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Abstract. Previous work in this series, in which the theory of singular systems
has been used to discuss the problem of diffraction-limited imaging, is gen-
eralized to allow the reconstruction of an object over a region with `soft' edges .
The generalization is introduced to deal with gaussian-beam or other illumin-
ation or uncertain a priori knowledge of position . The solutions are developed in a
weighted L 2 space . Examples of singular functions and vectors with both
gaussian and sinc illumination are given . The analysis is applied to determine the
amplitude response functions of the scanning optical or acoustic microscope
systems proposed by Bertero and Pike in the first paper of the series and it is found
that the performance of a scanning microscope of the new type should approach
exactly that of a conventional coherent microscope of twice the resolving power .

1 . Introduction
This is the fourth paper of a series [1-3] in which diffraction-limited imaging is

treated by singular value analysis . The theory of singular systems is an extension of
the mathematical technique of eigenfunction decomposition which has been the
principal tool in previous treatments of this problem, as given for example by
Toraldo di Francia [4] . When the object and image domains are allowed to differ, and
in particular if the object domain is small and the image is known over a region much
larger than the object domain, it is possible to prove by means of singular value
techniques that such information may be used to improve resolution beyond that
predicted by the `classical' accepted theory .

This was demonstrated in [1] for coherent illumination and in [2] for incoherent
illumination, where the apriori support of the object was [-X/2, X/2] and the image
was assumed to be known as a continuous function in (-oo, +oo). In [3] this work
was extended to the more practical situation where the image is known only on a

(©7 Controller, Her Majesty's Stationery Office, London, 1984 .
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finite set of sampled points over a truncated region, and the singular value analysis
was shown to be sufficiently powerful to accommodate this case in a general theory .
The object was again known a priori to be supported on [-X/2, X/2] .

There are two situations, however, where our a priori knowledge of an object
support with `hard boundaries' is not applicable, but yet where extra information
about its localization is available and may be used, in the spirit of the singular value
approach, to increase the resolution of a reconstructed object . The first is when the
object, although possibly of unknown support, is illuminated non-uniformly, the
illumination tending to zero away from the centre of the beam . Reconstruction over a
finite region with `soft edges' is then required ; a commonly occurring example is a
gaussian illumination profile . The second situation arises where an a priori estimate
of the object profile is available . For example, a bright region in a low-resolution
image might justify inspection at higher resolution, and the low-resolution image
itself might be used as an a priori estimate. Alternatively, an imprecise knowledge of
an object's position might be treated by taking a gaussian or other function,
concentrated near a fixed point, as a suitable prior estimate .

In both these cases the theory of singular systems presented in the previous
papers of this series may be used with a suitable generalization, taking into account
a `profile function' P, which may be interpreted in either of the two ways discussed
above . In this paper we take the view that the object to be reconstructed is that which
exists independently of the illumination or a priori estimate . The results will also
allow us to develop a solution where the object is defined by its product with the
profile; we will not discuss this case here .

For one-dimensional coherent illumination, the basic equation is

g(x) f - . sin [S2(x-y)]
P(Y)f (y) dy,

	

(1 .1)
71(X-Y)

where f(y) is the object `transparency' and the notation conforms to that of the
previous papers . Thus [1-3] for uniform illumination

P(Y) = 1, IYI<X/2

	

(1 .2)
{ 0, Iyl > X12'

For gaussian illumination
p(y) =exp ( - v2/2#2 )

	

( 1 .3)

and for illumination by a uniformly filled lens of the same aperture as the imaging
instrument

Equation (1 .1) is a Fredholm integral equation of the first kind and has a rather
general structure; it is also encountered in other problems .

Let us consider the equation

g(x) = I b T(x, y)f(y) dy, c < x < d .

	

(1 .6)
a

sin (C2y)
P(y)=

	

=sinc(S2y) . (1 .4)Qy

We scale the profile function such that
1P(Y)1 <, 1 . (1 .5)
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In many problems we can assume that feL 2 (a, b) and that the kernal T(x, y) satisfies
conditions such that equation (1 .6) defines a compact transformation of L 2 (a, b) into
L 2(c, d) . In these cases the solution of the inverse problem is ill-posed . The condition
of compactness excludes the case of convolution operators, but these can be easily
treated by Fourier transform techniques . The singular value analysis described in
the previous papers in this series, and also in a parallel series in the Laplace transform
[5-7], takes advantage of a priori knowledge of a smaller support of f, say [a', b'], to
restrict the operator of equation (1 .6) to the Hilbert space L 2 (a', b') . We generalize
this approach here by taking a weighted L 2-space for the space of solutions . We
define a norm off as

(1f 11 2

= J 6

	 NAz dy < + oo .

	

(1 .7)

By making the assignment f4--Pf, equation (1 .6) with f satisfying equation (1 .7),
becomes equivalent to

g(x)= J T(x,y)P(y)f(y)dy, c<x<d

	

(1 .8)
a

with f square-integrable :
b

11111 2 = Ja If(y) IZdy<+oo .

	

(1 .9)

Clearly equation (1 .8) has the same structure as that of equation (1 .1), but P(y) now
has the significance of a general weighting function .

In order to apply singular value methods to the solution of equation (1 .8), we
introduce the integral operator

(Kf)(x)=
J

6 T(x,y)P(y)f(y)dy, c < x < d

	

(1 .10)

as an operator from L 2 (a, b) into L 2(c, d) . The adjoins K* is given by

(K*g)(y)=P*(y) J
d

T*(x,y)g(x)dx, a<y<b .

	

(1 .11)

The operators K*K and KK* are integral operators (the first in L 2 (a, b) and the
second in L 2(c, d)) whose kernels are given, respectively, by

S(y,Y)=P*(y)P(Y) J
d

T*(x,y)T(x,Y) dx,

	

(1 .12)

b

U(x,x)=

fa
T(x,y)IP(y)I 2 T*(x,y)dy .

	

(1 .13)

In order to have a compact operator K, and consequently to be able to apply the
singular value analysis to equation (1 .8), it is sufficient to require that the kernel
S(y, y') or the kernel U(x, x') be square-integrable .

In § 2 we first obtain some general properties of the singular system of equation
(1 .1) without specifying any particular profile function ; then, in § 3 we consider the
special case where P(y) is gaussian . In §4 we revert to the general case, but with
discrete data and in § 5 we present some numerical results by which the effects of
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uniform, gaussian and sinc profile functions are compared . In § 6 we give details for
extending the theory to two dimensions, and in § 7 we discuss applications to
scanning microscopy . A general conclusion is that, the more broadly spread the
profile function, the lower will be the resolution achievable ; this shows up in the
analysis as a 'leaking-out' of zeros of the singular functions from the central region .
For a band-limited profile function the density of zeros saturates at a fixed value, no
matter how high up the singular function series we go, and this-in microscopy-
places a limitation on super-resolution that was described in broader terms by
McCutchen [8] some years ago j' .

Work of a similar but complementary nature to that of the present paper has been
undertaken by Luttrell [9] and will be published independently .

2 . The one-dimensional problem : general properties of singular values
and singular functions
Here we derive the main properties of the integral operator defined by equation

(1 .1), namely

(Af)(x)= f

	

sin[Q(x-y)]
P(y)f(Y)dy .

	

(2.1)
7t(x-Y)

We assume that the support of the profile function P(y) is (- oo, + oo), that P(y) is
normalized in order to satisfy condition (1 .5), and furthermore that it is square-
integrable :

P2(y) dy < + 00 .

	

(2.2)

All these conditions are satisfied by the profile functions (1 .3) and (1 .4) .
Then, if we assume that the `transparency' of the object is square-integrable,

equation (7 .1) defines a linear, compact operator in L 2(- oo, + oo) . This property is
easily verified since, if we introduce the kernal

K(x y) _ sin [Q(x - y)]
P(Y),

	

(2 .3)
(x - y)

then K(x, y) is square-integrable :

ij : : IK(x,Y)I2dxdy=(L
: sine 2 )d )\J+w

IP(Y)I 2 dY
J71

_"
f

	

IPI(y) 2 dy < + co ;

	

(2 .4)i

therefore the operator A is of the Hilbert-Schmidt class .
With regard to the invertibility of the operator A, the following results cover all

cases of practical interest : if P(w), the Fourier transform of P(y), has a bounded
support, then the operator A is not injective, namely the equation Af=O has non-
trivial solutions f zA 0 ; on the other hand, if P(w) is analytic, then the operator A is
injective .

)' The comment made in Bertero and Pike [1] on this work was incorrect and is
unreservedly withdrawn .
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The proof is quite simple and is based on the following remark : if we write g = Af
and take the Fourier transform of both sides, then since Af=0 we obtain

f
+00

-00
X(o) _ P(w-y)f(u)dy=0, koI<S2 .

Now, if the support of P(w) is interior to the interval [-w o , w 0 ], in equation (2 .5)
we have contributions only from the values of f corresponding to the interval
Jo=[-((oo+S2),wo+S2]. Therefore if f(w) is zero on Jo but non-zero elsewhere,
then Af=0 without having f=0, and A is not injective .

On the other hand, if P((o) is analytic, then g(w) in equation (2 .5) is also analytic
and therefore if it is zero for lwi <S2, it is zero everywhere . It follows that Pf=0 and
therefore that f=0, since we have assumed that the support of P is (-oo, +oo) .

These results imply that the operator A is injective for a gaussian profile
(equation (1 .3)), but not for a sinc profile (equation (1 .4)) . For the sinc profile one can
also obtain a more precise result . Indeed, starting from equation (2 .5) and noting that
now P(w) = 1, awl < Q and P((o ) = 0, 1(oi > f2 one can prove that g(w) = 0 if and only if
f(w) = 0 when 1wi < 2S2 or f( (o ) is the restriction to the interval [ - 252, 2S2] of a periodic
function of period 2S2 and such that the integral over the period is zero . From this
result and from the sampling theorem it follows that the orthogonal complement of
the null space of the operator A is just the space of the band-limited functions, with
band [-252,252], which are zero at the sampling points n7r/S2 (n=±1,±2, . . .),
namely the zeros of the profile function . The UkS form an orthonormal basis in this
space and we shall use this property in deriving the impulse response of a scanning
microscope in § 7 .

We now introduce the adjoint operator A*, defined such that

+ °° sin [52(x-y)]
(A*g)(Y)=P*(Y)

	

(x-y)
g(x)dx .

	

(2 .6)
n- 00

The singular system {ak ; Uk, Vk}k o of the operator A is then the set of the non-trivial
solutions of the coupled equations

Au k =akVk, A*vk = akuk

(2.5)

(2.7)

where a k> 0 . If the operator A is injective, then the set {uk}k o is an orthogonal basisbasis
in L 2(- oo, + oc); otherwise it is a basis in the orthogonal complement of the null
space of A. Analogously, the set {Vk}ko is a basis in the orthogonal complement of
the null space of A*, namely the subspace B n of the band-limited functions with the
band

If we write equations (2.7) explicitly, we obtain

f
+00 sin [S2(x -y)]

tt(x-y) P(Y)uk(Y)dY = akvk(x), (2.8)

sin[n(x -Y)]
P (Y)

	

71(x-y)

	

"k(X) dx=akuk(Y) .

	

(2 .9)
0

We note that there exists a very simple relation between the singular functions Uk and
the singular functions Vk . Indeed, from equation (2.8) it follows that Vk is band-
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limited and therefore, since the sinc kernel is just the kernel of the projection
operator over Bn , from equation (2.9) we obtain

1
uk(Y) =- P*(Y) vk(Y) .ak

This relation has several implications . Firstly, if we remark that, from the
normalization condition of the functions Vk we have

n
vk(Y)I = 27c

	

v k (w) exp (zyw) dw
n

552C 1

J )1 )
R

	

1/2

	

(2.11)
S2

71 2~

	

vk(wdw

	

=V C In

	

7z

(where Schwarz's inequality has been used), we obtain as the bound for uk(y)

uk(Y)I1 a (') IP(Y)I .
k

In particular, the zeros of P(y) are also zeros of any u k(y) .
Secondly, from the orthonormality conditions of the functions Uk and Vk we

obtain the following relations for the functions V k as

vk(x) vj'(x) dx = l5 ki ,

	

(2.13)

- ao

(2.10)

(2.12)

f
+oc

IP(x)Vv V(X)v (x)dx=akSki.

	

(2.14)

In only other words, the singular functions vk have a double orthogonality property
which is a generalization of the well-known double orthogonality of the linear prolate
spheroidal functions .

Finally, if P is band-limited, then the u ks are also band-limited. In particular,
in the case of the sine profile (equation (1 .4)), the band of the u ks is the interval
[ - 252, 20] .

The singular functions Uk are also solutions of the eigenvalue problem

A Auk =ak uk ,

	

(2.15)

which can be written explicitly as

+~ I' (Y)
sin[Q(Y -Y )]

P(Y )uk(Y ) dY =akuk(Y) .
ir(Y -Y')

Similarly, the singular functions Vk are also solutions of the eigenvalue problem

AA*vk = akuk ,

(2.16)

(2.17)

which is most conveniently expressed in Fourier space . Indeed, by introducing the
relation (2.10) into equation (2 .8) and by Fourier-transforming both members of the
resulting equation, we obtain

~~ Q(w - w')vk(w)dw' =akvk(w), 10 1",

	

(2.18)
SZ
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where I

	

+00

Q(w)=- 2IP(Y)I
2 exp (-i(oy) dy .

	

(2 .19)
tr

The interesting feature of equation (2 .18) is that it appears as an eigenvalue problem
for a Toplitz operator . Indeed, many features of the eigenvalues of such an operator
can be deduced from the properties of the Fourier transform of the kernel, which in
this case is

	

+ x

O(Y) =
J

Q(w)exp(-iwy)dco=lP(Y)I 2 .

	

(2.20)

Therefore many features of the singular values of the operator (2.1) can be deduced
directly from the behaviour of the profile function P(y) .

A first result is that if the profile function P(y) satisfies the condition
y dlP(y)I y0

	

(2 .21)
dy

(or ,0) for any y, then all the eigenvalues ak are non-degenerate (i .e . with a
multiplicity of 1) . The proof of this result is given by Gori and Palma [10] . We
note that the condition (2 .21) is satisfied for gaussian illumination, where
P(y) =exp(-y 2 /2fl 2 ), but not for sine illumination, where P(y)=sinc(f y) .

A second result concerns the asymptotic distribution of the eigenvalues ak when
the aperture 0 of the imaging system is large . The proof is given elsewhere [11, 12] .
Let Nn(a, b) denote the number of eigenvalues ak falling within (a, b) ; that is,
satisfying the conditions a < ak < b ; if a > 0, b < 1 and if m(a, b) is the measure of the set
of values of y where a<IP(y)I 2 <b, then
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929

so that the integral equation (1 .1) again has the form g = Af, the integral operator A
being given by

+ CO sin [c(t-s)]

	

i 2(Af)(t)=	 exp(-zs)f(s)dy .

	

(3 .3)
- ,

	

7r(t-s)

We intend to compare the distribution of the singular values of the operator (3 .3)
with the distribution of the singular values of the operator corresponding to the
uniform illumination (1 .2), which we write, as usual, in the form

i
(Kf)(t)

	

sin [c(t-s)] f(s) ds

	

(3 .4)=

	

~(t-s)

	

, - co < t < + oo,
-i

where
c=XS1/2 .

	

(3 .5)

1

	

1
lim - N(a, b)=-m(a, b) . (2 .22)
n-00 20

	

2ir

This relation will be applied to gaussian illumination in the next section .

3 . Number of degrees of freedom for gaussian illumination
For gaussian illumination it is convenient to introduce the variables

t=x/f3, s=y/f3, c=(352,

where f3 is the half-width of the gaussian beam, and the assignments

(3.1)

g(fit)-g(t), f3f(f3s)-' .f(s), (3 .2)
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As shown in [1], the singular values of K are just the square roots of the eigenvalues
of the linear prolate spheroidal functions .

Using the variables defined in equations (3 .1)-(3 .3), the eigenvalue equation
(2.18) now takes the explicit form

	1
)
f`

~/(4~

	

eXp L- (w - w) Z I4]vk(w') a'cti =akvk(w), 1wj <c .

2c
Nja, b)

	

( .Ya - yb)-n

(3 .6)
As already remarked in § 2, all the eigenvalues of equation (3.6) are non-degenerate ;
furthermore, the asymptotic distribution when c is large is given by equation (2 .22)
(with 0 replaced by c) .

If we note that in the present case Q(y)=exp (-y z ) is an even function of y, the
set of the values of y for which a < Q(y) < b is the union of two intervals, (Yb, Ya) and
(-ya , -yb ), provided a<1 ; otherwise the set is empty and m(a,b)=0 . In other
words, when c is large, no singular value of A can be greater than unity . It is easy to
prove that this result holds true, not only for large values of c, but also for any value of
c .

If we assume that 0 < a < b < 1, then

m(a, b)=2(ya -y b)=2(,/Iln aI-,~In bI)

	

(3 .7)

and therefore, when c is large,

(3 .8)

If we require only one eigenvalue to fall within the interval (a, b), then from equation
(3 .8) we obtain

ya-yb ' nl2c .

	

(3 .9)

Clearly the length of the interval (y b , y a) tends to zero when c tends to infinity, and
therefore the length of the interval (a, b) also tends to zero. As a consequence we
obtain the following approximate expression for the eigenvalues ak, valid when c is
large :

a2 Q(2ck
=exp[-(2~)z kz] .

	

(3 .10)

As already remarked, since the function Q(y) satisfies the condition Q(y) < 1, all the
eigenvalues ak also satisfy the condition ak ' 1 ; furthermore, the greatest eigenvalue
a02-+1 from below when c-+ ce .

We remark that the asymptotic behaviour of the singular values of the operator
A, (equation (3 .3)), namely

(Yk- exp [
2 ( 2c )Z kz 1 '

does not coincide with the asymptotic behaviour of the singular values of the
operator K (equation (3 .4)) . Indeed, the singular values of K are the square roots of
the eigenvalues of the linear prolate spheroidal functions A k [1] and, as it is well
known, the ;.k have, for large c, a step behaviour . This result is not surprising . Indeed,

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
L
B
 
U
n
i
v
e
r
s
i
t
y
 
o
f
 
B
r
u
s
s
e
l
s
]
 
A
t
:
 
1
0
:
0
6
 
1
7
 
J
u
l
y
 
2
0
1
0



Resolution in .diffraction- limited imaging IV

	

931

it is possible to derive the following general expression for the asymptotic behaviour
of the singular values of the operator (1 .1) when 0 is large :

a k -
ttk

P 20 (3 .12)

and therefore a very simple relation exists between the distribution of the singular
values and the profile of the illuminating beam .

From equation (3 .11) it is easy to derive the number of degrees of freedom of the
image, the number No of singular values satisfying the condition

ak % e/E,

	

(3 .13)

where az and Ez are the power spectra of the noise and the object, respectively (in the
notation of [1]) . Since aNo -e/E,

No -S.J2ln (E/a),

	

(3 .14)

where S= 2c/ir is the Shannon number . We point out that for objects illuminated by
a gaussian beam, as follows from equation (3.14), the number of degrees of freedom
is rather strongly dependent on the signal-to-noise ratio E/e. There is not such a
strong dependence for uniform illumination, for which the imaging is described by
the integral operator (3 .4) . Indeed, when c and k are large, the asymptotic behaviour
for the eigenvalues 2k of the linear prolate spheroidal functions [13] is described by
the relation

Then, since aN0=VAN,-a/E, we obtain irb- 2ln(E/a) and, from equation (3 .14),

No -S+ ? () 2 ln(2s)ln(Ela) . J7r (3 .17)
n

By comparing equations (3 .14) and (3 .17) we see that, when S is large, a tenfold
improvement in the signal-to-noise ratio E/a produces a much greater improvement
in the number of degrees of freedom corresponding to gaussian illumination than in
the number of degrees of freedom corresponding to uniform illumination . However,
there is no comparable improvement in resolution, as follows from the distribution
of the zeros of the Uk, determined in § 5, and in particular from the `saturation' of the
zeros inside the central region .

We conclude this section by comparing in table 1, for c = 10, the singular values
ock , as computed by the method described in § 5 and from the asymptotic expression
(3 .11) .

7T

provided

Jtk "

	

1 (3 .15),
1 + exp (rcb)

k=S+
2
bln J(2nS) (3 .16)
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Table 1 . Comparison of the singular values a k of the integral operator (3 .3) for c=10,
calculated numerically (see §5) and from the asymptotic expression (3 .11) .

k

4. The one-dimensional problem with discrete data
We assume now, as in [3], that the image g(x) is given only on a finite set of

equidistant points

xn =na; n=0, + 1, . . . , ±N,

	

(4.1)

where a <, co ='g/S2 (the Nyquist sampling distance) . We then introduce the notation

4b (2 , a;y)=
sin[n(y-nu)]

	

(4.2)
n(SZ-na)

and we define the operator AN by the equation

(ANf)(na)=
J
+~ fn(Q, a;y)P(y)f(y) dy, n=0, ± 1, . . . , ±N, (4 .3)

which transforms a function feL 2(-cc, +oo)=X into a vector in a (2N+1)-
dimensional space, namely the vector whose components are the values of the
noiseless image at the points xn . We denote by YN the range of AN and call any
element of this space an image vector. As in [3], we introduce in YN the scalar
product

N
(g, h)N=6 Y g(n6)h*`(nv) .

	

(4.4)
n= -N

The adjoint operator AN, transforming a vector of
X=L2(- oo, + c)C)), is then given by

N

(ANg)(y)=a Y_ g(na)gn(1,u;y)P(y) .

	

(4 .5)
n= -N

YN into a function of

Calculated
numerically

	

exp
1

	

2
k 2 ]

2 2c

0. 98953

	

1 .000
0.95878

	

0.98774
0.90970

	

0 .95185
0. 84529

	

0.89494
0.76932

	

0 . 82087
0.68592

	

0 .73460
0. 59926

	

0.64138
0. 51310

	

0 . 54634
0.43073

	

0.45404
0. 35461

	

0 . 36814
0.28642

	

0. 29121
0. 22704

	

0 . 22475
0. 17671

	

0. 16922
0. 13508

	

0 . 12431
0. 10147

	

0.08909
0.07492

	

0.06230
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By definition, the singular system {aN,k ; UN,k, VN,k}k=NO of the operator AN is the set of
solutions of the coupled equations

ANUN,k = aN,kVN,k, ANVN,k = aN,kUN,k,

analogous to equations (2 .7) . The singular functions UN, k are also the eigenfunctions,
associated with the eigenvalues aN, k' of the finite-rank integral operator ANAN :

(ANANf)(Y)=
f
+~ TN(Y,Y')f(y)dy,

	

(4.7)

where
N

TN(y, y)=
Up*(Y)

	

4 ,,(12 , a;Y)45n(~, a ; y')P(y') .

	

(4.8)
m= -N

On the other hand, the singular vectors VN, k are also the eigenvectors, associated
again with the eigenvalues aN, k' of the (2N+ 1) x (2N+ 1) matrix ANAN:

N
(ANANg)(na) =

	

knmg(mQ),

	

(4.9)
m=-N

where

knm= f 45n(Q> a; y)IP(y)I20m(K2,
a ; y) dy .

Using essentially the same methods as developed in [3] one can prove that, when
N--> + oo with u fixed, satisfying the condition or,< tr/S2, then, for any fixed k

lim aN,k= ak,
N- .o

(4 .6)

(4.10)

(4.11)

hrn IIUN,k-UkIIX=O

	

(4.12)
N--' ao

lim vN, k(na) = vk(na)

	

(4.13)
N- x

where ;, Uk and Vk are the singular values and singular functions of the operator A,
(equation (2.1)) . We recall that both the singular values a k of A and the singular
values aN , k of AN are ordered to form decreasing sequences, and therefore the singular
values aN , k and ak , which are compared in equation (4.11), are the singular values
having the same position in these sequences . Furthermore, in equation (4.13),
vN , k(na) denotes the n-th component of the singular vector vN , k, while v k(na) is the
value at the point xn =nv of the singular function Vk of A .

The proof of these results follows from the remark that if we introduce the
function

T(Y,y)=P*(Y)
sin [0(y

-i')]P(y),

	

(4.14)

which is the kernel of the operator A*A (equation (2.16)), and if we use the expansion
[14]

sin[O(y-Y')] = v

	

OX) , a ; Y)0.42' a; y),

	

(4.15)
~(y-y)

	

n=-oo
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which is uniformly convergent with respect to y, y' in any bounded domain of
and also the condition (2 .2), we can deduce that

lim ff , x I T(y, y') - TN(y, y')1 2 dy dy' =0 .

	

(4.16)
N -a x

Therefore the finite-rank integral operator ANA N converges, in the sense of the
operator norm of the bounded operators in X=L2(-cam, +00), to the integral
operator A*A . Then the results (4.11)-(4.13) can be derived, as in [3], using methods
borrowed from the perturbation theory of linear operators .

We can conclude, as in the analysis of uniform illumination in [3], that the
greatest singular values and the corresponding singular functions of the problem
with continuous data can be approximated by the singular values and singular
functions of the problem with discrete data .

5 . Numerical results
We have computed the singular values ak and the singular functions Uk of the

integral operator (1 .1) for both gaussian and sine illumination . The numerical
method is the same as described in [3] . The kernel of the integral operator A*A is
approximated by a tensor product of splines, and the eigenvalues and eigenvectors of
the resulting matrix are computed by combining the power method and the deflation
method .

In the present case the integration interval is not bounded . However, this is not a
serious difficulty, at least for gaussian illumination . Indeed . the integral appearing in
equation (3 .3) is rapidly convergent, thanks to the exponential factor, and we can
restrict the integration to a rather small interval, for instance [-5, 5], in which case
the value of the exponential factor at the edges of the interval is of the order of 10' .
This approximation is good for the computation of the first singular values and of the
corresponding singular functions u k . More accuracy is required for the singular
functions corresponding to very small singular values since, as we show, for
increasing k the uks tend to expand out of the central region of the illuminating beam .

In table 2 we give the singular values of the operator (3.3) for small values of the
parameter c, which is the analogue of the space-bandwidth product (also denoted by
c) for uniform illumination . A comparison of these singular values with the square
roots of the eigenvalues of the linear prolate spheroidal functions [15] shows, also for
small values of c, the effect already discussed at the end of § 3 for large values of c . The
number of degrees of freedom for gaussian illumination is greater than the number of
degrees of freedom for uniform illumination with the same value of c . However, this
increase in the number of degrees of freedom does not lead to any increase in
resolution, as is evident from an inspection of the singular functions .

In figures 1 and 2 we give the singular functions u k corresponding to the first ten
singular values for c=It and c=2it, respectively . The value c=it corresponds to the
half-width of the gaussian beam being equal to the Rayleigh distance of the
instrument . Similarly, the value c=2ir corresponds to a half-width of twice the
Rayleigh distance . As is already evident for c = 2n, and even more so for higher values
of c, the main lobes of the singular functions corresponding to small singular values
tend to move away from the central region of the beam . A similar effect occurs for
sine illumination, and is explained at the end of this section . As a consequence there is a
`saturation' of the number of zeros in the central region of the beam . The average
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ao
a 1
a2
a 3
a4
a 5
a6
a 7
a s
Lx9
a10
all
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Table 2 . Singular values of the integral operator (3 .3) (gaussian illumination) for various
values of c (equation (3 .1)) .

3

9 .1936 x 10 -1
7 .1689 x 10 -i
4 .7904 x 10 -1
2 .7876 x 10 -1
1 .4397 x 10 -1
6 .7222 x 10 -2
2 .8811 x 10 -2
1 . 1470 x 10 -2
4.2804 x 10 - '
1 .5080 x 10 -3
5 .0452 x 10 -4
1 .6103 x 10 -4

ao = 0.9242

a, = 0 .7319

a z = 0.5013

1
-5 0

c

a 3 = 0.3011

a 4 = 0.1612

2 5 = 0.0782

26 = 0.0348

a = 0.0144

a = 0.0056

1
+5

4

9.4845 x 10-1
8.1009 x 10-1
6 .2516 x 10-1
4 .3828 x 10-1
2 .8115 x 10-1
1 .6639 x 10-1
9 .1605 x 10-2
4 .7271 x 10-2
2 .3013 x 10-2
1 .0627 x 10-2
4 .6761 x 10-3
1 .9683 x 10-2

935

Figure 1 .

	

Singular functions Uk for gaussian illumination with c=ir . Near each singular
function the corresponding singular value is given .

1 2

6 .9852 x 10 -1 8.5779 x 10 -1
2 .6685 x 10 -1 5 .4989 x 10 -1
6 .9489 x 10 -2 2 .7491 x 10-1
1 .4429 x 10 -2 1 .1319 x 10-1
2 .5736 x 10 -3 4.0258 x 10 -2
4 .0917 x 10 -4 1 .2779 x 10-2
5 .9281 x 10 -5 3 .6990 x 10-3

- 9 .9059 x 10-4
2 .4804 x 10-4
5 .8537 x 10-5
1 .3103 x 10-5

ZI-\
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1
-5

I
0

7tak (f2) =
SZ

a k .

1
+5

Figure 2 . Singular functions u k for gaussian illumination with c=2tr . Near each singular
function the corresponding singular value is given .

distance between adjacent zeros decreases slowly for increasing k since the space
interval in which Uk is large is also increasing . It follows that the improvement in
resolution is weakly dependent on the number of singular functions used in the
inversion procedure .

For sinc illumination, an important simplification appears when the illuminating
system has the same aperture as that of the imaging system . From equations (2 .1) and
(1 .4) it follows that the corresponding integral operator is

+`° sin LS2(x-Y)l
(Af)(x) = f - ~

	

A7[(x _
	 sins (QY)f (Y) dy

	

(5.1)

and, by a change of variables, it follows that if we denote by oc k(f2) the singular values
of A for an arbitrary aperture f2, and by ak the singular values when f2=7t, then

(5 .2)

M. Bertero et al .

\ xp = 0 .9756

2 1 = 0 .9063

a Z = 0.8024

93 = 0 .6776

a, = 0 .5464

a 5 = 0 .4213

i s = 0 .3112
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Therefore the dependence of the singular values on SZ is trivial and we can consider
only the aperture f2 = 7C, since half the distance between the zeros of the central lobe in
the illumination profile always coincides with the Rayleigh distance of the imaging
system .

We have computed the singular values of the operator (5.1) using various
truncations of the integral corresponding to 1, 2, 4, 8 and 16 zeros in the illumination
profile to the right of the central point . Even and odd singular functions are always
computed separately, as in [3] . The first four singular values rapidly converge and
are already stable when truncation corresponds to the fourth zero of the sinc
function .

In figure 3 are shown the singular functions of the operator (5.1) computed using
eight zeros of the sinc profile . We note the same effects as those found for gaussian
illumination : the moving away from the central region of the main lobes of the
singular functions for increasing k, and also the `saturation' of the zeros in the central
region . Again, even if we increase the number of singular functions used in an

I`	
ao = 0.8218

a, = 0.4499

VV

	

a2 = 0.2060

I

	

I

	

I
-5

	

0

	

+5

Figure 3 .

	

Singular functions Uk for sins illumination. Near each singular function the
corresponding singular value is given .

a 3 = 0.1498

a 5 = 0 .0870

77 = 0.0621

ae = 0.0538

a9 = 0.0483
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inversion procedure, we achieve no improvement in resolution beyond that obtained
just by using the first few singular fumctions .

The behaviour exhibited by the singular functions plotted in figures 2 and 3
deserves some further consideration . If we look at the odd singular functions u2m+1>
figure 3 suggests that each of them has a main lobe, for x > 0, in the interval (m, m + 1)
and that

u2(m+1)+1(x)~u2m+1(x -1 )

for x > 0, while for x < 0

u2(m+1)+1('x)-u2m+1(x+ 1) .

These relations, which show a surprising analogy between the behaviour of the
singular function of varying index and the behaviour of the solutions of a wave
equation, can be verified as follows . If we write the integral equation for u2m+1(x),
x>0, using the symmetry property and the `experimental' property that u2m+ 1(x) is
large only in the interval (m,m+1), then

1

	

m+l
u2m+1(x) ^_	2

	

sinc (7rx){sinc [7t(x-y)]a2m+1
f

m
-sinc[7r(x+y)]}sinc(7cy)u 2m+1 (y)dy .

	

(5 .5)

If m is large, the second term between the braces can be neglected and the `slowly'
varying functions l 1x and 1 /y can be replaced by 1/m . Then

1

	

m+ 1 sin (mx)

	

sin (my)
u2m+1(x)_	2	 sinc[7s(x-y)]

	

u2m+1(Y)dy

	

(5 .6)
a2m+1 m

	

7Cm

	

7Cm

and, after translation, taking x in (m + 1, m + 2), changing the variable in the integral
and reintroducing the functions 1 /x and 1 /y, we obtain

1

	

m+1 2 m+2
uzm+1(x- 1) ^ - 2

	

sinc (7cx) sinc [7c(x-y)],,22 .+l

	

m

	

m+l
x sinc (7sy)u2 m + 1(y -1) dy .

	

(5 .7)

Therefore u2m+1(x-1) is approximately a solution of the eigenvalue equation with
an associated singular value given by

m
a2(m+1)+1~-- m+1 a2m+1 •

The corresponding relation for even singular functions is

m
12(m+1)2' m+1 0621 •

(5 .3)

(5 .4)

(5 .8)

(5 .9)

An inspection of the values reported in figure 3 shows that these relations are in a
surprisingly good agreement with the computed values : adjacent even and odd
singular values satisfy equations (5 .7) and (5 .6) within a relative error which is not
greater than 6 per cent .

Similar considerations can be applied to gaussian illumination .
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6. The two-dimensional problem
Here we extend the theoretical results derived in § 2 to two dimensions . We

denote by S(x), x={x i , x 2 }, the point-spread function of the imaging system :

(27t) 2 J ,J Q
where Q is the bounded domain in Fourier space corresponding to the frequencies
transmitted by the system . For an aberration-free imaging system S((0 ) = 1, while if
there are phase aberrations S(cu) =exp with a(w) real-valued . Furthermore,
we denote by P(x) the profile of the illuminating beam in the object plane. We
assume, as in § 2, that the profile function satisfies the conditions

and

These conditions are
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S(x) = S(w) exp [i (x, w)] dw,

	

(6.1)

1P(X)1 51 (6 .2)

ff -00

+00 I
JJ Px12dx<+ .()oc(6.3)

satisfied both by the gaussian profile

z
P(X) =exp -

2P#2
, P= V xi +x2

	

(6 .4)

and by the band-limited profile

P(x)=2
J,(f2P)

	

P= J(xi+x2) .

	

(6.5)92P

For the latter profile, condition (6 .3) follows from the well-known asymptotic
behaviour

under these
given by

2J1(S2P)

	

3/2~	
- I[

	 ~

	

sin

	

p-- , p--goo .

	

(6.6)
P

	

~
P

conditions the basic operator describing the imaging system is

(Af)(x)= ff +~S(x-Y)P(y)f(y)dy,
x

(6.7)

and this is anologue, in two dimensions, of the operator (2 .1) .
When the profile function satisfies condition (6.3) the operator A is compact in

L2(91 2 ) . Indeed, from Parseval equality, for both aberration-free imaging and for
phase aberrations (in both cases IS(w)I=1) we see that the kernel of A is square-
integrable and hence A is a Hilbert-Schmidt operator . Then

J I
+~dxf f + - dyIS(x - y)1 2 1P(y)I 2= CTOO IS(x)I ZdxII

	

P(Y)IZ dY)
-

	

-00

= C (27')2 f
fQ IS(w)1 2 dw I (

J J
+ ~ IP(y)1 2 dy) = I2Q)

J J + ~
IP(y)1 2 dy < + oo

(6 .8)
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where E(Q) denotes the area of the aperture of the imaging system . Furthermore, as
with the operator (2 .1), one can prove that the operator (6 .7) is not injective when
P((o) has a bounded support (as with the profile function (6 .5)) and that it is injective
when P((o) is analytic (as with the profile function (6.4)) .

Since the adjoint operator A* is given by

(A*g)(Y)= J J +~ P*(Y)S*(x-Y)g(x)dx,

	

(6 .9)

the singular system {;; u k , vk}k o of A is the set of solutions of the coupled equations

J J +
S(x -Y)P(Y)uk(Y) dy = ;vk(x)

	

(6 .10)

J J

	

P*(Y)S*(x - Y)vk(x)dx=akuk(Y) •

	

(6 .11)
- co

As usual, when the operators A and A* are injective, both {uk}k o and {%}'k= o are
orthogonal bases in L 2(9 2 ) ; otherwise these sets form orthogonal bases in the
orthogonal complements of the null spaces of A and A*, respectively .

From equations (6.10) and (6 .11) it follows that the singular functions Vk are
band-limited, while the singular functions Uk are generally not (except when the
profile function is also band-limited) . Properties of the singular functions analogous
to those derived in § 2 hold in the absence of aberrations . Indeed, in such a case the
point-spread function S(x) satisfies the conditions

S*(x) = S(- x)

	

(6 .12)

and

f f + ~ S(x-y)S(y)dy-S(x) ;

	

(6.13)
J -~

furthermore, S(x -y) is the kernel of the projection operator over the subspace of the
functions having a Fourier transform supported in Q . Then, from equation (6.11)

1
Uk(Y)

	

P*(Y)vk(Y)+
ak

from which there follows the double orthogonality property

J J

+~
vk(Y)vj(Y) dY = ak ;,

ffJ : : JP(X)J 2vk(x)v*(x) dx-ak b k, >

(6.14)

(6.15)

(6.16)

which is an extension of the double orthogonality of the generalized prolate
spheroidal functions obtained by Slepian [16] .

The singular functions Uk can also be obtained as eigenfunctions of the integral
operator

(A*A.f)(x)= J
f
+~P*(x)S(x-Y)P(Y) .f(Y)dY

	

(6.17)
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associated with the eigenvalues ak . The numerical solution of this eigenvalue
problem is easy only for a square pupil

S(x)=
sin (flx 1 ) sin (flx2)

	

(6.18)
tcx 1

	

7tx 2

provided the profile function P(x) takes the form

P(x)=P1(xl)P2(x2) .

	

(6.19)

Note that this condition is satisfied by the gaussian profile (6 .4) or by the band-
limited profile

P(x) = sinc (f2x 1 ) sinc (f2x 2 ),

	

(6 .20)

but not by the band-limited `circular' profile (6 .5) . For imaging described by
equations (6.18) and (6.19), the two-dimensional eigenvalue problem can be reduced
to the solution of two one-dimensional eigenvalue problems : the singular values of
the two-dimensional problem are given by the product of the singular values of the
one-dimensional problems, and the two-dimensional singular functions by the
tensor product of the one-dimensional singular functions . This is just the analogue
of the problem of a square pupil and square object discussed on [1] .

For a circular pupil, when the point-spread function is given by

S(x)= Q J1(p P)
p= J(x1 +x2)

	

(6 .21)

and the profile function is also a function of p (this condition is satisfied by both
profiles (6.4) and (6.5)), the two-dimensional eigenvalue problem can be reduced to
an infinite set of one-dimensional eigenvalue problems . More precisely, the singular
functions u k(x) can be expressed in the form

un,m(x)= 1 Wn,m(fl ; P) exp (imo), n=0, + 1, ±2, . . . , m=0, 1, 2 . . . .

	

(6.22)
P

(where {p,01 are the polar coordinates of the point {x1, x 2 }) and the functions
~Yn,m(L2 , p) are solutions of the eigenvalue problems

f
+ ao

J(PP')P*(P)Kn(n ; p, P')P(P')&n,m(n ; p') dP'- P),

where

(6.23)

K,,(il; p, p') =
J u

wJn(wp)Jn(wp') do) .

	

(6 .24)
0

Furthermore, the singular functions vk(x) can be derived from equation (6 .14) .
The extension to sampled data can be carried out along the lines described in [3] .

7 . Application to scanning microscopy
It was indicated in [1] that the theory of singular systems in diffraction-limited

imaging would have implications in microscopy . With the detailed results obtained
in the previous sections of this paper, we may now consider this question in some
depth. We have seen that resolution beyond the usual Rayleigh limit may be
expected if prior knowledge of the support of the object is available and, in
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particular, if this support is reduced to the order of size of the wavelength used . This
is precisely the situation which obtains in the conventional acoustic or optical
scanning microscope . The imaging system of such a microscope, termed type II by
Sheppard and Choudhury [17], is shown in figure 4. Here the object support can be
assumed to be defined by the profile of the focused incident radiation. If the input
lens is uniformly illuminated and of the same aperture as the imaging lens, equations
(1 .1) and (1 .4) apply; thus, the full image is given by

g(x) _

	

sin(SI(x y)Y)] sinc (QY)f (Y) dy .

	

(7 .1)

We consider for simplicity the one-dimensional problems ; the extension to two
dimensions follows procedure described in § 6 .

A translation of the specimen by - ~ gives a new image,

°° sin [S2(x-y)]
g~(x) =

	

tt(x
	 sinc (fly)f (Y + ~) dy .

	

(7.2)
00

	

-Y)
In the type II microscope we record the image at x=0, say G(~)=g~(0), so that,
ignoring any detector integration,

which is the same as the intensity point-spread function for an incoherently
illuminated ordinary microscope or type I scanning microscope .

To apply the singular system theory to microscopy we must try to reconstruct the
'super-resolved' object, within its given support, by recording the full image and
projecting it onto the image-plane singular functions to find the coefficients of the
object-plane singular functions, as described in [1]-[3] .

Source

	

Lens

Specimen

Lens Lens Lens

Figure 4 . Schematic diagram of a type II scanning microscope .
Detector

G(~)-

or, with a change of variable,

(' ° si~(S2y)
f(Y+~)dy (7.3)

Y

G(x
)- 1

sin e [n(x - y)]
dy

7fl(x-y)2
f(y)

f S(x -Y)f(Y) dY> (7 .4 )

where the `amplitude' point-spread function is

sin e (Qx)
S(x) = (7.5)

ttc x2
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We now use the value of the reconstructed object at x = 0 and write fr(~)=]~(0) .
Then, dropping noise terms,

c

.fr(D_ i uk(0)

	

uk(Y)f(Y + 0 dY

	

(7.10)
k=0

	

-00

or, with a change of variable,

f,(x) _
f

S(x -Y).f (Y) dy,

	

(7.11)

where the amplitude response function is now
N

S(x) = Y_ uk(0)uk(x) .

	

(7.12)
k=0

In § 2 we proved in the case of the sinc profile function that the singular functions Uk
are a basis in the space of band-limited functions, with band [-252, 2f2], which are
zero at the sampling points n7r/f2 (n= ±1, ±2, . . .) . It follows that

_ R sin (252x) sin (2f2y)

	

sin 2f2(x-(nrc/252)) sin 2f2(y-(ntr/252))
kE uk(x)uk(Y)-2f2

	

7cx

	

tty

	

+ nod d

	

n(x - (nir/2f2))it(y - (nn/2f2))

(7 .13)

By putting y=0 in equation (7.13) we find that in the limit N=oo, equation (7 .12)
becomes S(x) =sin (2fIx)/(nx) . We see, therefore, that the performance of the new
microscope approaches that of a type I coherent microscope of twice the resolving
power. The number of terms N required to approach this limit is not large since the
singular functions of higher order, as may be seen in figure 3, only add to the wings of
the response. Figure 5 shows equation (7.12) taken to ten terms, together with its
Fourier transform (the Fourier transform of the response of the type II scanning
microscope covers the band [-2f2, 252] in a triangular fashion) .
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The addition of a multiplicity of detectors to a conventional type II microscope,
as suggested in [1], will produce an instrument whose response may be calculated as
follows. We work in the singular function basis to reconstruct the object at each
scanning position ~ . If the microscope is optical, we assume also that some means has
been used to find the image phase as discussed in [1] ; the phase will be available
directly in the acoustic case . The reconstructed object is then given by

N 1
~(x)= Y_ - (gk, vk)uk(x),

	

(7 .6)
k=0 ak

where N+ 1 is the number of singular functions used . We assume as usual that

g=Af+n, (7 .7)

where n represents an additive noise contribution, so that

(7 .8)
(g, Vk) = Of, vk) + (n, Vk)

= ;( , uk) + (n, v k) .

Thus N

	

x

14(x) _ Y_ uk(x)

	

uk(y)f (y + 0 dy + noise term .f -00
(7.9)

k=0
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where

-- .-&AAA AAA`	

F(x) =

N

k=0

I

IPq

f ~ S,(x-y).f(y)dy

I

(b)

2t

	

20
Figure 5, Amplitude point-spread tunction (a) and corresponding Fourier transform (b) of

new scanning microscope with singular value reconstruction of image data .

A further possibility with this new microscope is to use the entire reconstruction
of equation (7.9) at each scanning point, followed by averaging at each object point .
The response function for this mode of operation may also be calculated .

From equation (7 .9) we have that

f (x- )=
J x

O nk(x - )uk(y)f(y+ )dy

	

(7 .14)
k=0

or, with a change of variable,

Mx- )=

	

uk(x - c)uk(y-).f(y)dy .

	

(7.15)
k=0

Averaging over object points gives

is ( JkO :~ uk(x-)uk(.Y- )d )J(y)dy

(7.16)

N

	

«
SI(x)= =

	

uk(x+rl)uk(r1)drl
k0 -~
N

_

	

(uk0 )(x),

	

(7.17)

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
L
B
 
U
n
i
v
e
r
s
i
t
y
 
o
f
 
B
r
u
s
s
e
l
s
]
 
A
t
:
 
1
0
:
0
6
 
1
7
 
J
u
l
y
 
2
0
1
0



where Qx denotes autocorrelation and subscript I denotes integration .
In figure 6, equation (7 .17) is shown taken to ten terms, also with its Fourier

transform .
As N-*co we may again use the result (7 .13) to find that

S,(x)=const x
sin (2S2x)

	

(7 .18)
7Cx

which, in a photon-limited regime, will give a gain in signal amplitude to noise of the
order of the square root of the number of integrated image points since the constant is
proportional to the length of the image . So far in this section we have considered the
extra performance achievable when the object support is provided by band-limited
illumination; greater increases in resolution are possible if a hard aperture of the
order of a wavelength is used in the object plane or if an object support of this
dimension is defined by its self-luminosity or fluorescence, and the possible increases
in resolution are as described in [1] .

Work is in progress to put the above schemes into practice at the limits of optical
resolution, but results have already been published [18] which demonstrate the extra
information available in an optical imaging instrument when using these principles .
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(b)

Figure 6 . As figure 5, but with integration as described in equation (7 .16) .

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
L
B
 
U
n
i
v
e
r
s
i
t
y
 
o
f
 
B
r
u
s
s
e
l
s
]
 
A
t
:
 
1
0
:
0
6
 
1
7
 
J
u
l
y
 
2
0
1
0



946

	

Resolution in diffraction-limited imaging IV

Acknowledgments
W e are grateful to Dr . Fred Brackenhoff for discussions on the techniques of

scanning microscopy and to Professor Charles McCutchen for helpful corre-
spondence. We are also indebted to Professor F . Gori for stimulating and very
helpful discussions . Dr . C. De Mol is Research Associate with the National Fund for
Scientific Research (Belgium) .

Le precedent travail de cette serie, dans lequel la theorie des systemes singuliers a ete
utilisee pour discuter le probleme de l'imagerie a la limite de diffraction, est generalise pour
permettre la reconstruction d'un objet sur une region qui contient des contours 'doux' . La
generalisation est introduite pour s'occuper de faisceaux gaussiens ou d'autres eclairages ou
encore des connaissances a priori incertaines de position . Les solutions sont developpees dans
un espace pondere L 2 . Des exemples de fonctions et vecteurs singuliers, sous eclairage a la fois
gaussien et sine, sont donnes . L'analyse est appliquee pour determiner les fonctions de
reponse en amplitude de systemes de microscopes a balayage optique ou acoustique proposes
par Bertero et Pike dans le premier article de la serie et on trouve que les performances du
microscope a balayage de type nouveau devraient s'approcher exactement de celles d'un
microscope coherent conventionnel de deux fois le pouvoir de resolution .
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