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Abstract: A powerful technique for the solution of a number of experimental inverse problems, described by an
underlying first-kind Fredholm equation is presented. Such problems include, for example, diffraction-limited
imaging and the analysis of laser light scattering data. The technique requires the construction of the ‘singular
system’ of the problem which then provides exact orthonormal bases both for the description of sampled and
truncated measured data and for the reconstructed continuous object ‘solution’ of the inversion. The singular-
system approach may be regarded as a theory of information which generalises in several directions the well

known classical concepts of Shannon and Nyquist.

1 Introduction

Inverting integral equations of the first kind is extremely
important in a wide range of signal- and data-processing
situations. Such problems are characterised by a Fredholm
equation of the first kind:

b
9(p) = J dtK(p, )f(1) c¢<p<d )

which can be written in the general form
g=Kf )

where K is an operator which relates the function space
containing f to that containing g. In the case of eqn. 1 the
operator K has the form

b
(Kf)p) = J Kp,)f()dt c<p<d ©)

The functions f, g may be continuous or discrete; the oper-
ator K takes the form of a matrix in the latter case. We
shall also be concerned with the case where g is discrete
and f continuous. '

The inverse problem amounts to finding the function f
assuming that the function g is known. In signal pro-
cessing, for example, the function could represent a
message to be transmitted, K could denote the impulse
response of the communication channel and g would then
describe the received signal from which it is necessary to
derive as much information as possible about the original
message.

Unfortunately the problem of inverting operator equa-
tions of the first kind is generally ill conditioned. This situ-
ation arises when the function g is not sensitive to certain
perturbations in the function f i.e. there exist functions Jf
such that

Kf ~K(f + &f) @)

Under such circumstances the solution cannot be sharply
defined and may not even be unique. For example, if the
kernel K is integrable then it follows that (Riemann-
Lebesgue theorem)

JdtK(p, t)sinwt— 0 as w— o (5)
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and so the function g is not sensitive to the addition of
arbitrary high-frequency components to the solution f. In
other words, K acts as a smoothing operator which filters
out high-frequency components and once these have been
lost they cannot be recovered in the solution. Any attempt
to do so numerically would lead to an entirely arbitrary
result. It follows from the discussion above that, in general,
equations of the form of eqn. 1 cannot be inverted exactly.
To extract the maximum amount of reliable information
about the solution without introducing arbitrary com-
ponents it is necessary to use either explicitly or implicitly
the method of eigenvalue decomposition or, if f and g lie
in different functional spaces, singular-value decomposi-
tion.

The purpose of this paper is to describe some recent
developments in these techniques by considering two parti-
cularly interesting examples. The first of these concerns the
extraction of information from images which are band-
limited in spatial frequency. It serves to highlight the fun-
damental nature of the Shannon number or Nyquist
sampling limit in classical information theory and suggests
how these concepts may be generalised to apply to a much
wider range of problems. The second example concerns the
analysis of data obtained from light scattering experiments
to obtain information about the distribution of particle
sizes in a polydisperse solution. The kernel of the Fred-
holm integral equation is quite different from the previous
example; it is that of the Laplace transform and it is parti-
cularly suitable for demonstrating how the generalised
information theory applies over a wide range of problems.

2 Eigenfunction analysis

2.1 Numerical filtering

Many inverse problems in electromagnetic imaging can be
reduced to the solution of a Fredholm integral equation of
the first kind like eqn. 1. When the kernel satisfies suitable
conditions (for instance it is an integrable function) then
the solution is a classical example of an ill-posed problem.

The mathematical analysis is greatly simplified if we
assume that both the ‘object’ f and the ‘image’ g are ele-
ments of 7 spaces, respectively denoted by X and Y.

The solution of eqn. 1 can be easily investigated when
one can introduce eigenvalues and eigenfunctions of the
integral operator (eqn. 3). If the supports of the ‘object’ f
and of the ‘image’ g coincide (namely, a = ¢ and b = d)
and if the kernel K(p, t) is square integrable and satisfies
the condition: K(p, t) = K*(t, p) (here the star denotes
complex conjugation), then K is a compact, self-adjoint
operator in [*(a, b) and the set {¢,}/% of the eigen-
functions associated with the eigenvalues 4, is an orthog-
onal basis of the orthogonal complement of the null space
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of K and therefore an orthogonal basis of *(a, b) when K
is injective (we will consider only this case). By expanding
both f and ¢ as series of the ¢, we obtain the solution of
eqn. 1 in the absence of noise:

=3 240 ©
k=0 "k
where
b
G = J 9(p)¢i(p) dp (7

Since A,— 0 when k— + oo (this is a general property of
the eigenvalues of compact operators) the series in eqn. 6
generally is not convergent when the ‘image’ g is affected
by noise or experimental errors. Then the most simple
technique for obtaining stable approximate solutions is to
truncate this series at a suitable value of k. This technique,
often called numerical filtering [1], can be justified both
from the point of view of regularisation methods and from
the point of view of Wiener filter methods [2]. If we
assume, as usual, that the eigenvalues are ordered in a
decreasing sequence, 4o = 4, = 4, > ..., then we take, in
eqn. 6, only the eigenvalues which are greater than a pre-
scribed constant C and if M = max {k|4, > C}, then we
get the filtered (regularised) solution:

~ M g
jo=% %0 ®
k=0 Ak
The quantity 1/C can often be interpreted as a ‘signal/noise
ratio’ and the number M as the ‘number of degrees of
freedom’ of the ‘image’ g.

2.2 Band-limited inversion problems: Shannon theory
of information

One of the most well studied inverse problems is that of
the temporal frequency band-limited communication
channel or, equivalently, the spatial frequency band-
limited imaging system. The mathematical description of
this problem is easily stated as follows, where we use the
latter system in one dimension for illustration and nota-
tion. An ‘object’, O(t), —1 <t < +1, is resolved into its
Fourier components O(k) (by straightforward gener-
alisations ¢t and k may be multidimensional)

O(k) = J ’ IO(t)e’““ dt 9)
-1

and a ‘geometric’ image, I(p), is formed in the interval
—1<p< +1 by resumming only those spatial fre-
quencies lying below a ‘band-limit’ Q

I(p) = ﬁ f_:)ﬁ(k)e“"’ dk (10)

Thus

1 +1 +Q .
I(p) = . j_l (J‘_Q e k=P dk) o(t) dt

_ f sin [9p — 1)
B -1 n(p — t)

This has the form of a general Fredholm equation of the
first kind (eqn. 1) with the ‘kernel’ K(p, t) of the integral
operator K in this case a sinc function.

The remarkable solution of eqn. 11 in terms of its
orthonormal eigenfunctions, namely the prolate spheroidal

o) dt (11
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wave functions [3] helps to understand the classical theory
of information and is the source of the accepted theory of
resolution in diffraction-limited imaging problems. We
recall that the eigenfunctions ¢, are the solutions of the
homogeneous equation

*lsin [Qp — ¢
4, d,(p) = f sin [2p — 9] ¢,(t) dt (12)
-1 n(p — 1)
—1g<p< +1
so that the object may be reconstructed as a series
[2e] c"
o) = 3, 3 ¢a(0) (13)
n=0 ‘*n
where
+1
Cp = J 1 I(p)¢.(p) dp (14)

For the prolate spheroidal functions the eigenvalue series
A, drops sharply from approximately unity to nearly zero
at a value of n known as the Shannon number (2Q/n)
which means that only this number of components may be
recovered almost independently of the actual noise level in
any particular situation. One may thus, with this problem,
speak of a number of degrees of freedom, number of ‘bits’
of information, Nyquist sampling limit and other concepts
related only to the band limit and not to the noise. These
concepts are used in what we may call the classical
Shannon theory of information.

A nice property of the eigenfunctions of many integral
operators encountered in experimental inverse problems is
that the eigenfunction ¢, has exactly k zeros inside the
interval [a, b]. Then if the distribution of the zeros is
approximately uniform one can define a resolution dis-
tance, associated with eqn. 8, as follows:

d=(0b—-a/M (15)

This is the case for the prolate spheroidal functions and
this resolution distance gives the Nyquist sampling rate in
the limit of infinite object support. If the zeros are not uni-
formly distributed then they provide an indication of local
resolution proportional to their density. ‘Point-spread’
functions of the form
M

S(x) = Zo(d%. ® ¢,)(x) (16)
achieved in reconstruction with a finite number N of terms
of eqn. 13 are discussed in Reference 4.

2.3 Laplace transform inversion

First-kind Fredholm equations appear in many more
physical inverse problems, of course, than that with the
sinc kernel discussed above. We shall consider in this
Section the case where the kernel is an exponential func-
tion, giving rise to the problem of the inversion of the
Laplace transform

e o]
9(p) =j e Pf(tydt 0<p< + amn
o
This problem arises in diverse fields of science, our particu-
lar interest being its application to the determination of
molecular size distributions from laser light scattering data
[5]. Many ad hoc methods of numerical inversion of eqn.
17 have been proposed but it was not until five years ago
that the problem was approached in the spirit of the infor-
mation theory sketched above when McWhirter and Pike
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[6] proposed its solution in terms of generalised eigen-
functions, ¢, (where w is now a continuous variable), given
by

Re [T( + iw)]*?
|G + )|
Im [T} + iw)]*
TG + i)'

Furthermore the corresponding continuous spectrum of
the operator was shown to have the simple form

1 =2 [T
® " |w| \ cosh (nw)

This spectrum shows an unfortunate exponential fall-off
causing a severe ill-posedness and a strong limitation, in
the presence of noise, on the band of frequencies which
may be recovered. It must be noted that in this case, con-
trary to the sinc-kernel case, the resolution limit depends
on the noise level. The reason is that the spectrum in eqn.
20 no longer has a plateau before a sharp fall as observed
in the previous case.

In this solution the zeros of the eigenfunctions are dis-
tributed in a geometrical fashion along the axis and this
fact defines a resolution ratio é = exp (n/w,,,,) Where w,,,,
is the maximum recoverable frequency. By sampling the
solution at the exponentially varying rate appropriate to
the problem, the reconstruction procedure is reduced to
the inversion of a well conditioned matrix. This is known
in the light scattering experiment above as the exponential-
sampling method and is discussed in the next Section.

P ) =127 w=0 (18)

¢w(t) =t 1/2+iw

w<0 (19)

(20)

3 Singular function analysis

3.1 Finite Laplace transform
In order to use the McWhirter-Pike results for numerical
inversion Ostrowsky et al. [5] found that, provided a suffi-
ciently low number of sample points of the solution were
demanded, a discrete matrix inversion based on
S
g(pl)= Zane_pi'” i= 13'”’ N (21)
n=1

could be used. As mentioned above a geometric ratio ¢ the
‘resolution ratio’, was used for the spacing of the points p;.
The somewhat surprising fact emerged that the number S
of sample points which could be recovered was somewhat
larger than the number of degrees of freedom predicted by
the McWhirter-Pike theory.

Following the work of Ostrowsky et al. [5], Bertero,
Boccacci and Pike [7] traced the increase of information
capacity found by these authors to the implicit restriction
of object support in the matrix inversion procedure used.
The effect of a known finite support of the object in the
Laplace transform was given a thorough investigation
using an approach based on singular functions (see for
example Reference 8.)

Bertero et al. [7] considered the problem of the finite
Laplace transform

(Kf)Xp) = Jbe“”f(t) dt 0<p< +w (22)

a
restricting the transformation to square integrable object
functions on the interval (a, b). It is easy to verify that the
kernel K(p, t) = exp (—pt) is square integrable and there-
fore K is compact.
The previous eigenfunction analysis does not apply to
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the case where the supports of the ‘object’ / and of the
‘image’ g do not coincide. But if the functions f and g have
support [a, b] and [c, d], respectively, and the operator K
satisfies the condition

d b
J dp f dt|K(p, 1)]* < + 0

(more generally, if K is compact), a powerful generalisation
of the eigenfunction method is provided by the singular
function method [9]. The singular system {0, ; u,, v}/ of
the operator K is the set of the solutions of the coupled
equations

(23)

Ku, = a, v, K*v, = a, u, (24)
where K* is the adjoint of K, eqn. 3
d
(K*g)(t) = J K*(p, t)g(p)dp a<t<b (25)

The numbers «, are called the singular values of K (usually
they are ordered in a decreasing sequence) and the func-
tions u,, v, are called the singular functions of K associ-
ated with «,. The singular functions u, are also
eigenfunctions of the operator K*K associated with the
eigenvalues o and they form an orthogonal basis of the
orthogonal complement of the null space of K (of I*(a, b) if
K is injective). Analogously the singular functions v, are
eigenfunctions of KK*, still associated with the eigenvalues
a2, and they form an orthogonal basis of the orthogonal
complement of the null space of K* (of *(c, d) if K* is
injective).

In the absence of noise the solution of eqn. 2 with eqn.
22 is now given by

fO= 3% Zu (26)
k=0 “k
where
o= f " g0)i(p) dp @7)

This solution has a structure very similar to that of the
solution eqn. 8, which applies to the case of a self-adjoint
operator, except for the fact that now two orthogonal
systems, instead of one, are used. Again one can introduce
a filtered solution as follows:

o - Jk
fo=% ;x_kuk(t)

k=0

(28)

and therefore it is clear that the concepts of ‘number of
degrees of freedom’ and of resolution distance (or
resolution ratio) can be easily extended to the present case.

As a consequence of the scaling properties of the
Laplace transform the singular values of the operator K
depend on the upper bound b and on the lower bound a of
the support of f through the ratio

v = b/a (29)

Therefore we find it convenient to take as a support of f
the interval [1, y] and to define the operator K as follows:
¥
(Kf)p) = f e "f(r) dt (30)
1

The singular values o, and the singular functions u,(t) are
given by the solutions of the eigenvalue problem
Y
J T(t + s)u(s) ds = afu,(t) (31
1
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where
T(t) = 1/t (32)

Then the singular functions v,(p) are given by the finite
Laplace transforms of the singular functions u,(t):

1 Y
mm=;fevmmm (33

k

All the eigenvalues o2 have multiplicity one [7] and there-
fore they can be ordered in a strictly decreasing sequence.
They tend to zero exponentially fast as follows from
general results on the asymptotic behaviour of the eigen-
values of integral operators [10]. As a consequence, for
moderate values of y, very few singular values are signifi-
cant. For instance, in the case y = 5, we have [7]:

oo =8751 x 107!,  a; =1.935x 107",
o, = 3.827 x 1072, ay = 7.434 x 1073,
a, = 1.435 x 1073, as =2.765 x 1074, ...

(34)

~ Accurate computations of the singular values o, and of
the singular functions u, can be performed along the fol-
lowing lines [7]:

(i) approximation of the kernel T(t + s) by means of a
tensor product of splines [11]; the approximating kernel is
of finite rank and its eigenvalues coincide with the eigen-
values of a nonsymmetric matrix Q

(i) the largest eigenvalues of Q are computed by a com-
bination of the power method and of the deflation method
[12]; this procedure works very efficiently when the eigen-
values are well separated as in our case

(iii) once the eigenvalues have been computed, the corre-
sponding eigenvectors of Q are determined by means of the
inverse power method [13]

(iv) finally the eigenfunctions u,(t) are computed as linear
combinations of splines, the coefficients being provided by
the components of the eigenvectors of Q.

As follows from these computations, the singular func-
tions u,(t) have the property mentioned at the end of
Section 2.2 namely u,(t) has exactly k zeros in the interval
[1, y]. Furthermore, the distribution of the zeros is approx-
imately geometric and, therefore, one can define a
resolution ratio d as

M=y

where M is the maximum index for eqn. 28.

In Reference 7 it was shown that the singular value
spectrum of operator eqn. 30 has a slower decrease rate
than the corresponding spectrum for the problem where
f(t) is assumed to have an infinite support. As a conse-
quence, the knowledge that f(t) is a priori restricted to a
finite known support allows the recovery of more informa-
tion from the data and this is found quantitatively by
Ostrowsky et al. [5].

(35)

3.2 Diffraction-limited imaging

The work of Bertero et al. [7] described above gave rise to
the suggestion that the increase in information transfer
obtained in the Laplace inversion by using a known
restricted support for the solution might have an analogy
in the diffraction-limited imaging problem with coherent
illumination discussed in Section 1, allowing an improve-
ment in resolution over that defined by the Shannon
number to be obtained. This possibility was investigated
and proved to be correct in Reference 14. In this paper it
was shown that the restriction of the image to a support
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equal to that of the geometrical image, which is implicit in
the eigenvalue analysis, causes a loss of information which
can be regained by the use of the total diffraction image. It
is then required to solve a first kind Fredholm equation
where the integral operator K is now defined as follows

_ [+t sin[0p -]
(wm-ﬁl s
—w<p< +w

f() de
(36)

The singular values of this operator can be shown to be

2, and fall off more slowly than the eigenvalues 4,
defined by eqn. 12. The image singular functions are
orthogonal to out of band noise allowing more coefficients
to be calculated in the reconstruction and hence a higher
resolution to be obtained. The two-dimensional case with
square and circular apertures was also considered in Refer-
ence 7 and in a later paper [15] the analysis was also
carried out for incoherent illumination. Furthermore it has
been remarked in these problems that resolution beyond
the classical diffraction limit (i.e. super-resolution) is much
easier to achieve when the space-bandwidth product is
small (i.e. the constant Q in eqn. 36). A similar effect has
also been demonstrated for the problem of inverse diffrac-
tion from plane to plane, when it is known a priori that the
source is restricted to a small support with linear dimen-
sions comparable to the wavelength. An example is given
in Fig. 1 (private communication*) where information
beyond the geometrical image allowed-a significant super-
resolution to be obtained.

1 |

%S

Fig. 1 Reconstruction of three-peaked object using the first seven singu-
lar functions

The Shannon number was 2.17 and the scale markers represent the boundaries of
the geometrical image

a experimental image b object reconstruction

4 Case of discrete data

4.1 Finite sampled Laplace transform
In the preceding two Sections we discussed the improve-
ment in resolution in the Laplace transform and

* Abbiss, J.B,, Greenaway, A.H,, Pike, E.R.,, Walker, J., and de Villiers, G.: (in
preparation)
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diffraction-limited imaging cases obtained when using a
priori knowledge of the support of the object function. The
singular systems used were constructed in bases of func-
tions of continuous variables. In real experiments,
however, the data are measured over truncated regions of
finite extent and at finite numbers of sampled points. A
possible route is then to discretise the unknown function.

Standard singular value decomposition techniques can
then be used as has been done, for example, in the case of
the Laplace transform inversion by Bertero, Boccacci and
Pike [15] and in the case of band-limited imaging by
Zhou, Rushforth and Frost [17].

In the discretisation methods the object is constructed
only on a set of sample points and, usually, an inter-
polation scheme is used between them.

However, the singular value method offers a very inter-
esting alternative since the types of functions, u describing
the object and v describing the data, may be different. In
particular, we may regard the data as a vector but yet
reconstruct the object in a basis of square integrable func-
tions so that the interpolation step and other distortions
due to sampling of the object are completely avoided.

Although in our earlier work we have discussed discrete
object models for Laplace inversion we have bypassed this
stage in our work on diffraction-limited imaging in favour
of reconstructions in a basis of continuous functions.

Let us assume that the ‘image’ g(p) is measured only on
a finite set of points, p;, p,, ..., py, SO that eqn. 29 is
replaced by

b
g(p,,)=fK(p,,,t)f(t)dt:n=1,...,N (37)

Now the data space Y is an N-dimensional vector space
equipped with the scalar product

(9, h)y = Z W, g()h*(pn) (38)

n=1

where the weights w, must be introduced in order to take
into account a nonuniform distribution of the data points
p. or, alternatively, their statistical properties.

Let K, be the operator, defined by eqn. 37, which trans-
forms an ‘object’ of [*(a, b) into a vector of Y. The adjoint
K% transforms a vector of Y into a function of [*(a, b) and
it is given by

(K}t = Zw 9(PIK*(P,, 1) (39)
Then K¥ Ky is a self-adjoint integral operator of finite
rank in I?(a, b), whose kernel is given by

Ty, 5) Z w, K*(p,,, )K(p,, s) (40)
while the operator Ky K¥% is an N x N matrix whose
matrix elements are given by

b
it = Wi f K(p,, )K*(pp, 1) dt (41)

We denote by {oy «; Un. x> Un.k}k=o the singular system of
Ky, the uy , being the eigenfunctions of K} Ky and the
vy, being the eigenvectors of the matrix Ky K¥.

The singular value ay , provides a good approximation
of the corresponding singular value «, of the problem with
continuous data, if the integral operator K} K is a good
approximation of the integral operator K*K. Indeed, let
T(t, s) be the kernel of K*K:

664

TG, s) = J K*(p, )K(p, s) dp (42)

and let us write
ex(t, 5) = T(t, s) — Ty(t, s) (43)

T\(t, s) being defined in eqn. 40. Clearly K¥% K is a good
approximation of K*K if gx(t, s) is small and by the Weyl-
Courant lemma [ 18] we have

b b 1/2
g« — o] < (J dt J ds|ex(t, S)|2> (44)

Therefore if M is the number of degrees of freedom in the
problem with continuous data, we can look for a distribu-
tion of the data points which allows a good approximation
of the singular values o, up to k = M. If M is small, it is
reasonable to argue that, using a small number of data
points, conveniently placed, it is possible to obtain such a
good approximation. Then the truncated solution (eqn. 28)
can be approximated by

Ful)) = kzo ng ty, (1) (45)
where
IN k= Z w g(Pn)”N k(pn) (46)

n=1

In the last equation vy ,(p,) denotes the nth component of
the singular vector vy ;.

The above analysis can be immediately applied to the
problem of the finite Laplace transform inversion and, due
to the simplicity of the kernel, some computations can be
done analytically. For instance the matrix t%Y) of eqn. 41
takes the very simple form

™) —

nm

{exp [—(p, + P — exp [—(p, + P)]}
(47

In the case of equidistant data points, p, = (n — 1)a, (n = 1,
., N), we can take w, = ¢ so that the matrix 47 becomes

Dy + P

Ny _ 1
g )_n+m—2
{exp [—o(n + m — 2)] —exp [—oy(n + m — 2)]}

(48)

(note that ¢¥) = a(y — 1)). The greatest eigenvalues and the
corresponding eigenvectors of this matrix can be easily
computed by means of a combination of the power
method and the Hotelling deflation method [12], since the
matrix is symmetric. When we have the eigenvalues ay ,
and the corresponding singular vectors vy ,, the singular
functions uy ,(t) can be obtained by means of the relation

N
4 -
uy, lt) = —— Y vy u(p)e ™™ (49)
ON, k n=1
where vy (p,) denotes the nth component of vy .

The singular values ay , can provide a good approx-
imation of the singular values «, of the problem with con-
tinuous data. In the case of equidistant data points the
kernel of eqn. 43 is given by gx(t, s) = ex(t + 5) where

1 1 —exp (—Not)
t)=-—¢ ——————- 50
et t 7 1 —exp (—ot) (50)
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and this function tends to zero uniformly over the interval
2 €t <2y when 06— 0 and N— + 0. Therefore from egn.
44 it is expected that ay , ~ o, if one takes a sufficiently
large number of data points at a sufficiently small distance
o. The following singular values

AN, 0 = 9.075 x 10—1, aN, 1 = 1983 X 10_1,
anz = 3555 X 10_2 (51)

have been obtained in the case y =5 using N = 64 and
o = 0.03 [19]. If one compares with the singular values of
the continuous case, eqn. 29, one finds an average error of
about 4%. This is the best approximation which can be
obtained using 64 linearly spaced data points.

In the case of Laplace inversion the use of equidistant
points is not the best one. Such a choice is only convenient
for deconvolution problems, i.e. for the solution of prob-
lems which have simple transformation properties with
respect to the translation group. In the case of Laplace
transform inversion the underlying group is the dilation
group and for this reason a geometric distribution of data
points suitably placed seems to be more natural, at least
from the theoretical point of view.

Therefore we consider now the following data-point dis-

tribution:
p, = p,A"? n=1,...,N (52)

where p, and A can be considered as free parameters. Con-
cerning the choice of the weights w,, the following result is
proved in Reference 20: if the p, are as in eqn. 52 and if

w, = (In A)p, (53)

then, given ¢, it is possible to choose A and N so that, for
any t € [2, 2y]

<e¢ (54)

1 N
len(t)] = ’—— 2 wae ™
t n=1

This result, combined with eqns. 40 and 41 suggests the
introduction of the weights (eqn. 53) into the scalar
product (eqn. 38).

With reference to the computation of the eigenvalues
and eigenvectors of the matrix (4.11) we remark that it is
not symmetric in the usual sense (tY) # t&) since it is self-
adjoint with respect to the weighted scalar product (4.2).
Then, for computational convenience, we transform the
matrix (4.11) into a symmetric one having the same eigen-
values

1 = —;“i”; {exp [—(pn + Pw)] — €xp [—9(p» + Pu)]}

(39)

We also remark that if oy, is an eigenvector of this matrix,
the corresponding eigenvector of the matrix in eqn. 47 is
given by

20y (pn) (56)
Therefore singular values and singular vectors can be com-
puted again by a combination of the power method and of
the Hotelling deflation method.

The fundamental property of geometric sampling of
data is that, using a very small number of data points, it is
possible to obtain extraordinarily good approximations of
the singular values of the problem with continuous data
(and also of the singular functions). For instance, in the
case y =5, using 5 data points, A = 5.5 and p, = 1.366
x 1073 we have always obtained the following singular

Oy k(Pa) = Wy
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values [19].
AN, 0 = 8.742 x 10_1: Oy 1 = 1.913 x 10_1,
ay ,=3827x 1072 (57)

If we compare with the singular values of the problem with
continuous data, we find an average error of about 0.1%.
Also the singular functions uy {t) (k =0, 1, 2) provide an
excellent approximation of the singular functions wu,(t)
(k =0, 1, 2) corresponding to the problem with continuous
data.

Now, if we notice that, when the ‘signal/noise ratio’ is
equal to 100, the ‘number of degrees of freedom’ in the case
y = 5 is just 3, we can conclude that using 5 data points
optimally placed, the filtered solution (eqn. 45) practically
coincides within the error on the data with the filtered sol-
ution (eqn. 28). Therefore 5 data points allow almost the
same resolution as continuous data.

We believe that the previous result can be extended to
any ill-posed problem: a number of data points, optimally
placed, approximately equal to the ‘number of degrees of
freedom’ is equivalent, as explained above, to continuous
data in the common case where the covariance matrix of
the data does not favour averaging of closely spaced
samples.

4.2 Finite sampled diffraction-limited imaging

In the diffraction-limited imaging problem, just as in the
Laplace problem discussed in the last subsection, the same
idea of using a singular vector basis for the data and a
singular function basis for the object can be applied. Suc-
cessful numerical computation of such bases have been
performed in Genova and at Malvern [21] and are cur-
rently in the process of being applied to practical problems
in microscopic and other imaging. The theory looks parti-
cularly promising for application, for example, in electro-
magnetic imaging problems in the microwave region.

An attractive feature of the method is the speed at
which the reconstruction can be affected, all that is
required is to form a scalar product of the data set with
each of the basis data vectors in turn and these scalar pro-
ducts are used as the coefficients, divided by the corre-
sponding singular value, of the singular function expansion
of the object. Both the basis vector set and the basis func-
tion set are, of course, stored numerically once and for all
for a given problem. :

5 Extension to other problems

So far in this paper we have only mentioned two cases of
the kernel K(p, t) of the integral equation, namely, the sinc
kernel and the Laplace exponential kernel. There are,
however, many other problems of a similar type and in this
last Section we will mention briefly some problems which
are under study using the singular system technique.

5.1 Fraunhofer diffraction
In this problem the kernel has the form K(p, 1) =
J2(pt)/(pt)*. This represents the form of the intensity scat-
tered in the far field by a spherical particle illuminated by
a coherent laser beam and the solution of the problem will
be the distribution of sizes of the scattering particles. The
problem is of great importance in many industrial and
scientific applications and the technique of particle sizing
by Fraunhofer diffraction is quite widely used.

As a first attempt to quantify the information content in
a typical data set in such an experiment we have used the
results of Reference 6 and found the following spectrum for
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the above kernel [21]:
2*5/2r(§—iw>r<1+9)
. 2 47 2
o = £ , ,
rf] o\ (11 _iw
4 2 4 2

This spectrum can be used to calculate the number of
resolution cells in particle size, which can be found in a
certain level of experimental noise. For example we can
ask how many size fractions can be resolved in the range 2
to 100 microns when the signal/noise ratio is 102. The
result is that 7 or 8 fractions on a geometrical scale may be
resolved in this range. Further work is nearing completion
[22] on this problem extending the calculations to the use
of singular functions and vectors, which will provide a very
practical approach to inversion for particle size distribu-
tions in this range.

(58)

5.2 Laser anemometry

Yet another example of this sort of inversion problem is
provided by laser anemometry. In this type of experiment
a laser beam scattered off a particle in uniform motion at
velocity v, gives rise to a measured data set with the form
of an exponentially damped cosine wave. In turbulent
flows or nonuniform flows the data represent the motion
of particles with a probability distribution of velocities
which one needs to recover as the solution. The kernel in
this case has the form

K@, t) = e~ ®"29%(1 4 g cos (but)) (59)

where a, b and ¢ are constants. A certain amount of work
with this kernel has been done using the concepts of infor-
mation theory discussed above and one finds, in this case,
that the fall-off of the eigenvalue or singular value spec-
trum is a function of the value of ¢, characterising the
damping of the cosine signal. In the limit of small damping
a large amount of information is available from the data,
while if the damping is more severe there is much less
velocity information to be found. Again one can introduce
a concept of resolution associated with a number of com-
ponents of the solution which may be transmitted above
the noise level. The pressure to push the analysis of this
particular kernel to the same degree as has been done for
the Laplace problem above is not so strong since in many
cases the damping term may be arranged to be small.
However in critical circumstances, as for example are met
in very high speed supersonic flows, or where very high
spatial resolution is required it will be important to extract
the maximum information from data of this type and
further work along the lines described above will allow this
to be done.

5.3 Uncertain localisation or nonuniform illumination

In this last Section we come back to the diffraction-limited
imaging problem but consider the case where the object is
illuminated by a coherent laser beam of infinite spatial
extent but with a known amplitude profile. This is not the
place to report detailed results of this calculation which
can also be interpreted in terms of an a priori estimate of
the reconstruction, but it will suffice to say that singular
value spectra may be calculated numerically [4] and these
allow a discussion of such an imaging problem in terms of
the concepts of number of degrees of freedom as a function
of noise and the implications of this in terms of the limits
of resolution which may be achieved. These results allowed
theoretical point-spread functions as in eqn. 16 to be calcu-
lated for various situations in scanning microscopy. Our
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results indicate that the singular value spectrum for this
problem falls off more slowly than for the associated
diffraction-limited imaging problem in which the illumi-
nation is assumed to have a ‘top hat’ form (sinc kernel) of
the same total power and the same width. However, the
zeros of the singular functions do not increase in density at
the same rate as for the ‘top hat’ case and therefore the
overall resolution limits turn out always to be worse.
The basic equation is

0 i —_

o) = j 0D piy 10 a (©0)
) 7T(p - t)

where P(t) is a ‘profile’ function which may be interpreted

in either of the two ways mentioned above. The singular

function approach is now generalised to take a weighted I?

space for the space of solutions.

This method has also recently been applied to the finite
sampled Laplace inversion with interesting theoretical and
experimental results [23].

The parameters of the profile functions in this case are
chosen to match the cumulants of the solution which may
be calculated without performing the inversion. An
example is given in Fig. 2.
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0
a
— 1 1 A
0 1 2 3
b
Fig. 2  Reconstruction of two delta functions of equal weight at 0.75 and

1.25 from their Laplace transform using the first five singular functions
The profile function was a gamma distribution with the same mean as the object

a Laplace transform b Reconstruction

6 Conclusions

Various applications of singular system theory have been
described and shown to be a generalisation of classical
eigenfunction methods in signal processing. The theory
allows a priori information on the support or localisation
of a solution of an inverse problem to be used to improve
the resolution in a manner amenable to fast computation.
Continuous functions may be reconstructed from finite
and sampled data.
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IEE Colloquium report

IEE Colloquium on the Current status of systolic

array research in the UK

Savoy Place, London
1st February 1984

Systolic arrays (SA) have been of interest to the signal-
processing community, at large, since the appearance in
1980 of the seminal chapter by Kung and Leiserson [1].
Current interest in the UK can be gauged by the fact that
over 100 people attended this colloquium.

Although researchers at Naval Ocean Systems Centre
{(NOSC) in San Diego had previously been experimenting
with the concept of arrays of identical inner-product type
processors (multiplier-accumulators, or MACs), it was
Kung who did the groundwork on systolic arrays, produc-
ing papers on architectures for pattern matching, matrix
multiplication, convolution etc. Among advantages
claimed for VLSI SAs are: modularity, regularity, func-
tional parallelism, minimal processor interconnection,
short data propagation, high packing density, pipelining,
simple control and expandability.

Significantly, perhaps, it has been the mathematics and
computer science communities who have been publishing,
in the main, since 1980. Common to all SA Papers are the
interconnected grids of boxes, through which data and
results flow in several directions. However the proposed
contents of these boxes give some cause for concern to
electronics engineers.

For ‘order N & N squared’ tasks, such as convolution,
DFT, matrix-vector multiplication etc., linear or square
arrays of SAs may be constructed, with MACs in the
boxes. However, conventional solutions also exist for these
tasks. The area where SAs show most promise is in ‘order
N cubed’ tasks such as linear systems solution, singular
value decomposition, recursive-least-squares minimisation
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etc. Much work has been done by the maths/computer-
science community on Fortran/Algol solutions to these
problems on mainframe computers (for example, see Refer-
ence 2). Unfortunately the grids of little squares in the SA
literature now contain little circles as well (boundary
processors). Elsewhere in the diagrams are details of the
contents of the little circles—operations such as division
and square-root. Hence the reticence shown by the elec-
tronic engineering community in realising these processors
in hardware. However, these problems will no doubt be
solved in the future, and we can look forward to the
appearance of SAs which process a signal matrix to
extract, for instance, its eigenvalues.

Most of the UK SA work is being conducted at RSRE,
GEC and STL. John McWhirter of RSRE is the ‘father-
figure’ of the community. He favours a bit-level approach
to SAs, which makes for very small array elements (gated
full adders as opposed to MACs). GEC are fabricating
such a correlator in bulk CMOS for RSRE [3]. McWhir-
ter proposes to achieve yield enhancement by row-
bypassing.

GEC also have their own SA designs in fabrication. A.
McCabe described a 16-point 4 x l-bit correlator in
CMOS-SOS, containing 9 x 16 bit-level cells for 9-bit
output as 30 MHz. Disadvantages of this chip, which is
near to production, are difficulty in cascading, only 50%
hardware utilisation, no 2's complement arithmetic, no
time wedging, and no fault tolerance. Another design is a
64 point 4-bit by 1-bit cascadable correlator chip, whose
projected performance betters that of TRWs ‘state of the
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