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Abstract. The results of a previous paper, in which resolution limits were calculated for
particle-size distributions determined from Fraunhofer diffraction data, are extended to cover
the case of finite sampled data by the use of singular-system techniques, both in weighted and
unweighted L® spaces. The new results show that knowledge of finite support of the
distribution can more than compensate the loss of experimental knowledge of diffraction data
due to sampling and truncation.

1. Introduction

In a previous paper [1], hereafter referred to as I, the problem of the determination of a
particle-size distribution by means of its Fraunhofer diffraction pattern was considered.
Eigenfunction expansions were used in order to solve the first-kind Fredholm integral
equation

g0= [ K600 (1D
0
where
K(x)=J (x)/x? (1.2)
and
t=ka=2mna/A fO=p. (1.3)

Here A is the wavelength of the incident beam, p(a)da is the probability that a particle has a
radius in the range @ to a + da and g(s) is the intensity scattered at angle s.

In I the solution of equation (1.1) was investigated by assuming that the ‘diffraction
pattern’ g(s) is given for any value of s. This assumption permits an analytical
treatment of the problem of the determination of the resolution limits in particle size which
can be achieved by means of Fraunhofer diffraction. As explained in I, however, this
approach is unphysical for the following reasons.

First of all, equation (1.1) holds true only in the case of small angles, normally s~ sin s;
secondly the form used for the diffraction pattern of an opaque particle is valid only when
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the radius a of the particle is much greater than the wavelength 4, say a > 104. Therefore
we must replace equation (1.1) by

1
0= Kofd  so<s<s, (14)
i
where s, and s, are, respectively, a lower and an upper bound for the diffraction angle
(with s, < 1) and £, and ¢, are, respectively, a lower and an upper bound for the radius of
the particles (with £, > 27, i.e. a> A).

Equation (1.1) is based on scalar diffraction theory and even with a > 104 it will fail in
real experimental situations where the difference in refractive index between the particles
and the suspension medium is too small. In more recent commercial equipment using this
technique a modification in which X is given by the anomalous scattering formula has been
introduced to cover this case. We shall consider this situation in a further paper, but here
we concentrate entirely on the Fraunhofer scattering limit.

We assume that f(¢) is square integrable (which is equivalent to assuming that ¢*p(?) is
square integrable) and we introduce the new variables

X=1ys y=t/t, (1.5)
and also the parameters

=0/t Xo =105 X) =15, (1.6)
Furthermore, if we define the new functions

1 X
X)=——=g|— V=Vt y) 1.7
W \/Zg(zo) o()=v/10fltey (1.7)
(the choice of the multiplicative constants preserves normalisation, with respect to the L?
norm, both of the unknown function and of the data), then equation (1.4) takes the form

4
U= | Kpe)dy  xo<x<n. (18)
1

An estimate of the order of magnitude of the parameters involved in equation (1.8) is
given by the following remark: if we take the lower radius g, = 104 and x; corresponding
to the second zero of J;(x)/x, namely x; =7.016, then we have s, =x,/ty =Ax,/27na, =
0.1117 and s, ~sin s, with an error of the order of 0.2%.

The operator K defined by

Ko)()= j "R dy  xm<asx (1.9)
1

is a linear compact operator from L?(1, y) into L*(xy, x,) and therefore singular function
expansions, which have been already used by the authors both in Laplace transform
inversion [2—4] and in inverse problems related to microscopy [5-8], can be applied to the
solution of equation (1.8).

However, from the numerical computations of the singular system of the operator (1.9)
(reported in §5) it follows that the singular functions in the solution space have a
troublesome behaviour at the edges of the interval [1, y]; in fact, they are very large there
and therefore they are large precisely in those regions where the unknown solution is
presumably smail. This behaviour, which has been found by the authors also in the case of



Particle-size distributions from Fraunhgfer diffraction 113

Laplace transform inversion [4, 9], gives rise to spurious edge effects which deteriorate the
restored solution [9].

A route for overcoming this difficulty is to look for solutions in weighted L.? spaces, i.e.
to require that the unknown function f(¢) satisfies a condition of the type

o f20)
JO P2

dt < + 0. (1.10)

The requirement that f(z) is exactly zero for £ < t, and ¢ > t; is replaced by the requirement
that f(¢) is small outside a bounded region, provided that the ‘profile’ P(¢) is a smoothly
varying function, tending to zero both when t— 0 and ¢ - co.

Weighted L? spaces have already been used in inverse problems by Byrne and
Fitzgerald [10] and by Byrne et a/ {11], but the singular bases and singular values were not
computed and a special method of regularisation was employed. A full discussion of
resolution limits and their relationship to a ‘number of degrees of freedom’ seems to require
our present approach.

Assume that the average value of the particle radii is known (it can be essentially
estimated from a preliminary analysis of the experimental data); then, if we introduce a
scaling of the variables analogous to (1.5) (where now f, means the average value of the
variable ¢) and a function y() related to ¢(y) (defined as in equation (1.7)) by

o(»)=P(x(y), (1.11)

the problem is reduced to the inversion of the integral operator

W= | © KGa)PO(y) d. (112)

0
Under suitable conditions on P(y), the operator L is a compact operator from L?(0, +0)
into L2(x,, x;) and the singular-value technique can also be used in this case.

In § 2 we give a short account of the main properties of the integral operator (1.9);
some of the results are proved in two mathematical appendices. In § 3 we discuss the case
of discrete data and, in particular, the cases of uniform sampling and geometric sampling
of the data. In § 4 we give an outline of the inversion in weighted L? spaces and in § 5 we
report some numerical results. We give examples of singular values and singular functions
both in the case of bounded support and in the case of weighted reconstructions.
Furthermore, the problem of resolution limits, discussed in I, is reconsidered in order to
demonstrate the improvement due to localisation of the solution.

2. The case of continuous data and of a solution with bounded support

If we assume that the diffraction pattern is given everywhere on the range [xg, x, |, then the
problem of determining the particle-radius distribution is equivalent to solving equation
(1.8) or also to inverting the integral operator (1.9). As we have already remarked in the
introduction, this integral operator is compact, since the integral kernel is bounded and
continuous and the intervals where the functions are defined are bounded. Then we can
introduce the singular system {a; uy, v, }75 of the operator K, namely the set of the
solutions of the coupled equations

Ku, = v, Ky =, 2.1
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where the adjoint operator K* is given by

-y
K*)=| K(yx)yx)dx I<y<y. (22
Jxo
We assume, as usual, that the singular values are ordered to form a decreasing sequence:
K20 2. ...
The singular functions u, are also the eigenfunctions, associated with the eigenvalues
a?, of the self-adjoint, positive definite integral operator

K*Kp)(»)= f‘y T(p,pDe(y) dy' 1<y<y (2.3)

“1

where

.
T(ny)= | K(2K(') dx. 2.4
X0
Analogously, the singular functions v, are then eigenfunctions, also associated with the
eigenvalues o2, of the self-adjoint, positive definite integral operator

(KK*)(x)= j S W) A xp<x<on 2.5)
X
where
S(x, X’)=J‘y K(xy)K(x'y) dy. (2.6)
1

A first result is the following: both the operator K and the operator K* are injective
(invertible). We give the proof in the case of the operator K, since the case of the operator
K* is completely similar.

Indeed, assume that Ko =0; then the function (K¢)(x), defined by equations (1.9) and
(1.2), is zero over the interval [x,, x,]. Thanks to the analyticity of J,(x)/x, the function
(Kp)(x) is also analytic and therefore it is zero everywhere. Using the eigenfunction
expansions introduced in I, or alternatively the Mellin transform, we obtain

K@ +iw)p( —iw)=0 2.7
where _:7((% +iw) and (4 +iw) are the Mellin transforms of K(x) and ¢(y) respectively.
Since K(3 +iw)=0 for any w (see I), it follows that (3 —iw)=0 for any w and therefore
o(»)=0.

The previous result implies that {u,} is a basis in L2(1,y), while {z;} is a basis in

L*x,, x;). As a consequence, in the absence of noise, the solution of equation (1.11) is
given by

+0C 1
(M= 2 — (Y, v () (2.8)
k=0 Ck
where
W v0)= j Y0, (0) dx, 2.9

X0

In the presence of noise we will use the most simple regularisation technique, which is to
truncate the series expansion (2.8).
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We give now a few results describing the dependence of the singular values &, on the
parameter y (characterising the support of the solution) and on the range of observation
angles. To this purpose, let us denote by J the interval [xo, x,] and by ,(y, J) the singular
values of the operator (1.9). Then the following result is proved in appendix 1: if <y and
also JCJ', then

(3, )<y, ). (2.10)

In other words, for fixed k, the singular values of the problem are increasing functions both
of the support of the solution and of the support of the data.

Furthermore, in appendix 2 it is proved that when y is large and the data support J
tends to cover the half-line (0, +co0), the singular values ay(y, J) are given approximately
by

I i )T G +1iey)

Al Ys J ~ 2_5/2 N 2
5 ) rz(%—%lwk)r(lfl‘%iwk) @11
where
nk
0y = . (2.12)
Iny
Fyrthermore, for k=0 we have
ao(ys J) K AG (2.13)

where Ay = 0.6271 is the largest ‘eigenvalue’ of the problem considered in I.

The previous results give a qualitative description of the singular values as functions of
the parameters characterising the problem. When both y and the data support J are not
large, only a numerical computation of the singular values is possible. They can be
computed as the square roots of the eigenvalues of the integral operator (2.3) or,
equivalently, of the integral operator (2.5). Numerical techniques for the computation of
the eigenvalues and eigenfunctions of an integral operator, for example, as described in our
previgus publications, can be used. In the present case computations are more time
copsuming than in the other problems we have considered since the kernel (2.4) does not
have 2 simple analytical form and therefore it can only be computed by means of
quadrature formulae. However, in practice only the case with discrete data is interesting
(see the next section) and therefore we have performed numerical computations only in this
case.

We conclude this section by giving some approximate symmetry properties of the
singular functions (). If the range where the data are given is sufficiently large, so thatin
equation (2.4) we can extend the integral from 0 to +oco without introducing a large
numerical error, then the operator K*K, equations (2.3) and (2.4), takes the form

K*Ko)()= J HOyo(r) dy')y 2.14)
1

where

~+

HO)= | " KGOKE) dé (2.15)

0
ie. K*K is a ‘truncated’ convolution operator. Then, by means of an elementary change of
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variables, it is easy to show that, if u(x) is an eigenfunction of K*K associated with the
eigenvalue o, the function

u_(y):——\/—;u(—y-) (2.16)
Y y

is also an eigenfunction of K*K associated with the same eigenvalue a?. Furthermore, if
u(y) is normalised to one with respect to the norm of L2(1, y), then u_() is also normalised
to one with respect to the same norm.

From the previous remark, it follows that, if an eigenvalue & of K*K has multiplicity
one, then the corresponding eigenfunction u,(y) can only be even,

uk()’)=ﬁ Uy (l)a 2.17)
Yy Y
or odd,
uk(y)=—ﬁ Ui (-y—) (2.18)
Y J

In particular the following relation is obtained for the boundary values of the singular
functions:

(Dl = /el (2.19)
furthermore, in the case of odd eigenfunctions
(/) =0. (2.20)

As shown by our numerical results (§ 5), in some cases these relations are rather well
satisfied in spite of their approximate nature. An important feature is that, if we order the
eigenvalues of in a decreasing sequence, the corresponding singular functions are
alternatively even and odd.

3. The case of discrete data and of a solution with bounded support

Assume now that the data function Y(x) is given only on a finite set of points
&,&8,. .., &, sothat equation (1.11) is replaced by

we)= | "KEWo()dy  n=1,...,N. 3.1
1

We denote by Ky the operator, defined by equation (3.1), which transforms a square-
integrable function ¢ into an N-dimensional vector {¥/(&,)}-, which we call a data vector.
Furthermore we assume that the space of data vectors is equipped with a scalar product
having the form

N

W1 ¥2)= 2wt (G (&,). (3.2)

n=1

The introduction of the weights w,, which will be specified in the following, can be justified
by looking at (3.2) as an approximation of the usual product in the space of square-
integrable functions.



Particle-size distributions from Fraunhqfer diffraction 117

Now, as follows from the definition of the scalar product (3.2), the adjoint operator K},
which transforms a data vector into a function, is given by

N

EENO)= 2. wK(PEW(E). (3.3)
n=1
The singular system {ay ;5 Uy, Uy, o= Of the operator Ky is the set of the solutions of
the coupled equations

— * _
KNUN,k—aN,kUn,k Kvow i =ay ety x (3.4)

where k=0, [, ..., N—1. Since the functions K(y¢,) (n=1, ...,N) are linearly
independent, the operator K% is injective and therefore the operator K, has exactly N
positive singular values o ,. These are also the square roots of the eigenvalues of the
finite-rank integral operator

(Ki‘v‘Kw)(y)=f Ty, yNo(y") dy’ (3.5
1
where
N
Ty, )= 2 w.KE)K(y'E,) (3.6)
n=1

or, equivalently, the square roots of the eigenvalues of the N x N matrix

N

(RyKEp) )= 2 SOW(E,) (3.7
m=1
where
SH =, j KEKE) dy. (3.8)
1

We notice that the kernel (3.6) appears as an approximation, given by some quadrature
formula, of the kernel (2.4).

In this paper, as in our previous work on Laplace transform inversion [3, 4], we
consider two data-point distributions: the first is a set of equidistant points

Eo=xg +dn—1) n=14...,N (3.9)

where d, the distance between adjacent points, is such that & =x, + d(N—1)=x, (¥ and
x, are the integration limits in equation (2.4)); the second is a set of points forming a
geometric progression

&, =x, A"} n=1,...,N (3.10)

where A, the ratio between adjacent points (dilation factor), is such that &y=
X expl—AW — 1)) =x,.
In the case of equidistant points we take constant weights,

wa=d, (3.11)

while in the case of points forming a geometric progression we take weights suggested by
the sampling theorem [4],

w, = (In A),. (3.12)
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For the choice (3.9) and (3.11) it is easy to prove that Ty(y, ), equation (3.6),
converges, uniformly over the square [1,y]x[1,y], to T(y, »"), equation (2.4), when
N- oo (or, equivalently, d—0). Analogously, for the choice (3.10) and (3.12), it is also
possible to prove, by means of a suitable change of variable in the integral (2.4), that
Tx(», »") converges uniformly to T(y, y") when N— co (or, equivalently, A~ 1). From this
result one can prove, as in [4], that the singular values and singular functions, in the
solution space, of the problem with discrete data converge to the singular values and
singular functions of the problem with continuous data.

From the results we have obtained in the case of the Laplace transform inversion, it
may be hoped that with only a moderate number of data points it should be possible to get
satisfactory approximations of the singular values and singular functions of the problem
with continuous data.

4. Inversion in weighted spaces

As we have outlined in the introduction, the solution of the integral equation (1.1) in a
weighted L2 space can be reduced to the inversion of the integral operator (1.12). When the
data are given everywhere on the interval [x,, x; |, equation (1.12) defines an operator from
L%(0, +%0) into L%(x4, x,). Then the adjoint operator is given by

E))=PO)[ " K @)

Yxg

and therefore the operator L*L has a kernel given by

70, ) =POPO) | KK () d. @2

Jxo
The operator L*L is of the trace class, and therefore the operator L is compact, when

T(y,y)dy

Tr(L*L)=
"0 4.3)

= [w Pz(y)( I‘XI K*(yx) dx)) dy< +oo.

<0 X0

Since K(yx) is bounded and the integration interval [x,, x,] is also bounded, condition
(4.3) is satisfied provided that P(p) is square integrable. An interesting example is provided
by the gamma distribution

lBﬂ ’ﬂ_l
P(y) I’ exp(—4y) (B>1 (4.4)
whose mean value is one and whose variance is 1/f. This particular profile function has
been found very convenient in the case of Laplace transform inversion [9].

Denote by {a; ¢x, U4 }i T the singular system of the operator L, where the ¢, are the
eigenfunctions of the operator L*L and the v, are the eigenfunctions of the operator LL*.
Since both operators are injective, the ¢, form a basis in L2(0, + o) and the v, form also a
basis in L?(x, x,). Therefore, by expanding the unknown function () as a series of the g,
and recalling the relation (1.11), we find for p(») a representation similar to (2.8) where
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now the functions u,(y) are given by

w(») =P (y). (4.5)

It is important to notice that the functions ¢,(y) contain also a factor P(»), as follows from
the equation

o) =a ' L*0)(»)
(4.6)

=aF IP(y)fc1 K(yxjvi(x) dx.

In particular it follows that u,(y) is roughly proportional to P?(3) since it is the product of
PX(y) and of a positive slowly decreasing function.

The previous remarks imply that, if we consider a regularised solution of the problem,
obtained by truncating the series expansion (2.8), this solution contains also P2()) as a
factor and therefore it is small precisely in those regions where the profile function is small.

The case of discrete data can be treated along the same lines as in § 3 by introducing
an operator L, transferring a function x(y) of L*(0, +co) into an N-component data
vector. Since the extension of the treatment given in § 3 is obvious, we omit the details.

5. Numerical resuits

We have performed some computations only in the case of discrete data using methods
already described in [2—4].

In the case of an unknown function with bounded support and equidistant data points
(§ 3) we have considered two values of ¥ (=35 and y= 10) and also two values of the cut-
off in the diffraction pattern, corresponding respectively to the first and to the second zero
of Ji(x)/x (x; =3.832 and x; =7.016). We have used 24 points in the case of the smaller
value of the cut-off and 48 in the other case. In both cases we have taken x, =d—see
equation (3.9)—and therefore the two values of d are 0.160 and 0.146. We have
computed the singular values greater than 10~° and the results are reported in table 1. The
results given in § 3 concerning the behaviour of the singular values as functions of y and of

Table 1. Singular values for the problem with equidistant data points. In the case of 24
points the distance between adjacent points is 4=0.160; in the case of 48 points, d=10.146.

y=S5 y=10
ap N=24 N=48 N=24 N=48
ap  0.3039 0.3065 0.3318 0.3364
@, 09225x 1071 0.9291x 107" 0.1262 0.1286

a;  03183x107! 0.3201x10°' 0.5322x10~" 0.5431x 10!
oy 0.1287x10~' 0.1293x 107! 0.2500x 10! 0.2554x 10~
oy 0.6007x107% 0.6042x 1072 0.1299x 10~! 0.1330x 10!
@s  03135x1072 0.3183x 1072 0.7357x 10"% 0.7563x 1072
ag  0.1763x 1072 0.1840x 107% 0.4461x 1072 04620x 1072
a;  0.1045x 1072 0.1142x 107% 0.2848x 1072 0.2974x 107?
as — — 0.1890x 10™% 0.1984 x 102
ag — — 0.1291x 1072 0.1355x 1072
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the cut-off x, are confirmed by these computations also in the case of discrete data. The
singular values are increasing functions of both y and x;.

In figure 1 we compare the singular-value spectra for y=5 and y= 10, derived from
table 1, with the eigenvalue spectrum calculated in I. The singular values are plotted
associating to a; a frequency w; given by equation (2.12) (w; is related to the resolution
ratio, d, by equation (5.1) below). It may be seen that, for practical values of the signal-to-
noise ratio, say 10°~10%, the singular-value spectra lie above the eigenvalue spectrum. In
other words, in spite of the fact that in the present case data are sampled and truncated, a
priori knowledge of the support of the particle-size distributions improves the resolution
limits computed in I slightly. However, at higher values of the signal-to-noise ratio, the
singular-value spectrum lies below the eigenvalue spectrum. This follows as a consequence
of the bounded support of the data, since then the singular values ¢ fall off exponentially,
as follows from general results of the behaviour of the eigenvalues of analytic kernels [12],
while the eigenvalue spectrum computed in I tends to zero as w >, At low signal-to-
noise ratio the singular-value spectrum also falls below the eigenvalue spectrum as follows
from the results proved in appendices 1 and 2.

For the intermediate region the improvement in resolution due to the knowledge of the
support of the unknown function can be estimated as in [2] by defining a resolution ratio
through the formula

d=7"* =exp(n/ay) 5.1

where K is the index of the last term in the truncated singular-function expansion and wg

0 1 In wy 2 j
L Inhg= 0467
inay = 1.089 (y=10)
¥ Ingg= 1182 {y=5)
{~§~‘~\
wy e N
=2
E N
[=} \\\
> S —5
3 s
(2] \\
= Fle=10° W
= \\\
0,
\\\
Q
\%
-6t \
N
Fle=10° X

Figure 1. Comparison of the eigenvalue spectrum computed in I (full curve) with the
singular-value spectrum in the case y= 10 (short broken curve) and in the case y=35 (long
broken curve) with 48 equidistant data points.
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Table 2. Resolution ratio & for various values of 7 and of the signal-to-noise ratio £/¢.

E/le §(y=3) d(y=10) d(y=c0)

10 1.60 1.66 1.72
108 1.26 1.27 1.27

is defined in equation (2.12). For a given signal-to-noise ratio E/¢ (defined as in [2]), K is
the number of singular values satisfying the condition ax>E/e. In the case y=co,
the resolution ratio ¢ was computed in I using truncated (generalised) eigenfunction
expansions. We point out that in that paper the resolution was an upper bound since an
unlimited support of the data was assumed.

In table 2 we compare some of the results obtained in I with the results which can be
derived from table 1 and equation (5.1). As we see, the improvement in resolution due to a
priori knowledge of the support seems to compensate the loss in resolution due to the finite
support of the data, so that the results derived in I are quite good.

In figure 2 we give the singular functions corresponding to y=35, x, =7.016. As we see,
the property (2.20) is satisfied approximately, indicating an approximate validity of the
symmetry properties discussed in § 2. We notice that the values of the singular functions at
the edges of the support [1,y] are rather large. This effect was already found by the
authors in the case of Laplace transform inversion [4]; in fact, there is a surprising
similarity of the singular functions of the two problems. As remarked in the introduction,
this behaviour produces troublesome edge effects in the truncated singular-function
expansion of the solution and it is the main motivation for the introduction of inversion
methods in weighted spaces.

In the case y=>5 we have also investigated geometric sampling. More precisely, we
have tried to reproduce the first eight singular values using only eight data points. Our
results are very preliminary since, to save computations, we have fixed the cut-off x; at the
value 3.832, corresponding to the first zero of J;(x)/x, and we have considered only a few
values of A. In table 3 we report some of the results we have obtained. The singular values
in the geometric case are always smaller than the singular values in the linear case.
However, it is interesting to remark that, in the case A = 1.4, the condition number /a5 is
equal to 421 while in the case of linear sampling, with the same cut-off and 24 points, it is
equal to 291. Therefore it is reasonable to argue that better results can be obtained if we
change both A and x,.

Table 3. Singular values in the case y= S5, using eight points forming a geometric progression
for two values of the dilation factor A. In both cases the cut-off is x; = 3.832.

k A=14 A=156
0 0.2248 0.2924

1 0.6652x10°1 0.8962x 10!
2 02476 x 107" 0.3086 x 107!
3 0.1066x 1071 0.1231x 107!
4 0.5441x1072 0.7630 x 102

0.3565x 1072 0.1395x 1072
0.6862x 10~ 0.6646 x 1073
0.5334x 107% 0.3662x 1073

-~ N
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2r

{a)

Figure 2. Singular functions in the case of an unknown function with bounded support
and of 48 equidistant data points. Here y=35, x, =0.146 and x, = 7.016—see equation (1.6).
(a) Singular functions with k even: u, (dotted curve), u, (broken curve), u, (chain curve)
and ug (full curve). (b) Singular functions with & odd: u, (dotted curve), u; (broken curve),
us (chain curve) and u, (full curve).
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{a)

-1 b

1
Figure 3. Singular functions in the case of a profile function of the type (4.4) with f=4. Here
Xo=0.146, x; =7.016 and 48 linearly spaced points were used. (a) Singular functions with &
even: U (dotted curve), u, (broken curve); u4 (chain curve) and ug (full curve). (5) Singular
functions with k odd: u; (dotted curve), u; (broken curve), us (chain curve) and u, (full
curve),

Finally, we have considered the case of inversion in a weighted space. We have
assumed a profile function of the type (4.4) with f=4 and we have computed the singular
values and singular functions in the case of 48 equidistant data points with a cut-off
x,=7.016. The first eight singular values are

oy =0.2360 a; =0.6073 x 107! o =0.2354x 107"
o; =0.1040 x 107} o =0.4742 x 1077 o =0.2167x 1072
o =0.9885 x 1073 a; =0.4487 x 1072,

The ratio ay/a, is equal to 526. The corresponding singular functions are given in figure 3.
Subject to this condition number, therefore, any experimental particle-size distribution
which may be made up using these components can be reconstructed by this method.
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Appendix 1

In this appendix we prove the result contained in equation (2.10). First we prove that, for
fixed J, (3, J) is an increasing function of y and then we prove that, for fixed y, o, (y, J) is
an increasing function of J. By combining the two results, equation (2.10) follows.

In order to prove that o (y, J) is an increasing function of y for fixed J, recall that the
eigenvalues of the operator (2.5) are just given by aZ(y, J). Then, if ¥’ > y, we have

Syt ¥)= | KGR dy

1

=J"' KoKy dy+ | KooDK(x'y) dy (A1)
I vy

=5,06, x)+ R, (x, x').

The integral operator whose kernel is R, (x, x'} is positive definite since, for any y, we
have '

[ ww(j'x‘ Ry (x, X )(x) dx') dx=f' ( ™ K dx)2 dy>0. A.2)
Y

©xg X0 Xp

Therefore, by the Weyl-Courant lemma [12], assuming as usual that the eigenvalues of
both the operator (KK*)? and the operator (KK*), are ordered to form decreasing
sequences, the following inequality follows between eigenvalues corresponding to the same
value of the index:

ai( )L ad(y, J). (A3)

Take now y fixed and assume that J' CJ, namely xj € Xy <x; £x}. In this case we use the
fact that the a?(y, J) are the eigenvalues of the integral operator (2.3). Then, from equation
(2.4) we get

T, )= | KoKG™) dx

Xy Xg %]
= | KOOK(dxs | KOoKGRdes | K0K(yx) ds (A4)
) X0 *xq
=T;(0 )+ Ry (3, ¥').

Again, the integral operator whose kernel is R ,.(y, y’) is positive definite since we have

5 4
J w(y)(J Ry (v, 00y dy’) dy

1 1
=j ( J K(x9o(y) dy)z dx + j (

X0 X1

. 2
" K)o dy) dr>0 (A.5)

v1
and, from the Weyl-Courant lemma it follows that

L HOWAR-11 (W )) (A.6)
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Finally, by combining the inequalities (A.3) and (A.6), we get
%G N ai (It G, I (A7)

and equation (2.10) is proved.

Appendix 2

We prove here the asymptotic behaviour (2.11) and the inequality (2.13).

First we remark that, if /o =[0, + o), then the arguments of the previous appendix can
be applied to the case J'=J; and therefore, if we denote by c,(y) the singular values of the
integral operator corresponding to J,, we have

o (s N (). (A.8)

Furthermore, if we notice that the kernel

“xg +0
Ri(n,y)= |~ KGR e+ | KOxK(') dx (A.9)
0 Xy
tends to zero uniformly with respect to y, y’' € [1, y] when x, —0 and also x; ~ + o0, from
the Weyl-Courant lemma we derive also that
im ey, J)= (). (A.10)
Xg=0,%; =+
In other words, the singular values o (y,J), for fixed y, tend from below to the singular
values a,(y) when J tends to cover the half-line [0, +c0]. Obviously this case is unphysical,
but it gives upper bounds on the singular values of the physical case; furthermore the
asymptotic behaviour of the singular values c,(y), when y— + 0, can be easily derived.
Assume now that J=J, and denote by K, the corresponding integral operator. Then
K¢K, is given by equations (2.14) and (2.15).
Now the Mellin transform of the function H{) is given by

4+

H( +iw)= J " H) y o dy =K + i) ~ i) =[KQ +io)? (A.11)

0
where, as shown in I, K(} + iw), the Mellin transform of the function (1.2), is

21T i) +4ico)

1; 1 (A.12)
(G~ (§ ~1iw)

KRG +iw)=

At this point, it is easy to prove as in [2] that, when y— + o0,
2} ()~ HG +iw) =1KG + i)l (A.13)

where w, =nk/Iny, k=0, 1, 2, .... Equation (2.11) follows from equations (A.10), (A.13)
and (A.12).

Finally, in order to prove the inequality (2.10), we recall that o is the supremum of the
quadratic form associated with K§K,,

af =sup [.y o(») (Jy T(y, y)e(") dy/) dy (A.14)
1

vl
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over the boundary of the unit sphere, namely the set of the functions satisfying the
condition

J;y P*(y)dy=1. (A.15)
Now, if we look at L?(1, ¥) as a subspace of L2(0, +c0), we have
%< supy(;+ch> o(») (y[om T(y, () dy’) dy (A.16)
provided that
Jw P}y dy=1. (A.17)
0

Using the expression (2.4) for T(y, y) we have

x| 400 2
af < sup J ( J K(n)o(y) dy) dx
0

*0

(A.18)

r+00 "+00 2
<supJ ( j KC)o(y) dy) dx=(i§ Y
0

0

where A; is the supremum of the spectrum (maximum generalised eigenvalue) of the
integral operator investigated in L Since A5 =|K(})], from (A.16) we have

2 T
COrd)

and equation (2.13) is proved.

=0.6271 (A.19)

A =2-
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