a background for a simple non-regularized SGP.

The addition of the result of this step to that of the previous one produces the final

reconstruction.

In conclusion, the main contributions of our paper are the following:

• The extension of SGP to the regularized deconvolution of multiple images of

the same target, with specific applications to Fizeau interferometric images; in

addition, differentiable edge-preserving regularization functions, introduced in

the existing literature, are considered and discussed.

• Introduction of the multi-component model derived from our approach to the

deconvolution of multiple images of targets containing bright spots superimposed

to smooth and unknown structures.

• Extension of SGP to the minimization of the objective function derived from the

previous model.

• Proposal of MSM for the practical application of the multi-component model

to the case of interferometric images. The first step provides an estimate of the

localization of the bright sources thanks to a standard SGP deconvolution.

The paper is organized as follows. In Sect. 2 we describe the regularization meth-

ods for multiple image deconvolution and we briefly discuss the choice of the pa-

rameters appearing in these methods. In Sect. 3 we give the SGP algorithm for

multiple image deconvolution both in the standard case and in the case of boundary

effect correction; the latter is based on an approach proposed in [6] for single image

and in [1] for multiple image deconvolution. Sect. 4 is devoted to the problem of the

reconstruction of high-dynamic images. In Sect. 4.1 we introduce our model based

on the knowledge of the location of the bright sources and we propose the appro-

priate objective function and the corresponding SGP method for its minimization

while in Sect. 4.2 we describe the approach based on MSM for the case of interfero-

metric imaging. In Sect. 5 we demonstrate the accuracy provided by these methods

by deconvolving both simulated and real images of Io observed in M-band with

LBTI [37, 21]. Indeed these images are characterized by bright spots, due to vol-

canic activity, superimposed to the smooth surface of the moon. We also discuss the

possibility of performing photometric analysis on the deconvolved images provided

by MSM. Finally in Sect. 6 we summarize the results achieved with our approaches.

All methods are implemented in IDL and the codes are available to the users both

in AIRY and in the stand-alone package contained in OASIS 2.

2 http://www.oasis.unimore.it/site/home/software.html
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2 The regularization methods

In the case of Poisson data, the data-fidelity function is given by the sum of the

Csiszár I-divergences [48, 24], also called generalized Kullback-Leibler divergences

or cross-entropies, between the p detected and the corresponding computed images

J0( f ;g) =

p
∑

j=1

∑

m∈S

{

g j(m)ln
g j(m)

(A j f )(m)+b j(m)
+ (A j f )(m)+b j(m)−g j(m)

}

, (1)

where m is a multi-index varying on the pixels of the image and object domain

S ; the detected images g j , ( j = 1, ..., p) correspond to the same science object f ;

the backgrounds b j are the known expected values of the sky emission and A j the

known imaging matrices given by A j f = K j ∗ f ; here K j is the point spread function

(PSF) of the j-th image and ∗ denotes convolution product. In general the PSFs are

normalized to unit flux. If p > 1, then the problem we have in mind is that of p

different Fizeau interferometric images obtained with different orientations of the

baseline [8]. Except for constants, which do not influence the minimizers, J0( f ;g)

is the negative logarithm of the likelihood.

A regularization of the data fidelity function can be derived from a Bayesian ap-

proach; in such a way the negative logarithm of the posterior probability distribution

is a function with the following structure [36, 27, 7]

Jβ( f ;g) = J0( f ;g)+βJ1( f ) , (2)

where the regularization function J1( f ) derives from the negative logarithm of a

Gibbs prior assumed for the unknown solution and the positive parameter β plays the

role of a regularization parameter. Then the Maximum A Posteriori (MAP) estimates

of the science object f are the solutions of the minimization problem

f β = arg min f∈Ω Jβ( f ;g) , (3)

where Ω is either the non-negative orthant or the set of the non-negative arrays such

that
∑

n∈S
f (n) = c , c =

1

p

p
∑

j=1

∑

m∈S
[g j(m)−b j(m)] , (4)

c being the mean flux of the background subtracted images.

We remark that the function J0 is non-negative and convex; therefore, if we con-

sider regularizers with the same properties, these properties hold also for Jβ. More-

over, some regularizers are strictly convex or the intersection of their null space with

the null space of J0 contains only the null element. Then Jβ is strictly convex and

the MAP solution is unique [14].

The SGM algorithm [36] is based on a decomposition of the gradient of J1 with

the following structure
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−∇J1( f ) = U1( f )−V1( f ), U1( f ),V1( f ) ≥ 0 , (5)

where U1,V1 are suitable non-negative arrays. Then, in its most simple form, it is

given by

f (k+1) =
f (k)

p1+βV1( f (k))
◦



















p
∑

j=1

AT
j

g j

A j f (k)+b j

+β U1( f (k))



















, (6)

where AT
j

is the transposed matrix, x ◦ y denotes the pixel by pixel product of two

arrays and the quotient symbol denotes their pixel by pixel quotient. The algorithm

reduces to the Richardson-Lucy (RL) algorithm by setting β = 0. Although in prin-

ciple any vector ∇J1( f ) can be decomposed as in (5) (and the decomposition is not

unique), there exist several widely used regularization terms for which this splitting

follows straightly from the gradient expression [36].

In this paper we consider and implement in our software seven different regu-

larization function: three classical Tikhonov regularizations, the cross entropy reg-

ularization and three edge-preserving regularizations: the Hypersurface (HS) regu-

larization, the Markov Random Field (MRF) regularization and the regularization

function implemented in the MISTRAL code [38] which will be denoted as MIST.

The last three functions contain an additional parameter δ, which will be discussed

at the end of this section. The expression of the seven regularization functions and

the corresponding functions U1,V1 are given in Appendix A.

An important issue in the use of regularization methods is the choice of the regu-

larization parameter β which controls the balance between the two terms of Jβ( f ;g).

The choice of this parameter is an old problem widely discussed in the mathematical

literature in the case of the regularization of the least-square problem. An account

can be found, for instance, in [26, 5].

The case of Poisson noise was not so widely investigated. Criteria for the selec-

tion of β are proposed in [2, 9] and numerical simulations demonstrate that they

work well when the number of counts is large. In the case of mixed Poisson and

Gaussian noise (a noise model introduced for taking into account the read-out-noise

in the case of images acquired by a CCD camera [46]), Gaussian noise can be ap-

proximated by a suitable Poisson noise in the way suggested in [47], and therefore

the cited criteria can be applied also in this case.

However, simulations represent ideal cases. In the real world, when astronomical

images are pre-processed for flat field correction, bad pixels removal, background

subtraction etc., no rule is available because the pre-processing modifies the statis-

tical properties of the noise. Therefore one can only attempt reconstructions with

different values of β using some rules for estimating at least its order of magnitude.

It is only possible to say that for the observation of a given science object the value

of β depends on the noise level, hence on the integration time: if the integration time

increases, then the appropriate value of β decreases.

In the case of images affected by Poisson noise the value of J0 is approximately

independent of g (for sufficiently large number of counts) if f is close to the correct

solution; more precisely its value is of the order of N2/2 (see, for instance, [8]).
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This rule is not satisfied if the images have been pre-processed, but it may give the

order of magnitude of the first term in the regularized functional, except when the

images are rescaled by the astronomers. Since J0 depends almost linearly on g, then

the same rescaling can be done on its value. The estimated value of J0 provides

a hint on the order of magnitude of β if one can estimate the order of magnitude

of J1 by taking into account parameters deduced from the detected images such as

the mean of the pixel values or the mean of the gradient values. Since β provides a

balance between the two terms of Jβ, then one can do a search around the value of

β provided by the quotient J0/J1 and look for a solution which could be the best for

his purposes.

In addition to β the three edge-preserving regularization functions considered in

this paper, namely HS, MRF and MIST defined in the Appendix, contain the addi-

tional parameter δ. For simplicity we discuss mainly the case of HS regularization,

defined in (36), where δ clearly plays the role of a threshold for the values of the

modulus of the gradient of the science object (defined as |D| in (28)). Therefore, the

role of this parameter is very important.

Indeed, when δ is small with respect to |D|, the above-mentioned regularizer be-

haves essentially as Total Variation (TV) regularization. This point has been demon-

strated numerically in [15]. It is obvious that in such a case, since HS is differen-

tiable, one can use very efficient optimization methods and obtain the same results

provided by TV with a much lower computational cost. On the other hand, when δ

is greater than |D|, the regularizer behaves essentially as a Tikhonov regularization,

based on the ℓ2 norm of the gradient (see (31)). This result follows by a first-order

Taylor expansion with respect to |D|/δ. Therefore HS behaves as a sort of interpola-

tion between TV and T-2 regularization and may be free of the undesirable cartoon

effects due to TV regularization.

The point is to find a good value of δ, i.e. a good thresholding separating regions

with small values of the gradient and regions with high values of the gradient. In

practice, since the values of the gradient of the unknown science object are also

unknown, for estimating a suitable value of δ one can first compute the mean value

δmean of the modulus of the gradient on the observed image; next perform a search

of δ around this mean value in order to find the best value for the user. In such a case,

HS regularization behaves essentially as a T-2 regularization in regions where the

gradient is smaller than δmean but behaves as an edge-preserving regularization in

regions where the gradient is very large (for instance, in the neighborhood of jumps

in the values of the scientific target, as those due to the limb of a planet). In these

cases HS provide an improvement with respect to TV since it does not introduce

cartoon effects in the smooth regions.

For the deconvolution of images with a moderate dynamic range it may be con-

venient to take a value of δ slightly higher than δmean, because of the smoothing

effect due to the PSF. On the other hand in the deconvolution of images with very

high dynamic range, based on the multi components approach described in the fol-

lowing, it is convenient to take a value of δ smaller than δmean for the reconstruction

of the smooth component, because δmean is affected by the contribution of the bright
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and localized sources. We take into account this effect in the case of our numerical

simulations as well as in the reconstruction of real images.

3 The scaled gradient projection method

The convergence of SGM is not guaranteed unless some further sufficient decrease

strategies are introduced [36]. Moreover, it is known that the convergence speed is

slow.

Starting from the remark that SGM can be written as a scaled gradient method

with fixed unitary step-length, i.e.,

f (k+1) = f (k)− f (k)

p1+βV1( f (k))
◦∇Jβ( f (k);g) , (7)

the SGP method [16] is a natural way to accelerate SGM by introducing variable

step-lengths and projections.

In its general form, SGP can be applied to the minimization of any smooth objec-

tive function subject to a feasible set Ω on which the projection is fast to compute,

as in the case of box (possibly with the addition of an equality) constraint. Feasibil-

ity of the iterations and stationarity of the limit points of the sequence are achieved

by a projection on the constraints PΩ and a line-search parameter λk automatically

detected by means of a monotone Armijo backtracking rule [10], thus resulting in

the iteration

f (k+1) = f (k)+λk

(

PΩ( f (k)−αkDk ◦∇Jβ( f (k);g))− f (k)
)

, (8)

where

Dk =min

[

L2, max

{

L1,
f (k)

p1+βV1( f (k))

}]

(9)

and

PΩ(y(k)) ≡ arg miny∈Ω (y− y(k))T D−1
k (y− y(k)). (10)

The choice of the step-length parameter αk is the one described e.g. in [41] and is

based on the BB rules [3], even if any positive step-length can be exploited in the

SGP scheme and generalizations with different strategies might be considered (see

e.g. [39, 40]).

The SGP method has been used in both standard [41, 12, 50, 11] and blind

[22, 42, 43] deconvolution of astronomical images as an effective accelerated RL

algorithm. Under mild conditions on the thresholds L1, L2 of the scaling matrix

Dk, the sequence generated by SGP converges linearly with respect to the objective

function values [13], even if several numerical experiments show that the decrease

of the objective function is comparable with state-of-the-art approaches for which

quadratic convergence rate has been proved [39, 13].
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The SGP method can be easily generalized to account for the boundary effect

correction proposed in [6, 1] in the following way:

• extend the object f to a broader array S̄ containing the region R whose pixels

contribute to the observed image defined on S ⊂ R; if we denote by MR (resp.

MS ) the arrays defined over S̄ which are 1 over R (resp. S ) and 0 outside, then

set

α j(n) =
∑

m∈S̄

K j(m−n)MS (m) , n ∈ S̄ ,

R = {n ∈ S̄ | α j(n) ≥ σ ∀ j = 1, .., p} ,

where σ > 0 is a small quantity;

• extend the images g (resp. the backgrounds b) to S̄ by zero padding (resp. defin-

ing b in S̄ \S as constantly equal to the median value of the background radiation

in S );

• define the scaling matrix Dk as

Dk = MR ◦min

[

L2, max

{

L1,
f (k)

α+βV1( f (k))

}]

, (11)

where α(n) =

p
∑

j=1

α j(n) , n ∈ S̄ ;

• if the flux conservation is considered, substitute the constraint (4) with

1

p

∑

n∈R
α(n) f (n) = c . (12)

We have implemented SGP in IDL using all the regularization functions de-

scribed in Appendix A, with or without boundary effect correction; the core is the

implementation of the SGP algorithm described above.

The software allows the user to provide its own initialization f (0), otherwise a

default constant N ×N image with pixel values equal to c/N2 is used. In the case of

boundary effect correction, the default starting point is an image defined over S̄ as

f (0)(m) =











(cp)/
(∑

n∈Rα(n)
)

, if m ∈ R

0, if m ∈ S̄ \R
. (13)

SGP iteration must be equipped with one or more stopping rules. In general, in the

case of regularization, the iteration must be pushed to convergence. To this pur-

pose we use the following stopping criterion, based on the decrease of the objective

function

|Jβ( f (k+1);g)− Jβ( f (k);g)| ≤ ν Jβ( f (k+1);g) (14)

where ν is a tolerance parameter.
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4 High-dynamic range image deconvolution

In this section we describe our approaches to the problem of deconvolving images

with a very high dynamic range.

4.1 The Multi-Component Method (MCM)

Deconvolving an image might be a particularly challenging problem when the ob-

ject consists of very bright sources superimposed to diffuse structures, a common

situation in astronomical imaging. Typical artifacts appearing in these cases con-

sist in ringing artifacts around the bright sources, thus leading to an unsatisfactory

reconstruction of the underlying diffuse structures and, possibly, also to inaccurate

evaluation of the intensities of the bright sources.

A possible way to address this problem is to include this information in the model

by assuming that the unknown target f is the sum of a point-wise component f P

and an extended and smooth one f E , exploiting different regularization strategies

for each component.

Since f P is sparse one could use a sparsity enforcing regularization such as that

provided by the ℓ1 norm [25, 28]; however we prefer a much stronger regularization

provided by information on the localization of the bright sources when this informa-

tion can be derived from the observed images. As concerns f E one can choose one

of the regularizers described in Appendix A: for instance a Tikhonov regularizer if

it is known that it is very smooth or an edge-preserving one if it contains edges such

as the limb of a planet.

In [35] we consider this model by assuming that the positions of the bright

sources are exactly known. We propose an iterative algorithm which, at each it-

eration, performs an RL iteration on the point-wise component (initialized with a

mask which is 1 in the pixels of the sources and 0 elsewhere) and an SGM iteration,

with T-0 regularization (see Appendix A for a definition), on the extended compo-

nent. The specific application is the reconstruction of the jet emitted by a young star

with known position. In this paper we assume that the sources are localized inside

small regions so that one can construct a mask which is 1 on these regions and 0

elsewhere. No additional regularization is introduced for f P.

For the application of SGP to this situation, namely known localizations of the

bright sources, we define RN×N
≥0

as the set of N ×N matrices with non-negative en-

tries and P as the prefixed sub-region of the N×N region S where the bright sources

are located; then the resulting minimization problem becomes

min
( f E , f P)∈Ω

Jβ( f E , f P;g) ≡ J0( f E + f P;g)+βJ1( f E) , (15)

where
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Ω = {( f E , f P) ∈ RN×N
≥0 ×RN×N

≥0 | f P(n) = 0 ∀n ∈ S \P and f = f E + f P satisfies (4)}.
(16)

As concerns implementation, the SGP algorithm is applied to a N ×N matrix f E

and a NP vector f ′P, where NP is the number of pixels in P, containing the values of

f P belonging to P. The user is asked to provide a N ×N mask MP equal to 1 where

the point sources are located and 0 elsewhere, from which a NP vector of indexes iP

is automatically computed in order to track the position of the bright sources within

the N ×N array.

The core of the IDL code is a unique SGP deconvolution step in which, given

initializations f
(0)

E
, f
′(0)

P
, the two arrays are updated at each iteration according to

Algorithm 1, where gradients and scaling matrices are computed according to the

objective function in (15). This unique step is required if we wish to apply the flux

constraint (4); however, deconvolution without this constraint is also possible.

In order to select the line-search parameter λk through the Armijo rule (see Step

5 of Algorithm 1), the current image f (k) is computed by merging f
′(k)

P
into a N ×N

matrix f
(k)

P
and computing the sum f (k) = f

(k)

P
+ f

(k)

E
. The bounds L1, L2 for the

scaling matrices are chosen separately for both components, while the step-length

αk is computed through the “extended” gradient

∇Jβ( f
(k)

E
, f
′(k)

P
;g) = [V(∇E Jβ( f

(k)

E
, f
′(k)

P
;g));∇′PJβ( f

(k)

E
, f
′(k)

P
;g)], (23)

being ∇E Jβ (resp. ∇′
P

Jβ) the gradient of Jβ with respect to the first N × N (resp.

last NP) variables, V(h) the column vectorization of the array h and [h;h′] the col-

umn vector obtained concatenating h and h′. The parameters µ,θ,αmin,αmax are the

standard SGP ones (see e.g. [41]). As concerns the initializations, the fluxes of the

point-wise objects in f
′(0)

P
are chosen as those of the corresponding pixels of the

background-subtracted observed image g1. The remaining flux of the measured im-

ages (i.e., the value obtained by subtracting the flux of f
′(0)

P
from the total flux c

defined in (4)) is then spread on a constant N ×N matrix f
(0)

E
, which represents the

starting point for the extended object. However, the user can be freely insert his own

initialization arrays.

If the boundary effect correction is included, the following modifications to the

algorithm have to be considered:

• region S must be replaced by the N′×N′ region S̄ (N′ > N);

• the set Ω is defined as

Ω=
{

( f E , f P) ∈ RN′×N′
≥0 ×RN′×N′

≥0 | f P(n) = 0 ∀n ∈ S̄ \P and f = f E + f P satisfies (12)
}

;

(24)

• the constant value of the pixels in f
(0)

E
is computed according to the constraint

(12);

• steps 1 and 3 of Algorithm 1 must be reformulated as follows:

Step 1. Choose the parameter αk ∈ [αmin,αmax] and define the N′ ×N′ and NP

arrays
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Algorithm 1 Multi-component SGP

Choose the starting point ( f
(0)

E
, f

(0)

P
) ∈ Ω, define the mask MP and set the parameters µ,θ ∈ (0,1),

0 < LE
1
≤ LE

2
, 0 < LP

1
≤ LP

2
, 0 < αmin < αmax, kmax ∈ N.

Extract the NP vector f
′(0)

P
from f

(0)

P
according to the entries iP of mask MP equal to 1.

Set k = 0 and Check = true.

While (Check = true) and (k ≤ kmax) do the following steps:

Step 1. Choose the parameter αk ∈ [αmin,αmax] and define the N ×N and NP arrays

DE
k =min

















LE
2 , max















LE
1 ,

f
(k)

E

p1+βV1( f
(k)

E
)































, DP
k =min

















LP
2 , max















LP
1 ,

f
′(k)

P

p1































.

(17)

Step 2. Compute the N ×N and NP arrays

y
(k)

E
= f

(k)

E
−αkDE

k ◦∇E Jβ( f
(k)

E
, f
′(k)

P
;g) , y

′(k)

P
= f
′(k)

P
−αkDP

k ◦∇
′
PJβ( f

(k)

E
, f
′(k)

P
;g).

(18)

Step 3. Compute the projection

π(k) = PΩ([V(y
(k)

E
);y
′(k)

P
]), (19)

where Ω is the set of N2 +NP vectors of non-negative components possibly satisfying

(4) and PΩ is defined in (10), re-size the first N2 components of π(k) in a N ×N matrix

π
(k)

E
and define the NP vector π

′(k)

P
equal to the last NP components of π(k).

Step 4. Compute the descent directions

d
(k)

E
= π

(k)

E
− f

(k)

E
, d

′(k)

P
= π
′(k)

P
− f
′(k)

P
. (20)

Step 5. Backtracking loop: compute the smallest positive integer m such that the inequality

Jβ( f
(k)

E
+λkd

(k)

E
, f
′(k)

P
+λkd

′(k)

P
;g)≤ Jβ( f

(k)

E
, f
′(k)

P
;g)+µλk∇Jβ( f

(k)

E
, f
′(k)

P
;g) ·[V(d

(k)

E
);d
′(k)

P
]

(21)

is satisfied with λk = θ
m.

Step 6. Set

f
(k+1)

E
= f

(k)

E
+λkd

(k)

E
, f

′(k+1)

P
= f
′(k)

P
+λkd

′(k)

P
(22)

and k = k+1.

Step 7. If the stopping criterion is satisfied, then set Check = false.

End

Define f
(k)

P
as a N ×N matrix of zeros with entries of indexes iP equal to f

′(k)

P
.

DE
k = MR ◦min

















LE
2 , max















LE
1 ,

f
(k)

E

α+βV1( f
(k)

E
)































, (25)

DP
k =min

















LP
2 , max















LP
1 ,

f
′(k)

P

α































. (26)

Step 3. Compute the projection

π(k) = PΩ([V(y
(k)

E
);y
′(k)

P
]), (27)
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where Ω is the set of NR +NP vectors (being NR the number of pixels

in R) of non-negative components possibly satisfying (12) and PΩ is

defined in (10), define π
(k)

E
as a N′×N′ matrix of zeros with pixel values

in R equal to the first NR components of π(k) and define the NP vector

π
′(k)

P
equal to the last NP components of π(k).

4.2 The Multi-Step Method (MSM)

MCM, as described above, assumes that the positions of the bright point-wise

sources are (at least approximately) known. This can be true in particular cases

but not always, of course. In particular, in our recent attempts of improving the re-

construction of LBTI images [37, 21] we found that it should be important to know

the positions of the bright spots corresponding to hot sources on the surface of Io,

but these can not be derived from the interferometric images.

Therefore we developed an approach, which we call a Multi-Step Method (MSM)

and we propose for the first time in this paper. It can be briefly described at follows

and can be applied to both single- and multi-image deconvolution.

• Step 1 - Deconvolve the observed image (or images) with some algorithm, for

instance SGP without regularization or with an edge-preserving regularization

and a small value of β, for obtaining a sharpening of the image (and a removal of

the interferometric fringes in the interferometric case).

• Step 2 - Determine the centroids of the bright regions which appear as a result

of Step 1 and produce a mask which is one over the centroids, or small regions

around the centroids, and zero elsewhere.

• Step 3 - Apply MCM to the observed image (images) using the previous mask

and a regularizer which looks appropriate to the underlying structure. The output

of this step is a reconstruction of this structure.

• Step 4 - If we denote as f E the result of the previous step, then we write the

unknown object as f = h+ f E and we can recover h by applying SGP, without

regularization, to the observed images; thank to the fact that this algorithms con-

centrates the solution in a few regions, the result is a reconstruction of the bright

sources, with possible artifacts consisting of a few bright pixels external to the

domains of the sources. Also in this case the algorithm can be pushed to conver-

gence. In alternative, one can use one of the available regularization algorithms,

with a small value of the regularization parameter.

The final result is the sum of the results of Step 3 and Step 4. In the next section

we will prove the efficacy of this approach to the reconstruction of Io images in

M-band.
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5 Numerical results

Because of our recent activity on LBTI images, in this section we focus on images

of the Jovian moon Io in M-band. We mainly consider the application of MSM. In

order to verify the accuracy of the reconstructions of the real images we generate

simulated LBTI images at M-band [37, 21] of an Io-like object with SNR values

comparable to those of the real ones. We select M-band images because in this case

the hot spots, due to volcanic activity, are seen as very bright sources over the surface

of the moon so that they produce very strong ringing artifacts in the case of standard

deconvolution methods.

5.1 Simulated image

In this section we simulate an Io-like object with features similar to those of the M-

band LBTI images of Io analysed in the next section. The size of all images is 256×
256. As concerns the surface of the moon, we generate a disc with the same diameter

of Io in the LBTI images and a smoothly variable brightness, including a sort of limb

darkening, and we superimpose bright sources to it. To simulate a structure similar

to that of Loki, the dominant structure in the observed LBTI images, we insert a

set of three sources which can not be resolved by a 8m telescope. Moreover we use

the PSFs provided with the LBTI images. The simulated surface and the simulated

object, obtained by adding to the surface eleven hot, are shown in the first row of

Fig. 1 while in the second row we show the PSF and the corresponding image in the

case of horizontal baseline of the interferometer.

We first consider a set of four images with orientations of the baseline of 4, 49,

94 and 139 degrees, thus assuring a good coverage of the u,v plane. In the first step

we use a number of iterations of SGP without regularization in order to sharpen the

images of the nine hot spots. We compute the centroids of their reconstructions and

we find that they coincide with the positions in the original model, except in one

case where we find a shift of one pixel. These centroids are used for producing the

mask (second step) to be used in the third step. In the third row of Fig. 1 (left panel)

we show the result of the first step; it is evident that now the bright spots can be

identified but they are encircled by strong ringing effects. In the right panel of the

same row the mask obtained by this preliminary reconstruction is also shown.

Finally, in the third step, because of a sharp edge due to the limb of the planet, we

decide to test only the three regularizers HS, MRF and MIST. For the three regular-

izers, we consider a grid of the two parameters δ,β consisting of 11×9 points, with

δ varying from 10−1 to 101 (11 values) and β varying from 10−3 to 101 (9 values).

For each regularizer we consider SGP both with and without flux constraint. For

each one of these six cases we find only one minimum of the r.m.s. error, computed

as the ℓ2 norm of the difference between the reconstructed and the original surface

of the Io-like object.
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Fig. 1 Simulated and reconstructed Io-like object in the case of complete coverage. FIRST ROW

- Left: Model of the surface of the planet (quadratic scale). Right: The model after the addition of

eleven hot spots (log scale with saturation of the hot spots). We visualize a zoom of the cluster of

three spots in the lower left corner of the image. SECOND ROW - Left: The observed PSF (horizon-

tal baseline), provided with the real images considered in the next section (log scale). Right: The

corresponding noisy image. THIRD ROW - Left: The first step of the reconstruction obtained with

non-regularized SGP. Right: The mask derived from the previous reconstruction. FORTH ROW -

Left: The reconstructed surface. Right: The complete reconstruction (MRF regularization in the

third step - see the text).
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The best values of the parameters resulted δ = 1 and β = 10−1. In the third step

we use a tolerance of 10−7 but we find that for resolving the Loki-like structure we

need a tolerance of 10−8 in the stopping criterion for the fourth step, corresponding

to about 2500 iterations, a very large number for SGP. The reconstruction with min-

imal number of point-wise artifacts is obtained by MRF regularization with no flux

constraint at the third step and flux constraint at the fourth one. The mean error on

the reconstruction of the intensities of the hot points is about 2%. In the last row of

Fig. 1 we show the reconstruction of the surface (left panel) and the complete re-

construction of the simulated Io-like object, including the eleven bright spots (right

panel).

In a second experiment we consider a situation with a non-complete coverage

of the u,v plane, similar to that of the LBTI observations considered in the next

section. Therefore the orientations of the baseline correspond to -30, -22, -16, -8,

4, 16, 29 degrees [37]. We use the values of the parameters obtained from the first

experiment. Also in this case it is possible to resolve the Loki-like structure with

the same tolerances used in the previous experiment but now the required number

of SGP iterations at the fourth step is much larger, about 4260.

5.2 Real image

We consider now the seven interferometric images of Io observed with LBTI during

UT 2013 December 24. Observations and data reduction are described in [37]. After

pre-processing the images contain negative values as a consequence of background

subtraction. These negative values may cause troubles in algorithms which require

non-negativity of the observed images. Therefore, instead of zeroing these values,

which are small, we add a sufficiently large background such that the average value

of the resulting one is not significantly affected by the negative values. We select,

arbitrarily, a value of 100 which, of course, is also inserted in the reconstruction

algorithm. Three of the observed images (after de-rotation for taking into account

the rotation of the baseline with respect to the moon) are shown in the upper panels

of Fig. 2. A PSF is also provided, derived from the image of the star HD-78141 and

already shown in Fig. 1. During the observation time of about 1 hour the Io relative

orbital rotation is of 7.7◦. Therefore in the reconstruction of these images we have

two additional difficulties: an approximate PSF and a variation of the target during

the observation time. We ignore these difficulties in the subsequent analysis.

For the reconstruction of these images we use MRF regularization in the third

step. As concerns the values of the parameters β, δ, inspired by the reconstruction

of the simulated images with similar SNR values, we considered three values of δ

from 0.1 to 1 (δmean = 1.6) and six values of β from 0.1 to 0.01., with tolerance

10−7 for stopping the iteration. By looking at the reconstruction of the surface of

the moon, we decided to consider two cases, both with δ = 1: β = 5× 10−2 and

β = 10−2. The corresponding results obtained in the last step by using SGP without

regularization are shown respectively in the second and third row of Fig. 2. The



16 Authors Suppressed Due to Excessive Length

Fig. 2 Reconstruction of the LBTI images of Io at M-band. FIRST ROW - Three interferometric

images, showing the variation of the parallactic angle of about 60◦. SECOND ROW - Left: The

reconstructed surface of Io (linear scale) as obtained at the 3rd step with MRF regularization, δ = 1

and β = 5×10−2. Middle: The reconstruction of the hot spots, in reverse gray sqrt scale (the limb

is identified with a dashed circle). Right: The complete reconstruction: surface plus hot spots (log

scale). THIRD ROW - Same as in the second row but with β = 10−2.

number of iterations for the last step is 331 in the first case and 113 in the second

one.

A general comment is that the reconstruction of the limb is very irregular. This

fact is due to two effects: the existence of hot spots close to the limb and a variation

of the position of Io inside the image, since the images are centered on Loki, the

brightest structure visible in them. A second comment is that the use of a too small

regularization parameter does not remove completely ringing artifacts around Loki

even if it is able to reduce the point-wise artifacts.

As concerns the eruptions visible in these reconstructions, we do not find evi-

dence for those of Gibil and Rarog (see [21]), even if they were introduced into our

mask, consisting of domains of 3×3 pixels for each assumed hot spot (and a broader

domain for Loki); we do not exclude their existence but they are certainly very faint

so that it is difficult to detect their existence over an estimated and certainly approxi-
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mated background. Anyway their existence was deduced from reconstructed images

full of artifacts.

On the other hand we find two hot spots close to Loki, respectively above right

and below left, not considered in the previous reconstructions. If we look at the local

reconstructions of Loki, used in [21] and represented in log scale, we find two faint

shadows in the same locations; therefore the two hot spots are presumably deriving

from these two shadows, as an effect of the last step since non-regularized SGP tends

to concentrate the flux in small regions; we also point out that they are stronger in

the reconstruction of the second row of Fig. 2 and fainter in that to the third row.

Therefore they can be artifacts due to the approximate PSF and the deconvolution

method. We must also remark that Loki is so bright that its reconstruction can easily

generate artifacts in the deconvolved images. We also observe that Loki is resolved

in the reconstruction of the second row but not in that to the third one.

Finally, as concerns photometry, we remark that the eruptions are very well lo-

calized in the reconstruction shown in the third row. Since an estimate of the flux

of Loki is given in [21], by means of these reconstructions it is easy to compute the

ratio between the intensity of one eruption and that of Loki, thus obtaining its flux.

6 Concluding remarks

In this paper we first discuss the application of SGP to the regularized inversion of

Poisson data. Thanks to its efficiency and flexibility, it can be easily used in complex

methods we propose for the deconvolution of images with a very high dynamic

range. All the methods are implemented in IDL and are at disposal of the reader.

We test the methods for high-dynamic range deconvolution on simulated and

real images of the Jovian moon Io. As concerns the real images, we consider LBTI

images of a Loki eruption. We show that they provide reconstructions which are

free of the usual ringing artifacts even if another kind of artifacts, consisting in a

small number of not very bright pixels, is introduced. Anyway these artifacts are

not disturbing too much so that it seems that they do not prevent a photometric

analysis of the reconstructed images. This point should be very important; however

it requires a further and more detailed analysis.
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Appendix

Regularization functions

In this paper we assume that f is a N ×N array extended (when needed) with pe-

riodic boundary conditions, i.e., if we set n = (n1,n2), then f (N + 1,n2) = f (1,n2),

f (n1,N +1) = f (n1,1) and f (N +1,N +1) = f (1,1).

For introducing the regularization functions considered in our methods and soft-

ware we need some notation. We set n1± = (n1±1,n2) and n2± = (n1,n2±1) and we

introduce the square and the modulus of the discrete gradient

D2(n) =
[

f (n1+)− f (n)
]2
+
[

f (n2+)− f (n)
]2
, (28)

|D(n)| =
√

[

f (n1+)− f (n)
]2
+
[

f (n2+)− f (n)
]2
.

Then, the seven regularization functions and the corresponding arrays U1,V1 are

the following:

• Zeroth order Tikhonov (T-0) regularization

J1( f ) =
1

2

∑

n

| f (n)|2 , (29)

for which (5) holds by setting

U1(n) = 0 , V1(n) = f (n). (30)

• First order Tikhonov (T-1) regularization

J1( f ) =
1

2

∑

n

D2(n) , (31)

for which (5) holds by setting

U1(n) = f (n1+)+ f (n2+)+ f (n1−)+ f (n2−) ,

V1(n) = 4 f (n) .

• Second order Tikhonov (T-2) regularization

J1( f ) =
1

2

∑

n

(∆ f )(n)2 , (32)

where ∆ denotes the discrete Laplacian. As remarked in [36], it can be written in

the form

J1( f ) =
1

2

∑

n

[

f (n)− (B f )(n)
]2
, (33)
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where B is the convolution matrix obtained from the 3× 3 mask with columns

(0,1/4,0), (1/4,0,1/4) and (0,1/4,0). Then (5) holds by setting

U1(n) = [(B+BT ) f ](n) ,

V1(n) = [(I+BT B) f ](n) .

• Cross-Entropy (CE) regularization [17, 18]

J1( f ) = KL( f , f̄ ) =
∑

n

{

f (n) ln

(

f (n)

f̄ (n)

)

+ f̄ (n)− f (n)
}

, (34)

where f̄ is a reference image. When f̄ is a constant array, then the cross-entropy

becomes the negative Shannon entropy considered, for instance, in [44]. If both

f and f̄ satisfy the constraint (4), then a possible choice for the functions U1, V1

is

U1(n) = − ln
f (n)

c
, V1(n) = − ln

f̄ (n)

c
, (35)

where c is the flux constant defined in (4). We remark that, since the background

is taken into account by the algorithms, f can be zero in some pixels; for this

reason in the computation of the gradient we add a small quantity to the values

of f . We also remark that when f̄ is a constant, e.g. c/N2, then V1(n) = 2ln N.

• Hypersurface (HS) regularization [20]

J1( f ) =
∑

n

√

δ2+D2(n) , δ > 0 , (36)

for which (5) holds by setting

U1(n) =
f (n1+)+ f (n2+)
√

δ2+D2(n)
+

f (n1−)
√

δ2+D2(n1−)
+

f (n2−)
√

δ2+D2(n2−)
,

V1(n) =
2 f (n)

√

δ2+D2(n)
+

f (n)
√

δ2+D2(n1−)
+

f (n)
√

δ2+D2(n2−)
.

The application of SGP to the case of HS regularization is already considered in

[15] and [4] for a comparison of its accuracy with that of Total Variation (TV)

regularization.

• Markov random field (MRF) regularization [27]

J1( f ) =
1

2

∑

n

∑

n′∈N(n)

√

δ2+

(

f (n)− f (n′)

ǫ(n′)

)2

, (37)

where δ > 0,N(n) is a symmetric neighborhood made up of the eight first neigh-

bors of n and ǫ(n′) is equal to 1 for the horizontal and vertical neighbors and

equal to
√

2 for the diagonal ones; thanks to the symmetry ofN(n), Eq. (5) holds

by setting
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U1(n) =
∑

n′∈N(n)
f (n′)

ǫ(n′)

√

δ2+

(

f (n′)− f (n′)
ǫ(n′)

)2
,

V1(n) =
∑

n′∈N(n)
f (n)

ǫ(n′)

√

δ2+

(

f (n)− f (n′)
ǫ(n′)

)2
.

• MISTRAL regularization (MIST) [38]

J1( f ) =
∑

n

{

|D(n)| −δ ln

(

1+
|D(n)|
δ

)}

, δ > 0 , (38)

for which (5) holds by setting

U1(n) =
f (n1+)+ f (n2+)

δ+|D(n)| +
f (n1−)

δ+|D(n1−)| +
f (n2−)

δ+|D(n2−)| ,

V1(n) =
2 f (n)

δ+|D(n)| +
f (n)

δ+|D(n1−)| +
f (n)

δ+|D(n2−)| .
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