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Abstract

Super-resolution is a word used in di�erent contexts but mainly in the case of

methods aimed at improving the resolution of an optical instrument beyond the

di�raction limit. Such a result may be achieved by means of speci�c instrumental

techniques (such as, for instance, interferometry) or by means of a suitable process-

ing of a digital image; in the latter case we will use the expression computational

super-resolution (CSR). In this paper we describe the basic concepts underlying CSR
without using the mathematics required for establishing its theoretical validity. The

aim is to introduce a wide audience to this topic, to specify the situations where

CSR is feasible and to emphasize the point that unlimited CSR is not possible.
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1 Introduction

According to geometrical optics the image of a point source is a perfectly sharp
point. Such an approximation however does not apply to the most powerful
optical instruments, such as microscopes and telescopes, where the e�ects
due to the di�raction of the light by the boundaries of the pupil become
important. As a result the image of a point source is no longer a point but
rather a small bright patch with a well-de�ned shape, which is sometimes
called the di�raction pattern of the source. In the cases where the isoplanatic
approximation holds true, the shape of the pattern does not depend on the
position of the point source and its intensity distribution as a function of the
coordinates in the image plane is called the point spread function (PSF) of the
optical instrument.
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Such a property has generated the concept of resolving power of an optical in-
strument which dates back to the classical works of Abbe (1873) and Rayleigh
(1879) at the end of the XIX-th century and is related to the overlap of the
images of two close point sources. For instance, the spatial resolution of a mi-
croscope is de�ned as the minimum distance between two point sources such
that their images are distinguishable according to some speci�ed criterion;
analogously the angular resolution of a telescope is de�ned as the minimal
angular separation between two distinguishable distant stars. A widely used
criterion is the classical one due to Lord Rayleigh and the so-called Rayleigh
limit, resulting from this criterion, is related to the width of the PSF of the
optical instrument. In this context the term super-resolution is currently used
for denoting instrumental or computational methods which allow to reach a
resolution beyond the Rayleigh limit.

Since the advent of digital images and of powerful computers, the problem
of improving the resolution by means of a suitable processing of the recorded
images has been investigated. In this paper we focus on this kind of super-
resolution and we do not consider that based on instrumental methods (such
as apodization, interferometry or others). We call the corresponding topic
computational super-resolution (CSR) since we intend it as a speci�c topic
of computational imaging or, more precisely, of object restoration. The latter,
also known as image restoration or image deconvolution, consists of all numer-
ical methods designed to correct for the degradation of the image produced by
known defects (described by the PSF) of the optical instrument, such as all
possible kinds of aberrations. An introduction to this topic is given in Bertero
& Boccacci (1998) (see also Boccacci & Bertero (2002)). Super-resolution is
even more ambitious than that since it pretends to correct for the degradation
due to di�raction.

The idea of overcoming the Rayleigh limit is quite old and has been discussed
in papers by Toraldo di Francia (1955), Wolter (1961), Harris (1964), Mc-
Cutchen (1967), Rushforth & Harris (1968), and others. The basic remark
suggesting the possibility of CSR is clearly explained in the papers by Wolter
and Harris mentioned above. However the fundamental limitations intrinsic to
the suggested procedure were not completely understood so that the dream of
almost unlimited CSR seemed to come true. Nowadays we know that CSR is
feasible only to a limited extent and only in rather speci�c cases.

This paper is intended to provide an introduction to this topic in a way which
should be accessible to a wide audience. To this purpose we have avoided as
far as possible the use of advanced mathematical tools, even if it is obvious
that mathematical concepts cannot be completely ignored in a topic which
consists of suitable mathematical manipulations of digital images. The inter-
ested reader can �nd an account of the mathematical methods used for CSR
in Bertero & De Mol (1996).
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The paper is organized as follows. In Section 2 we introduce two comple-
mentary descriptions of an optical instrument (typically a microscope or a
telescope), the so-called frequency-domain and space-domain description. In
the frequency domain the instrument acts as a �lter, as a consequence of
di�raction, and this e�ect is described as a blurring in the space domain. The
important concepts of band-width and resolution distance are introduced and
their relationship is discussed. These concepts are basic for understanding the
content of Section 3 where the feasibility of CSR is related to the possibility
of extrapolating the spectrum of the object outside the band of the instru-
ment. On such a basis the fundamental limitations in the amount of CSR
are discussed. In addition it is clari�ed that the possibility of achieving CSR
is related to the possibility of designing methods for object restoration with
some speci�c properties. An example of these methods, very easy to imple-
ment, is described in Section 4 where the results of a few numerical simulations
are also given. The conclusions derived from our experience in this topic are
summarized in Section 5.

2 Filtering and resolution

Let us assume, for simplicity, a planar object placed in the focal plane of an op-
tical instrument. The extension to 3D objects is, in principle, straightforward
even if the discussion of such a case is obviously much more complex.

As a consequence of our assumption the object can be described by means
of a function of two space variables x; y (the coordinates of a point in the
focal plane) representing, for instance, the intensity of the light emitted by
the points of the object. We denote this function by O(x; y) and analogously
we denote by I(x; y) the function describing the image.

A basic point is that any function with arbitrary shape can be represented as
a superposition of cosine and sine functions such as cos(!xx + !yy) and
sin(!xx + !yy) with all possible values of the variables !x; !y. The latter are
called space frequencies and, in the case of a microscope, are measured in �m�1

if x; y are measured in �m. The precise representation is given by the classical
Fourier integral (see, for instance, Papoulis (1968)) while the coeÆcients ap-
pearing in the superposition of trigonometric functions constitute a function
of the space frequencies !x; !y, which is called the Fourier transform (FT) of
the function we are considering. If the function is O(x; y) then its FT will be
denoted by Ô(!x; !y). The characterization of the object by means of O(x; y)
is called its representation in the space domain while its characterization by
means of Ô(!x; !y) is called its representation in the frequency domain.

In Figure 1 we give examples of 1D signals and of the corresponding FTs. It
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Fig. 1. Examples of Fourier transforms of 1D signals: on the left we plot the functions

and on the right the corresponding Fourier transforms

is evident that the sharper is the signal, the broader is the corresponding FT.
In the limiting case of an impulse signal the FT is constant, namely the signal
contains all space frequencies with equal weights.

A �rst basic property of an optical system, at least in the isoplanatic approxi-
mation, is that it transforms a trigonometric signal into another trigonometric
signal with the same space frequencies but a di�erent amplitude and, possi-
bly, a di�erent phase. For simplicity we neglect the latter e�ect. Then the
ratio between the amplitude of the input signal and that of its image is called
the modulation transfer function (MTF) of the optical system. The MTF is a
function of the space frequencies and characterizes the imaging properties of
the system in the frequency domain. In this paper it is denoted by T̂ (!x; !y)
and therefore the relationship between the FT of the image and that of the
object is given by

Î(!x; !y) = T̂ (!x; !y) Ô(!x; !y): (1)

This equation can be described by saying that any optical system is a �lter

in the frequency domain: it does not transmit exactly the input object but it
provides an output which is obtained by modifying the FT of the input.

A second basic property is that, as a consequence of di�raction, the MTF be-
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Fig. 2. Illustrating the �ltering e�ect of an optical system; to the right we show

sinusoidal input signals, in the middle the MTF with the indication of the frequency

considered and to the left the corresponding output signals.

comes smaller and smaller when the space frequencies increase and eventually
becomes exactly zero when they are higher than a certain limit which is called
the cut-o� frequency of the optical instrument. In Figure 2 we illustrate this
e�ect, again in the case of 1D signals. In the 2D case, as a consequence of the
circular symmetry of the pupils, the region where the MTF is di�erent from
zero is a disc whose radius 
 is just the cut-o� frequency of the instrument.
This disc is also called the band of the instrument and 
, namely the cut-o�
frequency, is also called the band-width of the instrument.

This second property implies that the instrument is a low-pass �lter (the low
frequencies are almost perfectly transmitted while the high frequencies are
attenuated or not transmitted at all) and has an important e�ect in the case of
a point source. As we already observed such an object contains all frequencies
with the same weights (the FT is constant, see Figure 1); but in its image
the values corresponding to the higher frequencies are attenuated and set to
zero when above the band-width. Therefore, as it can be easily understood
from Figure 1, the image of a point source is not a point but a patch with a
certain shape and width. This is precisely the PSF already mentioned in the
Introduction and, mathematically, it is given by the inverse FT of the MTF,
so that it will be denoted by T (x; y).
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Fig. 3. Illustrating the relationship between the MTF and the PSF. We give two

examples showing that when the band-width increases, the width of the PSF de-

creases.

For instance, in the case of a microscope and coherent illumination, the band-
width 
 is given by


 = 2�
NA

�
; (2)

where NA is the numerical aperture of the lens and � is the wave-length of the
illuminating light. If the lens is free of aberrations, then the MTF is constant
(let us say 1, for simplicity) over the band and the PSF has the following
expression

T (x; y) =



2�

J1(
 �)

�
; � =

q
x2 + y2 ; (3)

where J1 is the Bessel function of the �rst order. This function has a maximum
at � = 0 and is zero over an in�nity of circles, the radius of the �rst one being
given by

Æ = 1:22
�



= 0:61

�

NA
: (4)

This is precisely the well-known Rayleigh resolution distance, as we discuss in
a moment.

However, in the case of 
uorescence microscopy, since the emitted light is ap-
proximately incoherent, the PSF is proportional to the square of the coherent
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PSF so that it takes the following expression

T (x; y) =

2

�

 
J1(
 �)


 �

!2

; (5)

which is also known as the Airy function. It is obvious that the positions of
the zeros are not changed. However the band-width of this function is 2 
 and
its FT, namely the MTF, is not constant over the band, the disc of radius 2 
,
but decreases from the value 1 at zero frequency up to 0 at the boundary of
the band. The radial pro�le of this function is that given in Figure 2.

From Equation 4 it follows that the broader is the band and the sharper is the

PSF and this relationship is illustrated in Figure 3 where we give two Airy
functions with di�erent band-widths and the corresponding MTF.

Until now we have considered the representation of an object or image in the
frequency domain: in such a case the optical system is described by its MTF
and the image is a �ltered version of the object. Anyway an alternative repre-
sentation is obtained by considering an object as a superposition of point-wise
objects, each one with a di�erent weight (its intensity); this is precisely the
description in space domain. In such a case the behaviour of the optical sys-
tem is described by its PSF and the image is a superposition of PSFs centred
on the corresponding point objects, with weights given by their intensities. In
mathematical terms the relationship is as follows:

I(x; y) =
Z Z

T (x� x0; y � y0) O(x0; y0) dx0 dy0 (6)

and the r.h.s. of this equation is called the convolution product of PSF and ob-
ject. It clari�es that the image is a blurred version of the object. Obviously this
equation is equivalent to Equation 1 since one can be obtained from the other
by means of the FT and this equivalence implies that �ltering and blurring

are complementary descriptions of the same e�ect, namely light di�raction.

Finally we relate the concept of resolution to the concepts we have just in-
troduced. As we mentioned in the Introduction, according to Rayleigh the re-
solving power is a measure of the possibility of discriminating two close point
sources. The problem is illustrated in Figure 4. Then the classical Rayleigh
criterion consists in establishing that two point sources are resolved when the
maximum of the image of the �rst one (i. e. a PSF centred on the position of
the �rst source) falls on the �rst zero of the image of the second one (a PSF
centred on the position of the second source). For a microscope this criterion
provides a resolution distance Æ which is given by Equation 4 and we conclude
that the resolution distance is inversely proportional to the band-width. This
result is true not only for a microscope but also for other optical instruments
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Fig. 4. Illustrating the problem of discriminating two point sources from the knowl-

edge of their images as given by the PSF (1D case): from left to right we plot the

images of two point sources with decreasing separation; the central one corresponds

to the situation considered in the Rayleigh criterion.

(such as telescopes, etc.) even when the PSF is not the ideal one as that
given, for instance, in Equation 5. Indeed the resolution distance can always
be measured by the so-called FWHM (Full Width at Half Maximum) of the
PSF and this parameter is also inversely proportional to the band-width of
the instrument.

3 Computational super-resolution and out-of-band extrapolation

As follows from the analysis of the previous Section the limited resolution of
an optical instrument is related to the limited information conveyed by the
instrument in the frequency domain; indeed only the values of the FT of the
object corresponding to frequencies inside the band are transmitted while the
others are set to zero. Of course some of the in-band values are also attenuated
but, in principle, they can be recovered if the MTF is known (see Equation 1).
On the other hand the out-of-band values seem to be irretrievably lost, even
if one can rise the question whether this fact is undoubtedly true.

In general the answer is yes. Indeed it is possible to imagine (and possibly
also to manufacture) objects whose FT is exactly zero inside the band while
takes any value outside the band. One can choose these values in order to get
reasonable objects. Since their image is exactly zero, sometimes they are called
invisible objects. Now it is obvious that, if we have recovered the in-band FT of
the imaged object, we can take as out-of-band FT that of an invisible object
and we obtain a new object which has exactly the same image of the true
one. Such a procedure is clearly arbitrary because there exists an in�nite set
of invisible objects so that we can conclude that there exists an in�nite set of
objects compatible with the given image. Very simple and nice examples are
given in Heintzmann & Sara�s (2000). In mathematical language this result
is stated by saying that, if we attempt to extrapolate the FT of the object
outside the band, then the solution of this problem, which is called out-of-band

extrapolation, is not unique. In conclusion, since there exist an in�nite set of

8



solutions, it is impossible to recover the true out-of-band FT of the imaged
object.

However there is one case where the previous considerations are not true and
precisely the case where the object has a �nite extent. Indeed in such a case
the FT of the object has a particular mathematical property, the so-called
analyticity, which assures that if the FT is known inside the band then it can

be uniquely extrapolated outside the band. In other words there exists a unique
analytic function which coincides, inside the band, with the FT of the object
(as recovered from the FT of the image - see Equation 1). This is precisely
the basic remark contained in the papers by Wolter and Harris.

The implication of this result is evident: let us assume that it is possible to
extrapolate the FT of the object outside the band in such a way that it can be
estimated inside a disc with a radius twice the bandwidth of the instrument, for
instance a microscope; then this procedure is equivalent to generate, by means
of a processing of the data, a new imaging system, consisting of the microscope
and of the computer (where the extrapolation method is implemented) in
cascade, such that its band-width is twice that of the microscope; hence the
corresponding resolution distance is one-half of the original one. We conclude
that CSR has been achieved.

Since it is obvious that any object has a �nite extent, CSR seems to be always
obtainable by developing suitable methods and algorithms for out-of-band
extrapolation. However there is a weak point in the remark of Wolter and
Harris, namely the implicit assumption that the FT of the object is exactly

known inside the band. This is never true in practice: detection and digitization
of the image are always a�ected by noise and various kinds of random errors.
In other words we only have at disposal a noisy version of the in-band FT of
the object and, unfortunately, the noise destroys the analyticity of the FT.

As it was stressed for the �rst time in Viano (1977), the problem of out-of-
band extrapolation belongs to a class of problems which are called ill-posed

because they do not satisfy at least one of the three classical conditions for
well-posedness as stated by the French mathematician Jacques Hadamard at
the beginning of the last century: existence, uniqueness and stability of the
solution. The last condition essentially means that a small variation of the
data must produce a small variation of the solution. In the case of out-of-
band extrapolation the solution, when it exists, is certainly unique but the
diÆculty is that, in general, it does not exist for noisy data and, in any case,
it is not stable with respect to small variations of the data.

In the case of an ill-posed problem special techniques, known as regularization
methods and introduced by the Russian mathematician A. N. Tikhonov, must
be used for obtaining approximate and sensible solutions. Even a brief account
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of the basic ideas of regularization theory is beyond the scope of this short
note. An introduction with applications to imaging can be found in Bertero
& Boccacci (1998).

The use of regularization methods allows to perform out-of-band extrapola-
tion but only to a limited extent. The crucial question is: is it possible to

estimate how much extrapolation is feasible and therefore how much CSR can

be achieved ? A �rst answer to this question is given in Bertero & Pike (1982).
As shown in that paper, the amount of CSR is basically controlled by two
parameters: the space-bandwidth product (SBP) and the signal-to-noise ratio

(SNR).

As concerns the �rst parameter, it can be de�ned as follows: let us assume
that our object is zero outside a disc of radius X while the band-width for
coherent illumination is 
; then the SBP is given by c = X
=�. If we use
Equation 4, we �nd that, in the case of a microscope

c = 1:22
X

Æ
(7)

and therefore SBP is a measure of the extent of the object in units given by

the resolution distance of the instrument. In Bertero et al. (1982) it is shown
that the same parameter can be used for quantifying CSR also in the case of
incoherent light (remember that, in such a case, the band-width is twice the
coherent one).

The main result contained in Bertero & Pike (1982) is that a signi�cant
amount of out-of-band extrapolation, hence a signi�cant improvement of reso-
lution, is possible only if SBP is not much greater than one, the precise amount
of extrapolation depending of course on the value of SNR and increasing when
the SNR increases. Quantitative estimates are given in the paper quoted above.
For instance for c = 2 and SNR = 100 an improvement of resolution by a
factor 2.3 is possible. It is not a tremendous improvement but it may be very
important in applications to microscopy or astronomy.

The physical meaning of the condition on SBP is clari�ed by Equation 7.
Indeed it implies that the spatial extent of the object must be not much greater
than the Rayleigh resolution distance of the optical instrument. It is obvious
that the result applies also to the case where the object consists of separate
unresolved objects over a black background, all with dimensions not much
greater than the resolution distance. In these cases it may be possible to resolve
details of the objects if a suitable algorithm for out-of-band extrapolation can
be designed.

In conclusion we must also say that, as follows from numerical experiments as
well as from theoretical results, a further improvement in out-of-band extrap-
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olation can be obtained if one is searching for solutions which are non-negative
in the space domain, as it is required in the case of incoherent light.

4 An algorithm for super-resolution

If we know that the SBP of the object satis�es the conditions stated in the
previous Section, then a super-resolving method must be a method able to
produce an estimate of the object which is compatible with the detected image
and, in addition, is non-negative and zero outside the domain of the object,
namely the region of the focal plane where the object is di�erent from zero. Of
course it is necessary to know such a domain and we discuss in a moment how
it can be determined, at least approximately. It is also important to emphasize
that it is not necessary to evaluate an object which satis�es exactly Equation
1 because, as we know, the detected image is corrupted by errors and noise.

Several methods with the properties stated above have been designed. All are
suitable for CSR. Here we give a method for image restoration which is very
popular in microscopy as well as in astronomy, is very easy to implement and
can be modi�ed in such a way that it becomes a super-resolving method. We
are talking about a maximum likelihood method, which is known in astronomy
as Richardson-Lucy method (RL) (Richardson (1972), Lucy (1974)) and in a
wider audience as Maximum-Likelihood Expectation-Maximization (ML-EM)
method (Shepp & Vardi (1982)). We do not discuss the foundations of this
method; we only describe the corresponding algorithm which is iterative, so
that it must be initialized with some guess O(0)(x; y) of the object which is
updated at each iteration. If we denote by O(k)(x; y) the result of the k-th
iteration, then the scheme is as follows:

� store I(x; y), T̂ (!x; !y);
� choose O(0)(x; y);
� for k = 0, 1, 2,...,
� given O(k)(x; y) compute Ô(k)(!x; !y);

� Î(k)(!x; !y) = T̂ (!x; !y) Ô
(k)(!x; !y); (8)

� compute I(k)(x; y), the inverse FT of Î(k)(!x; !y);

� H(k)(x; y) =
I(x; y)

I(k)(x; y)
; (9)

� compute Ĥ(k)(!x; !y), the FT of H(k)(x; y);

� Ĝ(k)(!x; !y) = T̂ (!x; !y) Ĥ
(k)(!x; !y); (10)

� compute G(k)(x; y), the inverse FT of Ĝ(k)(!x; !y);
� O(k+1)(x; y) = O(k)(x; y) G(k)(x; y) : (11)

In Equation 10 we have assumed, for simplicity, that the MTF is real valued;
this is in agreement with the assumption of Section 2 where the change of phase
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of a trigonometric signal, as produced by the instrument, is neglected. In the
general case the MTF takes complex values and one must use in Equation 10
the complex conjugate of the MTF.

The algorithm described above provides a restoration method which is usually
initialized with a uniform object, namely O(0)(x; y) = constant. It is known
that it provides, in general, satisfactory results if the iterations are not pushed
too far because when the number of iterations k is too large the result is
degraded by the ampli�cation of the noise corrupting the image. However the
choice of the number of iterations is not very critical because the convergence
is slow and the result remains stable for a considerable number of iterations.
As easily follows from an analysis of the algorithm, it provides restored objects
which are non-negative when both the image and the PSF are non-negative.
Since one of the requirements for a super-resolving method is already satis�ed.
we have only to show that the algorithm can also implement the constraint
on the domain of the object.

As follows from Equation 11, if O(k)(x; y) is zero in a point x0; y0, then also
O(k+1)(x; y) will be zero in the same point as well as all the subsequent iterates.
Therefore, if we know the domain of the object, we can use this property by
initializing the algorithm with an object O(0)(x; y) which is constant over the
domain and zero elsewhere. As a consequence all the iterates O(k)(x; y) will
be zero outside the domain of the object and therefore the constraint on the
domain is automatically satis�ed.

Another nice property of the algorithm is that, if the MTF is normalized in
such a way that its value at zero-frequency is one, then all the iterates have
the same total intensity as the original image I(x; y). It follows that, if we
initialize the algorithm in the way indicated above, then all the energy of the
image is concentrated inside the domain of the object and is not spread out in
the restoration procedure. Such a remark makes plausible the super-resolving
e�ect obtainable in such a way.

In practical applications we have the problem of estimating the domain of
the object. As it was clari�ed in the previous Section, the typical situation
we are considering is that of a bright object, not much broader than the
resolution distance of the instrument, over a black background. Therefore a
possible approach can be provided by the following two-steps procedure: a
�rst restoration of the object can be obtained by means of ML-EM with a
standard initialization (a uniform object); next one estimates the region where
the values of the restored object are greater than some threshold value (for
instance, a few percent of the maximum value of the restored object); such
a region is taken as an estimate of the domain of the object; �nally ML-EM
is reused with a new initialization provided by the mask function which is
constant inside the estimated domain and zero elsewhere.
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a) b)

c) d)

Fig. 5. Restoration of two vertical bars, 1 pixel wide, spaced by 9 pixels: a) the

original object; b) the image obtained by convolving the object with an Airy function

(Rayleigh resolution distance = 11 pixels) and corrupting the result with background

and Poisson noise; c) the restoration provided by ML-EM without the constraint

on the domain; d) the restoration provided by ML-EM with the constraint on the

domain.

The previous analysis is based, for simplicity, on the assumption that the
background is zero. Such an assumption, however, is not really necessary since
it is known that the ML-EM method can be easily modi�ed in order to take
into account the presence of a constant and positive background on the image
(van Kempen et al. (1997), Boccacci & Bertero (2002)). The modi�cation
consists uniquely in adding the constant background at the denominator of
the r. h. s. of Equation 9.

We illustrate the previous method with a few numerical simulations. We con-
sider the case of incoherent light with � = 0:58 �m and an ideal microscope
with NA = 1 so that the PSF is the Airy function given in Equation 5 with

 = 10:83 �m�1; the Rayleigh resolution distance is Æ = 0:35 �m. In addition
we assume digital images 256 x 256 corresponding to physical images which
are 8 �m wide; hence the pixel size is 0:031 �m. It follows that the resolution
distance corresponds to about 11 pixels and that we are considering images
which are de�nitely oversampled; but this is necessary in the case of CSR. We
also point out that the pixel size in the frequency domain is 0.78 �m�1, so
that the band-width of the Airy function is about 28 pixels (we recall again
that the incoherent band-width is 2
).
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Fig. 6. Semi-logarithmic plot of the spectrum of the original object of Figure 5

(full line), of the corresponding image (dotted line), of the restoration provided

by ML-EM (dashed line) and, �nally, of the restoration provided by ML-EM with

the constraint on the object domain (dash-dotted line). The spectrum is obtained

by computing the square modulus of the FT on the line corresponding to !y =

0 and is given as a function of the number of pixels; the position of the vertical

line corresponds to the band-width of the Airy function. The larger value of the

spectrum of the image at zero frequency is due to the background.

Our �rst object consists of two vertical bars, 1 pixel wide, and located at a
distance of 9 pixels, hence non-resolved by our PSF. The image is generated
by convolving the two bars with the PSF, by adding a suitable background,
and corrupting the result with Poisson noise. In Figure 5 we show the original
object, the noisy image, the restoration provided by ML-EM when initialized
with a constant image and that provided by ML-EM when initialized with
a rectangular mask a bit broader than the object. The two bars are clearly
resolved in the last numerical experiment. Moreover, in order to make evident
that the result is a consequence of out-of-band extrapolation, in Figure 6
we compare the pro�les of the spectra (square modulus of the FT) of the
original object, of the image, of the unresolved restoration and of the resolved
one, when taken along the line corresponding to !y = 0. In the Figure the
vertical line indicates the band-width of the microscope. We remark that,
in this particular example, the algorithm achieves a considerable amount of
out-of-band extrapolation.

The second object consists of two clusters of bright spots consisting of 2 x 2
pixels. The distance between the centres of mass of the two clusters is greater
than the resolution distance of the microscope so that the two clusters are
resolved; however, in each cluster, the average distance between the spots is
about 9 pixels, so that the spots are not resolved. Again an image is generated
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Fig. 7. Contour plot of the restoration of two clusters of bright spots: the original

object (top left); the image obtained by convolving the object with the same PSF

used in the �rst example and corrupting the result with background and Poisson

noise (top right); the restoration provided by ML-EM (bottom left); the restora-

tion provided by ML-EM initialized with a mask obtained from the previous result
(bottom right).

with the same procedure used in the �rst example. A �rst restoration is ob-
tained by means of ML-EM initialized with a constant image and is used for
generating a mask which is obtained by taking the regions where the intensity
is greater than 3% of the maximum value. Finally ML-EM is initialized with
this mask. In Figure 7 we show the original object, the image and the two
restorations. We remark that in this particular example the spots are already
resolved in the �rst experiment. This is a demonstration of the bene�cial e�ect
of the positivity constraint but it is also the e�ect of a particular property of
ML-EM since this method has the tendency to concentrate the energy of the
image into localized regions. However the separation of the spots provided by
the restoration initialized with the mask is even better.

We point out again that the method proposed in this paper is not necessarily
the best one for CSR; its main advantage is that it is very simple and can
be very easily implemented since it only requires the use of a FFT routine.
Therefore it can be used as a 
exible tool for performing numerical experiments
and investigate the amount of CSR which can be reached in speci�c problems.
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5 Concluding remarks

The main aim of this paper was to show that CSR is intimately related to
the problem of extrapolating the spectrum of the object outside the band
of the optical instrument. Obviously if the instrument is a�ected by strong
aberrations a simple deconvolution can provide an improvement of the quality
of the image, allowing to detect details which are not clearly visible in the
original image. However this is not a genuine CSR if the method is only able
to recover the in-band values of the FT of the object. Indeed out-of-band ex-
trapolation is a diÆcult problem and it can be successfully handled only if we
have additional information on the object. In this paper we have indicated a
crucial one, namely the information that the size of the domain of the object
is not much greater than the resolution distance of the instrument. Another
important kind of information is the non-negativity of the object, at least in
cases where such a property applies (for instance, incoherent light). However,
as clearly shown by our �rst example non-negativity alone is not always suÆ-
cient for obtaining a signi�cant CSR. We also point out that in our examples
we require much more than the simple condition that the spots or the lines
are resolved according to the Rayleigh criterion; indeed in our restorations the
small features (spots, bars) are visually resolved. Obviously this is possible
because we only search for a relatively small amount of super-resolution.

Better results could be obtained by means of further additional information on
the object (for instance, statistical properties) and more sophisticated restora-
tion methods implementing this additional information. However, it must be
clear that no miracle is possible and that it is not possible to go much beyond
the limitations indicated in this paper.

Our discussion was basically restricted to the 2D case. However it applies also
to the 3D case and, in particular, to confocal microscopy. In 3D the limitations
on the domain of the object must be satis�ed in the three directions. However,
since the axial resolution distance is greater than the lateral one, the limita-
tions in the axial direction are less stringent than those in the lateral ones. In
particular cases, namely thin objects with a depth not much greater than the
axial resolution distance, it should be possible, by means of a super-resolving
method acting only in the axial direction, to obtain restored images such that
the resolution is approximately uniform in the three directions.
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