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Analytic inversion formula for confocal scanning
microscopy
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We find a simple analytic expression for the inverse of an operator related to the problem of data reduction in
confocal scanning microscopy. Potential applications of this result to the practical scanning-microscope problem
are outlined.

In two recent papers',2 we proposed a method for enhancing
resolution in confocal scanning microscopy. 3 First we sum-
marize the main points of the procedure in the case of a one-
dimensional optical system with ideal lenses. Letf(y) be the
complex effective transparency (or reflectivity for a reflec-
tion microscope) in the object plane; by this we mean that,
for a given scanning position, the image g(x) formed by an
ideal microscope with a uniformly filled illumination lens is

g(x) = J sinc(x - y)sinc(y)f(y)dy,

YO = 0, ym = sgn(m)(Iml - 1/2), m = J1, +2,.... (3)*

A second important result, obtained recently by Gori and
Guattari,4 is that one can find simple analytic expressions
for the singular values ak and singular functions Uk and vk of
the integral operator [Eq. (1)]. This result, of course, per-
mits a series representation of the generalized inverse of the
operator [Eq. (1)], since the solution of minimal norm of Eq.
(1) is given by

(1)

where sinc(x) = sin(7rx)/(7rx). The basic idea, then, is to
record the whole image g(x) at each scanning position and to
solve the integral equation (1) for f(y). In Ref. 2 it was
shown that if g(x) is detected at only a small number of
points sampled at the Nyquist (Rayleigh) distance, and if
the method of truncated singular function expansions is
used for recovering f(y), then a considerable improvement is
obtained with respect to the image formed by the usual type
II scanning microscope in which only the central point of the
image is recorded. 3

The integral operator involved in Eq. (1) has convenient
mathematical properties. First, the orthogonal comple-
ment of its null space is the set of all the functions f with
bandwidth 2ir that have zeros at the integer sampling
points.4 The projection of an arbitraryfon this subspace we
call the transmitted part of f. Since the component of f on
the null space, i.e., the invisible component of f, is complete-
ly lost, we can assume, without loss of generality, that f
coincides with its transmitted part so that it can be repre-
sented by the following form:

(4)A(Y) = E (g, Vk)Uk(y).
k=O a

Here, (g, Vk) denotes the usual scalar product inL 2(-_o, + X).
As shown in Ref. 2, if we use the sampling expansion for

the (noise-free) image g,

g(x) = E g(n)sinc(x -n),
n=-X

(5)

and the expansion [Eq. (2)] for the transmitted part of f,
then Eq. (1) can be transformed into an infinite-dimensional
linear system given by

g(n) = E Andf(Ym),
M=--

(6)

where

Ano = 1/26now n = 0, .i , (7a)

and

Anm _ 1 (-1)n+l
27r2 Ym(n - y)

f(y) = E f(Yn) sinc[2(y -ym)] (2) n = 0, : .:1 (7b)

Notice that, although the integral operator [Eq. (1)] does not
have an inverse but only a generalized inverse, the infinite-

0740-3232/87/091748-03$02.00 © 1987 Optical Society of America

where

Bertero et al.



Vol. 4, No. 9/September 1987/J. Opt. Soc. Am. A 1749

dimensional matrix A given by Eqs. (7) is invertible, since it
is equivalent to the restriction of the integral operator [Eq.
(1)] to the orthogonal complement of its null space.

We will prove in this paper that the inverse matrix A-l has
the following simple expressions:

(A-'),, = 2(-1)n, n = 0, +1,..., (8a)

(A-l1).= (-i)n+l 2n , = 1 1 , ,2n-(AT)mn= (..ifl+ - y drn..

n 0,:±1..... (8b)
Once these results are found, the fact that they satisfy A-1A
= AA-' = I can easily be checked by direct computations,
using values of standard numerical series.

The starting point of the derivation is the fact that the
matrix elements of the inverse operator A-' can be ex-
pressed in terms of the singular system of the integral opera-
tor [Eq. (1)]. The result is

(A mn = ' I Uk(Ym)Vk(n),
k-o ck

(9)

which follows easily from Eq. (4) and the remark that (g, Vk)

= Eng(n)Vk(n).
Now we use the results of Gori and Guattari in order to

transform the series in Eq. (9). This can be split into two
parts, the first containing the odd values of k and the second
containing the even values of k (corresponding to odd and
even singular functions, respectively). In the case m = 0, all
the odd terms are zero, while in the case m 5 0 only one odd
term is nonzero, namely, that corresponding to k = 2 Iml - 1,
as can be derived from the expression of Uk given in Ref. 4.

The contribution of the even terms may be expressed as a
series whose coefficients are a simple rational function of the
zeros, /

32j, of the equation tan(z/2) = 2/z. We need to intro-
duce here the function

0(Z)= [tan (.2-) _ - (10)

which has first-order poles at the points z = ±I2j (j = 0, 1,
2,.. .) with residues

R2j = 232j22(8 + 2/2)-1. (11)

These series can now be computed by contour integration.
If r is a circle of large radius that crosses the real axis
between two poles of the function 0(z), and if one integrates
the function

(13a),0(z)(Z - 4~n )_

in the case (12a) and the function

Z20(z)(z2 - 47r2n2)-l(z2 _ 47r2Y 2-

in the case (12b) over this circle, then it is easy to see that the
value of these integrals tends to zero when the radius of the
circle tends to infinity. These integrals can, alternatively,
be evaluated by means of the residue theorem, by evaluating
the sum of the contributions of the poles at z = +f2j and z =
±27rn, and this sum must therefore also vanish. Notice that
the function (13b) does not have poles at z = +27rym. In this
way one obtains the following results:

+. R2j l_- 1/4

I A j2 _ 7r2 2 4'

+. 02j2R2j n2

, (0B2j_ 47r2n2)(32j2 - r2yM2=) 4(n2 y )

(14a)

(14b)

which, combined with Eqs. (12a) and (12b), give Eqs. (8a)
and (8b) for the inverse matrix.

We comment now on the special case m = 0, which is
relevant when one wishes to recover the function f(y) only on
the optical axis, y = 0.2 From Eqs. (4) and (8a) we find that

f(0) = 2 >3 (-1)ng(n).
n=--

(15)

A simple derivation of this special case can be obtained from
the sampling expansion of the cosine,

cos(7rx) = > (-l)n sinc(x - n).
n=--

We have from Eq. (1)

2 > (-1)ng(n) = 2 ' (-1)n
n=-- n=->

(16)

After some lengthy but elementary computations, using the
explicit expressions of ak, Uk, and Vk given in Ref. 4, one finds
finally the following series expressions for the inverse matrix
elements:

= 8(-1)n 02j2 (12a)
n20 -y

= (-) '+ 8(- 1)n~l
n,2 _ YM2

+. 0 2
2R21

=o (12j2 - 47r2n2 ) ( 2 /2 - 47r2ym2)

In Eq. (12b)
term.

the first term is the contribut

m 5 0. (12b)

ion of the odd

X J sinc(n - y)sinc(y)f(y)dy

= 2 J sinc(y)cos(7ry)f(y)dy

= 2 f sinc(2y)f(y)dy = f(0), (17)

where, in the last step, the assumption that f(y) is band
limited with bandwidth 2ir and the projection property of
the sinc kernel have been used.

It is interesting to notice that by numerical observation,
the simple exact inversion formula [Eq. (15)] is well approxi-
mated even when one uses the singular system correspond-
ing to a small number of data points. In fact, if we use 2N +
1 data points, then the corresponding recovered value of f(0),
given by the method developed in Ref. 2, is
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N

(0) = >3 tng(n),
n=-N

where

2M

tn = E-, k1VN,k(n)UN,k(0),

k=O k

ple, and one can contemplate an implementation to produce
(18) superresolved images in real time.

Unfortunately, Eq. (20) is true only in the case of the ideal
square pupil. In the case of circular lenses with aberrations,
one must replace this equation by

(19) (21)f(0, 0) = > tp,qg(p, q),
pq

2M + 1 is the number of singular values used (M < N), and
aN,k, UN,k, VN,k is the singular system of the problem with 2N
+ 1 data (see Ref. 2). Using only five data points (as in Ref.
2) and five singular values, we have found tn, 1.85(-1)n
with variations of the fourth digit only. This numerical
observation was, in fact, the starting point of our search for
an analytic expression of the inverse of the infinite-dimen-
sional matrix A.

The infinite-dimensional matrix A-', defined by Eqs. (8),
is not continuous in 12, the Hilbert space of the square-
summable sequences of complex numbers. This is an obvi-
ous consequence of the fact that the problem of solving Eq.
(1) is ill posed. In particular, the evaluation of f(O) by means
of Eq. (15) is not stable. The series must be truncated. If
we keep 2N + 1 terms and the errors on the data values g(n)
are uncorrelated random variables with zero mean and vari-
ance a2, then the variance of the error on the sum is (2N +
1)u2 and therefore grows with the number of terms. We also
have some numerical evidence that the truncation of the
series in Eq. (15) is approximately equivalent to the trunca-
tion of the singular function expansion. If we use Eq. (19)
for evaluating the transfer vector tn with M < N, then the
value of Itnl with n = 0, +1, ... , ±M is approximately 2,
whereas the other components are much smaller (by a factor
of 10 or more).

We conclude this paper with a few remarks about poten-
tial applications of Eq. (15). Its extension to the two-di-
mensional case with square pupils is obvious:

f(O, 0) = 4 > (-1)P+qg(p, q). (20)

pq=-a

Thus, in this case, the inversion algorithm is extremely sim-

where the transfer matrix tpq must be computed by using
the singular system of the measured integral operator corre-
sponding to the real optical system. In the case of small
aberrations and small deviations from the square-pupil re-
sult, one might perhaps be able to justify a formula of the
type

tpq = 4 ( 1 l)p+q + rqpq (22)

and compute the correction terms lpq by means of linear
perturbation theory. Such a possibility remains to be inves-
tigated.
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