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ABSTRACT: The application of the conjugate gradient (CG) algorithm
to the problem of data reconstruction in SPECT imaging indicates that
most of the useful information is already contained in Krylov sub-
spaces of small dimension, ranging from 9 (two-dimensional case) to
15 (three-dimensional case). On this basis, a new, proposed ap-
proach can be basically summarized as follows: construction of a
basis spanning a Krylov subspace of suitable dimension and projec-
tion of the projector–backprojector matrix (a 106 � 106 matrix in the
three-dimensional case) onto such a subspace. In this way, one is led
to a problem of low dimensionality, for which regularized solutions
can be easily and quickly obtained. The required SPECT activity map
is expanded as a linear combination of the basis elements spanning
the Krylov subspace and the regularization acts by modifying the
coefficients of such an expansion. By means of a suitable graphical
interface, the tuning of the regularization parameter(s) can be per-
formed interactively on the basis of the visual inspection of one or
some slices cut from a reconstruction. © 2003 Wiley Periodicals, Inc. Int
J Imaging Syst Technol, 12, 217–228, 2002; Published online in Wiley Inter-
Science (www.interscience.wiley.com). DOI 10.1002/ima.10026

I. INTRODUCTION
Single-photon emission computed tomography (SPECT) is an im-
aging technique commonly used in nuclear medicine in order to
acquire functional information about a patient’s specific organ. A
radiopharmaceutical (or tracer), consisting of a molecule of biologic
interest labeled with a radioactive isotope, is administered to the
patient. The emitted photons coming from inside the patient’s body
are selected by a collimator and detected by a gamma camera, so that
information about the tracer distribution is acquired for a number of
views relative to the patient. The main problem of SPECT imaging
is to reconstruct a spatially precise and quantitatively accurate
three-dimensional (3D) map of the tracer distribution from the
acquired projections.

In the last few years, the so-called iterative reconstruction meth-
ods have been found to represent the best solution to the problem of
SPECT data reconstruction, in terms of image quality and quantita-

tive accuracy (e.g., Formiconi et al., 1989; Zeng et al., 1991; Tsui et
al., 1994). They are based on a projection matrix, which models the
physics and geometry of the data acquisition process, and on an
iterative algorithm, which must be selected in order to estimate the
solution to the reconstruction problem.

The choice of the specific iterative algorithm used in the recon-
struction process should be mainly based on the statistical model
assumed for the data acquisition. Because the correct statistical
model describing the acquisition of SPECT data is represented by
statistically independent Poisson processes, the maximum likelihood
with expectation maximization (ML-EM) algorithm (Shepp and
Vardi, 1982), which maximizes the likelihood function for the
Poisson distribution, should be the algorithm of choice. But, on the
basis of approximating the Poisson distribution with a Gaussian
distribution, the use of the conjugate gradient (CG) algorithm was
also proposed in order to generate reconstructions as estimates to the
minimizer of a weighted-least-squares (WLS) functional (Huesman
et al., 1977; Formiconi et al., 1989). Tsui et al. (1991) showed that
the latter reconstruction technique (WLS-CG) has a convergence
rate 10 times higher than the analogue of ML-EM.

In practice, the advantage of WLS-CG over ML-EM was never
fully exploited for at least two reasons. First, in the mid-1990s, the
ordered-subset expectation maximization (OSEM) algorithm, an
accelerated version of ML-EM, was proposed (Hudson and Larkin,
1994; Li et al., 1994). This novel algorithm was able to generate
good reconstructions in a time decisively shorter than that required
by ML-EM and even WLS-CG. Second, the WLS-CG reconstructed
images proved worse, in terms of noise characteristics, than those
from EM-ML, especially in the case of data contaminated by high
noise levels.

Even if OSEM now represents one of the most popular iterative
algorithms used in SPECT imaging, according to some phantom and
simulation studies (Pupi et al., 1990; Boccacci et al., 1999) and
experience in the clinical setting (Formiconi et al., 1997; Nobili et
al., 1998; Rodriguez et al., 2000), the preconditioned form of
WLS-CG (WLS-PCG) proposed in the RECLBL library (Huesman
et al., 1977) is able to generate satisfactory reconstructions that are
as accurate as those offered by ML-EM and OSEM, provided that
the noise level is not dramatically high. As far as the choice of the
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optimal iteration number is concerned, the simulation study by
Boccacci et al. (1999) performed on the basis of a 7 Mcount
acquisition gives about 9 iterations in the case of sequential 2D
reconstructions, and about 15 iterations for fully 3D reconstructions.
The clinical experience practically confirms these figures for not too
noisy data.

The mathematical grounds for CG are based on the so-called
“Lanczos conjugate gradient connection,” (Golub and van Loan,
1996), because the key idea behind the CG algorithm is to express
the kth iterate in terms of the Lanczos vectors that span the Krylov
subspace of dimension k. Thus, in spite of the fact that one is facing
large-scale optimization problems with more than 10 thousand un-
knowns in the 2D case, and about 1 million unknowns in the 3D
case, k iterations of WLS-PCG, where k is about 9 in the 2D case
and about 15 in the 3D case, are able to localize the recoverable
information useful for a nuclear medicine physician in a Krylov
subspace of such a small dimension.

The approach proposed in this article basically consists in the
construction of the orthonormal set of the Lanczos vectors spanning
a Krylov subspace of dimension larger than the optimal one (e.g.,
k � 20 in the 2D case) and in the projection of the huge projector–
backprojector matrix onto such a subspace. The values for k are so
moderate that, considering the performance of today’s PCs in terms
of CPU, RAM, and, above all, hard disk storage, at present it can be
proposed to store for subsequent use all the information generated
during the construction of the Krylov subspaces, instead of simply
using it to update irreversibly the current iterate, as CG does. In this
way, one is led to a problem of low dimensionality for which
regularized solutions can be easily obtained by means of appropriate
spectral windows, which can be used in order to optimize the
performance of the method. The required SPECT reconstruction is
obtained as a linear combination of the Lanczos vectors, and fast
methods for the interactive optimization of the window parameters
can be implemented.

There is some analogy between the method we propose and the
widespread technique of overiterated OSEM followed by postfilter-
ing (e.g., Beekman et al., 1998). In fact, our strategy is equivalent to
run iterations beyond optimality in order to enhance the resolution or
contrast gain and, subsequently, to regularize by means of filters, in
order to control the resolution versus noise trade-off. The main
difference consists in the way good information and reconstructed
noise are stored: overiterated OSEM shrinks both in a single recon-
struction that is irreversibly updated as the iterations are performed,
whereas our method allows a flexible use of the information con-
tained in all iterations, as encoded in the Lanczos vectors of the
Krylov subspace.

We show that the bias versus noise trade-off realized by our
method is definitely better than that provided by WLS-PCG and, in
some cases, even better than that provided by ML-EM. Moreover,
concerning the trade-off between contrast and noise, we show that
our method performs better than overiterated OSEM plus postfilter-
ing.

For the reader’s convenience, in Section II, we recall the basic
facts about CG and Krylov subspaces and briefly discuss the meth-
ods for computing a suitable orthonormal basis for these subspaces.
In Section III we investigate the accuracy provided by Krylov
subspaces in increasing dimension in approximating a digital phan-
tom both in the absence and the presence of noise. In the case of
noisy data, the results are compared with those provided by CG,
showing that a further improvement with respect to CG restoration
should be possible. In Section IV, we introduce various filtering

methods for the regularized inversion of the projected matrix. Prac-
tical details relative to the implementation of the method are illus-
trated in Section V, whereas in Section VI, we present the results of
our simulations.

II. MATHEMATICAL BACKGROUND
The inverse problem of SPECT imaging can be expressed in terms
of the following equation:

Af � g, (1)

where f is the unknown activity map, g represents the data, and A is
the so-called “projector.” It is a large, sparse, and ill-conditioned
matrix that embeds all the relevant physical information about the
data-acquisition process, such as collimator blur, scatter, and atten-
uation. Because the matrix A is generally nonsquare, one looks for
an estimate of f as the minimizer of the least-squares (LS) functional

�2� f � � �Af � g�2
2, (2)

where ���2 denotes the usual Euclidean norm. As is well-known, the
minimization of this functional is equivalent to the solution of the
Euler equation

A�Af � A�g, (3)

which is also ill-conditioned, so that regularization methods must be
used to obtain meaningful estimates of the required activity map f.
One of these methods is the CG algorithm, because, by a suitable
stopping of the iterations, one can obtain approximate solutions of
Eq. (3) that are also stable, that is, not strongly affected by noise
propagation (e.g., Engl et al., 1996; Bertero and Boccacci, 1998).

An appropriate scaling of the rows and columns (van der Sluis
and van der Vorst, 1987) of the huge system [Eq. (3)] improves the
numerical performance of CG and gives better results. First, one has
to scale the equations in such a way that each contributes the same
order of magnitude to the LS functional. Let W be the covariance
matrix of the noise affecting the data g. In general, one can assume
that the components of the noise are uncorrelated, so that W is
diagonal and its diagonal entries are just the noise variances of the
corresponding components of g. In the case that the noise is Poisson
with large average number of counts, one takes

�W�ij � �ijgj. (4)

Then, the LS functional of Eq. (2) is replaced by the following WLS
functional

�W
2 � f � � �W�1�Af � g�, Af � g	, (5)

where the brackets ��, �	 indicate the usual Euclidean scalar product.
It follows that the residual vector Af � g is measured in a norm
different from the Euclidean one. The corresponding Euler equation
is given by

A�W�1Af � A�W�1g. (6)

This equation is also ill-conditioned, and the CG algorithm can be
used again for obtaining approximate and stable solutions. However,
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it is convenient to introduce a second scaling, involving the col-
umns, in order to improve the convergence of the CG method. This
scaling is related to the so-called preconditioning (Golub and van
Loan, 1996) and is obtained by switching from the unknown f to the
new unknown y related to f by means of

f � D�1y. (7)

The preconditioner D�1 is a diagonal matrix chosen in such a way
that the system matrix of the final Euler equation

D�1A�W�1AD�1y � D�1A�W�1g (8)

is diagonally dominant. For instance, the choice suggested in the
RECLBL (Huesman et al., 1977) and used in Formiconi et al.
(1989), and Baldini et al. (1998) is

�D�ij � �ij��A�W�1A�ii (9)

and generates a matrix for the system [Eq. (8)] with all its diagonal
entries equal to 1. The corresponding off-diagonal entries are usually
small and, in any case, less than 1.

By introducing the matrix B defined by

B � W�1/2AD�1 (10)

and the vector h defined by

h � W�1/2g, (11)

the Euler Eq. (8) can be written in the compact form

Ty � b, (12)

where

T � B�B, b � B�h. (13)

Such an equation is the Euler equation of the functional

�2�y� � �By � h�2
2 (14)

and, as a matter of fact, the WLS-PCG algorithm proposed in the
RECLBL (Huesman et al., 1977) applies to the minimization of this
functional; once an approximate and stable solution of Eq. (12) has
been obtained, the required activity map f can be derived from Eq.
(7).

On the basis of the so called “Lanczos–CG connection” (Golub
and van Loan, 1996), k iterations of WLS-PCG generate the mini-
mizer of the functional [Eq. (14)] restricted to the Krylov subspace

(T, b, k) defined by


�T, b, k� � span�b, T b, T 2b, . . . , T k�1b�, (15)

that is, the minimizer of the functional

�k
2�y� � �BPky � h�2

2, (16)

where Pk is the projection operator onto 
(T, b, k). Thus, the iterate
yCG,k is the solution of the Euler equation related to Eq. (16):

PkTPky � Pkb (17)

and can be written as a linear combination of the elements Tib (i �
0, 1, . . . , k � 1) spanning 
(T, b, k). As already mentioned in the
Introduction, within the conventional application of CG, the regu-
larization is realized by means of the selection of the number of
performed interactions, and this is equivalent to fix the dimension k
of the Krylov subspace. There is no possibility of modifying the
values of the coefficients of the expansion of yCG,k in terms of the
elements Tib, because such values are computed by the algorithm
with the requirement of minimizing the functional [Eq. (16)]. This
choice may not represent the optimal one in the case of noisy data,
and the regularization offered by the selection of the value for k may
be rather coarse.

A particular orthonormal basis zi (i � 0, 1, . . . , k � 1)
spanning 
(T, b, k) is required in the following: the set of the
residuals generated by the iterations of CG itself is, in principle,
such a basis if it is properly normalized and coincides with that
provided by the Gram–Schmidt procedure. The problem of the
actual construction of the basis is addressed in Section V.

By using the k orthonormal vectors z0, . . . , zk�1 (each of length
N, the number of pixels or voxels of the activity map f ) as columns,
one can construct the isometric N � k matrix Zk, for which the
relationships Zk

�Zk � Ik and ZkZk
� � Pk hold. In particular, Zk

�

transforms a vector y of length N into the vector ck of length k,
formed by the components of y with respect to the zi’s:

ck � Zk
�y, (18)

with ck,i � �y, zi	 (i � 0, 1, . . . , k � 1). If y � 
(T, b, k), then

y � Zkck. (19)

By means of these notations, one can easily write Eq. (17) as an
equation for ck. If we remark that PkZk � Zk and Zk

�Pk � Zk
�, then

we obtain the linear system

�Zk
�TZk�ck � Zk

�b. (20)

As it is known, the k � k matrix Zk
�TZk is tridiagonal, symmetric,

and non-negative; its nonvanishing elements are generated by the
Lanczos iterative scheme (Golub and van Loan, 1996).

III. EFFECTS OF DATA NOISE ON KRYLOV
SUBSPACES
The Krylov subspace 
(T, b, k) where the WLS-PCG algorithm
expands the solution yCK,k is strongly data dependent, because both
b and the operator T itself are strictly linked to the data g and change
with changing data. In particular, T is affected by the noise contam-
inating the data. Therefore, it is worthwhile investigating, by means
of a numerical simulation, how noise affects the capability of the
orthonormal basis spanning 
(T, b, k) to represent the object from
which those data were collected.

The effect of data noise on the performance of all Krylov-based
inversion algorithms is twofold. On one hand, noise intervenes at the
stage of restoration and prevents the high-frequency components of
the object from being correctly recovered. This is a well-known
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effect, typical of all inverse problems, and represents no novelty.
Much less is known about the consequences of noise on the structure
of the Krylov subspaces and on their capability to represent the
original object. This latter effect involves the restoration problem
only indirectly and draws an accuracy borderline for any Krylov-
based algorithm, no matter how clever it is. Because CG does not
provide the projection of the original object, but the solution of the
projected equations, an investigation of these distinct approxima-
tions is worthwhile.

In order to investigate these effects by means of a numerical
simulation, a data set g̃ is generated from a 2D brain software
phantom (Hoffman et al., 1983), shown in Figure 1(a), by means of
a projector A simulating an experimental acquisition performed by a
CERASPECT scanner (Holman et al., 1990; Baldini et al., 1998).
The space-variant collimator blur and attenuation (uniform attenu-
ation coefficient inside the skull) are the physical effects embedded
in A. A noisy version g of g̃ is obtained by contaminating g̃ with
Poisson noise on the basis of 400 Kcounts. In the following, any
quantity derived from the noise-free data is marked by a tilde.
Therefore, g̃ and g are, respectively, noise-free and noisy data, Z̃k

and Zk are the isometric matrices formed by the bases in the
corresponding Krylov subspaces, and so on. From the original brain
phantom f, the corresponding auxiliary quantities ỹ and y are ob-
tained, thanks to definition [Eq. (7)], as follows:

ỹ � D̃f ; y � Df. (21)

We incidentally remark that the statistical weights given by Eq. (4)
and the corresponding preconditioning defined in Eq. (9) are used
also in the case of the exact data. This produces better results, if
compared with the results obtained with no statistical weights, and
no preconditioning.

The way the Krylov subspace of dimension k is able to represent
y is provided by the orthogonal projection of y onto 
(T, b, k)
given by

Pky � �
i�0

k�1

�y, zi	zi � Zkck. (22)

An equivalent computation produces P̃kỹ, the projection of ỹ onto

(T̃, b̃, k) by means of the Z̃k-basis. Finally, the best evaluations
the bases Zk and Z̃k are able to generate of the original phantom f are
obtained by applying the matrix D�1 and D̃�1, respectively, to the
corresponding results. We denote by f̃k and fk the approximations of
f obtained in such a way, and by f̃CG,k and fCG,k those provided by
WLS-PCG, as described in Section II.

In Figure 1(b and c), we show the images of f̃k and fk obtained
in the case k � 30. It is evident that the approximation provided by
a noise-free Krylov subspace is much better than that provided by a
noisy Krylov subspace with the same dimension. However, in order
to evaluate quantitatively the quality of a certain approximation f� of
the phantom f, we compute the relative root-mean-square (RMS)
error defined in terms of the usual Euclidean norm as follows:

�� f�� �
� f� � f �2

� f �2
. (23)

In Figure 2, we give the plots of �( f̃k) (solid line) and �( fk)
(dashed line) as functions of the dimension k of the Krylov sub-
space. It is evident that the error in the noisy case is always greater
than that in the noise-free case. In addition, in the noisy case, the
error is practically constant for k � 10, whereas in the noise-free
case it decreases smoothly up to k � 50, the maximum dimension
we have considered.

The previous result indicates that for the particular phantom, and
for the particular noisy data we are considering in the presence of
noise, a Krylov subspace of approximately dimension 10 contains
practically all the information available for producing an estimate of
f. Obviously such a dimension depends on both the noise and the
phantom. It is expected, for instance, that when the noise decreases
(i.e., the total count number increases), the useful dimension of the
Krylov subspace increases too. It is also obvious that for the ap-
proximation of 3D phantoms, Krylov subspaces of higher dimension
are required.

Because, as has already been mentioned, in the case of noisy data
it is interesting to compare the approximation provided by WLS-
PCG at the k-th iteration, fCG,k, with the best approximation gen-
erated by the Krylov subspace with the same dimension, fk, in
Figure 2 we also plot �( fCG,k) (dot-dashed line). It turns out that
�( fCG,k) � �( fk), as it must be, even if the difference is not very
large when k � kopt, where kopt (� 11) is the optimal iteration
number corresponding to the minimum of �( fCG,k). However, the
plot shows that a small improvement is still possible if one is able to
develop methods approaching the best approximation provided by a
Krylov subspace of suitable dimension.

Figure 1. (a) The brain phantom used in this study is a 2D Hoffmann
phantom (Hoffman et al., 1983) with the addition of the scalp. (b) The
approximation of (a) provided by a Krylov subspace of dimension 30
in the absence of noise. (c) The approximation of (a) provided by a
Krylov subspace of dimension 30 in the presence of noise.
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IV. REGULARIZED RECONSTRUCTIONS WITHIN
KRYLOV SUBSPACES
Let us come back to the problem of solving Eq. (17), which is the
Euler equation of the functional Eq. (16). If we denote by {�k, j ;
uk, j, vk, j}j�0

k�1 the singular system of the matrix BPk,

BPkvk, j � �k, juk, j; PkB
�uk, j � �k, jvk, j, (24)

then the minimal norm solution of Eq. (17), which is precisely the
solution provided by CG after k iterations, is given by

yCG,k � �
j�0

k�1
�h, uk, j	

�k, j
vk, j. (25)

If k is too large, yCG,k is corrupted by noise propagation. The
method we propose consists precisely in taking k large enough to
have instability of yCG,k, and in replacing yCG,k by means of a
suitably regularized version. Because this is given in terms of the
singular system of BPk, we first address the problem of computing
such a system.

The starting point is that the squares of the singular values �k,i

and the singular vectors vk, j are, respectively, the eigenvalues and
eigenvectors of the matrix

PkB
�BPk � PkTPk. (26)

As in Section II, this matrix is equivalent to the tridiagonal matrix
Zk

�TZk, whose entries 	i, j are given by

	i, j � �Zk
�TZk�i, j � �Tzi, zj	 (27)

and are easily computable (see the beginning of Section V for
further details). Also, the diagonalization of this matrix is easy. Its
eigenvalues 
k,i are the Ritz values, and the corresponding eigen-
vectors wk,i are the so-called Ritz vectors (van der Sluis and van der
Vorst, 1987)

Zk
�TZkwk, j � 
k, jwk, j. (28)

Because the eigenvalues of Zk
�TZk are precisely the eigenvalues of

PkTPk while the eigenvectors are related by Eq. (19), we have

�k, j � �
k, j; vk, j � Zkwk, j. (29)

Finally the singular vectors uk, j can be obtained from the first
relation of Eq. (24).

It is important to point out, however, that we do not need the
computation of the singular vectors uk, j and vk, j in order to compute
the right hand side of Eq. (25). Indeed, by means of some algebra,
it is easy to show that

�k, j�h, uk, j	 � �Zk
�b, wk, j	; (30)

then, by means of this relationship and Eq. (29), one obtains

yCG,k � Zk��
j�0

k�1
�Zk

�b, wk, j	


k, j
wk, j� (31)

Figure 2. Plots of the relative RMS errors in approximating the phantom of Fig. 1 (a) by means of its projection onto a Krylov subspace of
dimension k. The errors are functions of k, and we give the results both in the noise-free case (solid line) and the noisy case (dashed line). The
dot-dashed line is the error curve in approximating the same phantom by means of WLS-PCG in the noisy case.
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and, therefore, once the vector Zk
�b of length k has been computed,

all subsequent computations can be performed in a space of dimen-
sion k. We remark incidentally that if the Lanczos vectors represent
the Z-basis, all the components for the vector Zk

�b except the first
one vanish.

When k is so large that the generalized solution is not stable, one
can consider the minimization in 
(T, b, k) of the regularized
functional

��y� � �BPky � h�2
2 � ��y�2

2, (32)

whose minimum point y�,k is given by

y�,k � �
j�0

k�1
�k, j

�k, j
2 � �

�h, uk, j	vk, j (33)

or, equivalently, by

y�,k � Zk��
j�0

k�1
�Zk

�b, wk, j	


k, j � �
wk, j� . (34)

Finally the corresponding activity map f�,k is obtained from

f�,k � D�1y�,k. (35)

Note: The computation of the regularized solution [Eq. (35)] is
equivalent to the minimization of the functional

��� f � � �BPkDf � h�2
2 � ��Df �2

2, (36)

which does not coincide with the usual Tikhonov regularizing func-
tional, because the norm of f is weighted by the preconditioning
matrix D.

Equation (34) suggests the definition of families of regularized
solutions in terms of families of filter functions as follows:

y�,k � Zk� �
j�0

k�1

F��
k, j�
k, j
�1�Zk

�b, wk, j	wk, j� . (37)

Equation (34) corresponds to the filter function

F��
� �




 � �
, (38)

and a more general class of filters is given by

F�,�
� �




 � � � � 0�, (39)

where the value of � fixes the filter cutoff in a way loosely inde-
pendent of , whereas the value of  defines the overall shape of the
spectral window. From our numerical practice, it follows that the
choice  � 2 is generally good.

We denote the reconstruction algorithms proposed in this article
and expressed by Eqs. (37) and (35) as regularized Krylov expan-
sions (RKEs).

V. IMPLEMENTATION OF THE RKE METHOD
In this section, we briefly illustrate some practical details relative to
our implementation of the RKE technique and discuss its computa-
tional and disk storage requirements.

The construction of the orthonormal Z-basis spanning the Krylov
subspace 
(T, b, k) and the computation of the matrix elements 	i, j

defined by Eq. (27) represent the main task. In order to accomplish
this, we use a Lanczos scheme with complete reorthogonalization
(Golub and van Loan, 1996), which yields the required Z-basis in
terms of the Lanczos vectors and also evaluates the nonvanishing
matrix elements 	i, j. At each step, a new zi element of the basis is
derived from Tzi�1 by means of a Gram–Schmidt orthogonalization
with respect to all previous basis vectors and subsequent normal-
ization. According to an exact arithmetic implementation of the
Lanczos method, one should orthogonalize Tzi�1 with respect to
zi�1 and zi�2 only, because orthogonality with respect to all re-
maining elements is granted by recursion. In finite arithmetics,
however, this is not true, and orthogonality of a new element with
respect to all previous ones must be enforced at each step. We apply
the Gram–Schmidt scheme because, according to our experience in
SPECT imaging, no practical difference is found in terms of accu-
racy between Gram–Schmidt orthogonalization and the more so-
phisticated Householder scheme. Thanks to the rather low values
necessary for the dimension k of the Krylov subspace, the compu-
tational overhead related to the complete reorthogonalization is
negligible, if compared to the time required to perform a projection–
backprojection by means of the operator T. Once all the nonvanish-
ing entries 	i, j are available, the diagonalization of the tridiagonal
matrix Zk

�TZk represents a trivial task and the corresponding eig-
envalues 
k, j and eigenvectors wk, j are easily obtained. At this
stage, for a given spectral window F, a regularized solution f�,k �
D�1y�,k can be evaluated, because all the quantities contained in
Eq. (37) are known.

These considerations on the algorithmic scheme proposed for
RKE are consistent with the experimental fact that the computa-
tional load relative to an application of the RKE technique with a
Krylov subspace of dimension k is essentially equivalent to per-
forming k WLS-PCG iterations. Because the value of the dimension
k is chosen so as to have instability in the generalized solution (thus,
k must exceed somewhat the corresponding optimal iteration num-
ber for WLS-PCG), the computational burden of RKE can be
roughly estimated to be twice as large with respect to that of
WLS-PCG. On the other hand, if one considers that WLS-PCG is
estimated 10 times faster than the conventional version of ML-EM
(Tsui et al., 1991), the conclusion can be drawn that RKE is about
5 times faster than ML-EM and that, consequently, its timing re-
quirements do not represent a particularly serious drawback.

The main feature of the RKE technique is that instead of upgrad-
ing the current reconstruction, it stores the result of the k steps for
subsequent use. This implies a disk storage requirement. As long as
a 2D image of 1282 pixels is concerned, the disk storage requirement
amounts to less than 2 Mbytes, because one must store the Z-basis
(k times 1282 floats, where k is on the order of 20), the precondi-
tioner (1282 floats), and some arrays of dimension k and k2 (negli-
gible). In the case of a 3D reconstruction, this storage load must be
multiplied by the number of slices involved, and for a “high reso-
lution” activity map (about 60 axial slices), it amounts to about 150
Mbytes or less. If we take into account the performance of today’s
computers in terms of disk storage, the requirements of RKE can be
satisfied by an up-to-date, low-cost PC. In the 3D case, a good RAM
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capability permits storage of all the Z-basis and avoidance of the
bottleneck of too frequent data transfer between disk and RAM.

Once the Z-basis has been evaluated, the time required for
producing a regularized 2D image is quite negligible, because it is
simply the result of the linear combination of about 20 arrays having
the same size as a 2D image, and the time required for generating the
coefficients can simply be ignored. On this basis, with a suitable
graphical interface, the adjustment of the filter parameter(s) can be
performed interactively (e.g., by means of a mouse-driven cursor),
and the effects of the change can be seen in real time on the screen.
Thus, an expert SPECT reader should be able to adjust the filter
parameter(s) the same way that one can bring an image into focus in
an optical instrument such as a microscope or binoculars.

In the case of volumetric reconstructions (3D case), we can select
one or a few slices (transaxial, sagittal, or coronal) of interest and
perform the same operations described for the 2D images, with the
same possibilities and ease. If the analysis of reoriented volumes is
required, the reorientation can be preliminarily performed on the
basis and on the preconditioner; then, the tuning of the regularization
can be performed on a reoriented slice, with the potential of a partial
compensation for the artifacts and other degrading phenomena that
often affect rotated images.

VI. QUALITY ASSESSMENT OF THE REGULARIZED
RECONSTRUCTIONS
In this section, we perform a comparison in terms of accuracy and
noise characteristics between the reconstructions produced by the
RKE method and those generated by WLS-PCG and ML-EM. The
choice of the latter algorithm is justified by the fact that it is
commonly expected to supply the gold standard in the quality
assessment of SPECT images, and that its performance in our
numerical simulations is practically equivalent to that of overiterated
OSEM followed by optimal Gaussian filtering. Only in the case
considered in the last part of this section on the reconstruction of
experimental data from a cold rod phantom does the latter algorithm
replace ML-EM, because it exhibits appreciably better performance
and, thus, permits a more meaningful comparison with RKE.

By using the projector A as detailed in Section III, synthetic
projections at 120 angular views of the 128 � 128 phantom, of
Figure 1(a) were generated, scaled to 200 and 400 kcounts. For each
count level, 50 different realizations of Poisson noise were produced
and subsequently reconstructed by means of WLS-PCG, ML-EM,
and by means of RKE with dimension k � 20, and with spectral
window given by Eq. (39) with  � 2. On the basis of some
trial-and-error experiments, this value of  was found to generate the
best reconstructions in terms of accuracy and noise characteristics of
a structured object, such as the brain phantom of Figure 1(a). Only
in the case of a flat object, such as the cold rod phantom studied in
the last part of this section, do different choices of  produce more
accurate results.

For each count level, by means of the different realizations of the
noise, we obtain samples of the reconstructions produced, respec-
tively, by RKE, WLS-PCG, and ML-EM. Such samples are used to
evaluate estimators related to image quality.

First, for each sample we consider the mean �� and the standard
deviation �� of the relative RMS error [Eq. (23)], and we call �� the
bias and �� the noise level of the sample. Both parameters are
functions of the regularization parameter (iteration number for
WLS-PCG and ML-EM, and � value for RKE). As it is well-known,
the relative RMS error of the reconstructions coming from a partic-
ular realization of noisy data displays the typical semiconvergent

behavior as the iterations proceed (or the � parameter decreases)
and, of course, this property is shared also by the bias �� . In Figure
3(a) (200 Kcounts) and 3(b) (400 Kcounts), for each reconstruction
algorithm we plot the curves (�� , ��) parameterized by the iteration
number (WLS-PCG and ML-EM) or by the � value (RKE). In this
way, the semiconvergent behaviors and trade-offs of the bias ��
versus the noise level �� proposed by RKE (solid line), WLS-CG
(diamonds connected by dashes) and ML-EM (boxes connected by
dot-dashes) can be easily compared. The choice of �� in Figure 3 as
the noise level gives an estimate of how much the relative RMS
error of a specific reconstruction is likely to differ from the mean,
then quantifies the uncertainty on its � value. An inspection of
Figure 3(a) shows that, at the level of 200 Kcounts, the RKE
technique displays performance superior to that of WLS-PCG and
equivalent to that of ML-EM, although with a slightly higher noise.
Figure 3(b) indicates that when the signal-to-noise ratio is suffi-
ciently high (400 Kcounts), the Krylov-based algorithms WLS-PCG
and RKE prevail over ML-EM. Moreover, Figure 3(b) displays only
a rather small advantage in bias of RKE over WLS-PCG (�� �
0.47%), but also indicates that the conservative choice � � 2.42
(point A) is able to generate reconstructions with the same bias as
those from WLS-PCG, but with an appreciably reduced ��. This
fact, and the unsatisfactory behavior of the WLS-PCG curves at low
iteration numbers, permit us to draw the conclusion that the RKE
algorithm is more stable to data noise than WLS-PCG, as will be
confirmed in the analysis to follow.

In general, in order to quantify the effects of data noise on a
population of reconstructions, the computation of the voxelwise
mean image and covariance matrix is required. In the case of
ML-EM expressions for approximating at each iteration the mean
image and the covariance matrix have been derived (Barrett et al.,
1994). As far as we know, similar results do not exist for Krylov-
based reconstruction algorithms. Thus, we limit ourselves to con-
sider the approximations obtained from our samples of reconstruc-
tions. In order to quantify the effects of data noise on these popu-
lations, we introduce the relative standard deviation norm (RSDN)
as the ratio of the Euclidean norm of the standard deviation image
over the Euclidean norm of the phantom. The values of RSDN
depend on the count level, the iteration number (or �), and the
reconstruction algorithm used. Following the same strategy used in
Figure 3, in Figure 4(a) and 4(b) we show, respectively, for 200 and
400 Kcounts, the trade-offs realized by RKE, WLS-PCG, and
ML-EM between noise and bias. Here, we choose RSDN as the
noise, whereas as the bias we choose the mean �1 of the quantity

�1� f�� �
� f� � f �1

� f �1
, (40)

where f is the phantom of Figure 1(a) (appropriately scaled to the
count number), f� is an element of the population, and ���1 represents
the norm-1, defined as the sum of the moduli of the pixel values. The
capability of an algorithm to minimize such a norm of the difference
image between a reconstruction and the “truth” is often used both to
evaluate the algorithm itself and to select an appropriate range for its
free parameters (the so-called “training of the algorithm;” Jacobs et
al., 1998). Figure 4(a and b) shows that the bias versus noise
trade-offs realized by the RKE algorithm are appreciably better than
those of WLS-PCG and ML-EM. In Figure 4(b) (400 Kcounts), the
bias advantage offered by RKE with respect to WLS-PCG is rather
small, but a careful tuning of the � value in a neighborhood of point
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A gives reconstructions that are more stable or have less bias than
the three choices (k � 10, 11, and 12) offered by WLS-PCG.

We conclude this section by investigating a third kind of trade-
off between bias and noise, namely, that concerning contrast recov-
ery. To this purpose we consider real data from a cold rod phantom.
The phantom consists of a cylinder of uniform activity with 5 lucite

rods of diameters ranging from 10 to 25 mm. The whole acquisition
was performed at 120 angular views on a CERASPECT scanner
(Holman et al., 1990) and produced about 40 sinogram slices, with
an overall collected activity of about 15 Mcounts; in our study, we
consider a single slice of 300 Kcounts. This analysis follows strictly
the one proposed by Obi et al. (2000). The contrast recovery coef-

Figure 3. Bias (�� ) versus noise (��) trade-offs obtained by RKE (solid line), WLS-PCG (diamonds connected by dashes), and ML-EM (boxes
connected by dotdashes). The curves are parameterized by the regularization parameter (RKE) or iteration number (WLS-PCG, ML-EM). The
averages have been evaluated over two populations, each consisting of the reconstructions obtained from 50 realizations of Poisson noise. (a)
Result from 50 realizations at the level of 200 Kcounts; (b) result from 50 realizations at the level of 400 Kcounts. In a neighborhood of point A
in (b), RKE gives reconstructions with the same bias as iterates 10, 11, and 12 of WLS-PCG, but with an appreciably reduced noise �� (see text).
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ficient (CRCi) for the ith cold disk in a uniform hot background can
be defined as follows:

CRCi � 1 �
Vi

Bi
, (41)

where Vi is the total activity inside disk i, and Bi is the total activity
inside a disk identical to disk i and located in the hot background. By
CRC, we mean the average of the 5 CRCi values relative to the 5
cold disks contained in our phantom. The quantification of the noise
level in the reconstruction f� requires the drawing of J regions of

Figure 4. Bias (mean relative error in norm-1) versus noise (RSDN) trade-offs obtained by RKE (solid line), WLS-PCG (diamonds connected by
dashes), and ML-EM (boxes connected by dot-dashes). The statistics is over the same samples as in Fig. 3. (a) Result from 50 realizations at
the level of 200 Kcounts; (b) result from 50 realizations at the level of 400 Kcounts. In a neighborhood of point A in (b), RKE gives reconstructions
with a better bias-to-noise trade-off than iterates 10, 11, and 12 of WLS-PCG (see text).
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interest (ROIs) in the hot background ( J � 22, in our case; the use
a single large ROI was avoided for the reasons explained in Obi et
al., 2000). The relative noise standard deviation �j inside ROI j,
whose characteristic function is �j, can be evaluated by means of the
following formula:

�j
2 �

� f��j � f�j�j, f��j � f�j�j	

� f�j�j, f�j�j	
, (42)

where the mean activity value f�j is given by

f�j �
��j, f�	

��j, �j	
(43)

and the componentwise product f��j denotes the image f� zeroed
outside ROI j. The global noise level in the reconstruction f� can be
quantified by the noise standard deviation (NSD) defined by means
of the average value

NSD �
1

J �
j�1

J

�j. (44)

As is well-known (Kamphuis et al., 1996), the contrast versus noise
trade-off achieved by OSEM in the case of phantoms such as that
studied here is equivalent or even slightly better than that of ML-
EM. Then, also on the basis of our results, we consider it more
convenient to replace ML-EM with OSEM with Gaussian post-

filtering in the algorithm comparison. We use OSEM-8 (i.e., 8
subsets, each consisting of 15 projections), but the results do not
depend significantly on the number of subsets used.

Figure 5 shows the CRC versus NSD trade-offs realized by
WLS-PCG (diamonds) and by OSEM-8 (boxes). By postfiltering the
OSEM iterates with a 2D Gaussian filter (same Full Width at Half
Maximum (FWHM) in both directions), we obtain points that spread
in the (NSD, CRC) plane, usually to the left of the line connecting
the boxes (this line is not drawn in Fig. 5). Such points in any case
never cross the dot-dashed line, which represents the performance
limit for OSEM plus postfiltering. Point B corresponds to the re-
construction fB, which minimizes the restoration error �( fB), de-
fined by Eq. (23) and evaluated with respect to the “ideal” activity
template, which can be easily guessed from the reconstruction of the
whole 15 Mcount sinogram. In the case of RKE, some curves
(dotted lines) are shown, parameterized by � and corresponding to
 � 1.5, 2.0, 2.5, and 3.0, respectively. The effects of a wider
variation of  are displayed by means of the solid line, which
represents the boundary of the region in the (NSD, CRC) plane that
is accessible by varying  up to 9.0. Point A corresponds to the
reconstruction fA, which minimizes the restoration error �( fA). The
reconstructions produced by RKE in a suitable neighborhood of
point A are characterized by values of the contrast-to-noise ratio,
which are appreciably higher than those offered by WLS-PCG and
OSEM plus postfiltering. In general, reconstructions displaying high
contrast-to-noise ratios are well suited for the task of lesion detec-
tion (Qi and Leahy, 1999; although the definitions of contrast and
noise are slightly different there).

Figure 5. Plot of the tradeoff between CRC and NDS in the reconstruction of real data (a 300-Kcount sinogram slice) acquired from a cold rod
phantom. The results are shown from WLS-PCG (diamonds) and OSEM-8 (boxes). The dot-dashed line delimits the region in the (NSD, CRC)
plane which is accessible by means of Gaussian postfiltering of the OSEM-8 iterates. Point B corresponds to the reconstruction with minimum
RMS error. The trade-off obtained by RKE (k � 20) is displayed by the dotted lines, which are parameterized by � and correspond, from bottom
to top, to  � 1.5, 2.0, 2.5, and 3.0 [ is defined in Eq. (39)]. The solid line delimits the region in the (NSD, CRC) plane, which is accessible by
means of RKE through variations of  up to 9. Point A corresponds to the reconstruction with minimum RMS error (see text).
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In Figure 6, we show the reconstructions of the 300 Kcount
sinogram slice generated by WLS-PCG, OSEM-8 plus postfiltering,
and RKE, and minimize the restoration error: iterate 5 of WLS-PCG
(top left) with � � 22.49%, iterate 4 of OSEM-8 with optimal
postfiltering (Gaussian filter with FWHM � 4.2 pixels; top right)
with � � 22.39% (it corresponds to point B in Fig. 5), and the RKE
reconstruction (bottom left; � � 21.38%), which is obtained with
k � 20, � � 9.1,  � 2.8, and corresponds to point A in Figure
5. The latter reconstruction originates from an optimization with
respect to both  and �. The minimization of the restoration error
with respect to � alone, with k � 20 and  � 9.0 yields � � 10.25
and � � 21.56%; the resulting reconstruction is shown in the
bottom-right image of Figure 6.

VII. CONCLUSIONS
In this article, we have proposed the RKE method as a good
alternative to WLS-PCG, ML-EM, and overiterated OSEM plus
postfiltering for the reconstruction of SPECT data. We have shown
that RKE displays a satisfactory stability against noise both in the
case of low counts, when the Gaussian noise model embedded in
WLS-PCG hinders its performance in comparison to ML-EM, and
also in the case of high counts, when WLS-PCG performs slightly
better than ML-EM. Moreover, the contrast versus noise trade-off

provided by RKE (cf. Figs. 5 and 6) is appreciably better than that
obtained by overiterated OSEM plus postfiltering, which makes
RKE a promising approach for performing the task of lesion detec-
tion.

No dramatic improvement in accuracy is to be expected, given
that in the field of SPECT imaging nothing is more appropriate than
the well-known statement by Lanczos (1961): “A lack of informa-
tion cannot be remedied by any mathematical trickery.” However, in
our opinion, RKE can be easily implemented, thanks to the perfor-
mance of today’s computers, and may represent an extremely flex-
ible tool for the nuclear medicine physician.
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