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Abstract. In a series of previous papers we have proposed and validated an iterative method, knovancjadtesl Landweber

method for the restoration of astronomical images takentinpping and noddinghode. While the method generally provides

good results, it may also generate artifacts related to the huge non-uniqueness of the solution of the restoration problem. If
the image satisfies additional boundary conditions, the non-uniqueness can be reduced, or even entirely removed. In this paper
we investigate the case of periodic boundary conditions, which apply, in particular, to the case of a target area surrounded by
a suitable region of empty sky. Periodic boundary conditions do not entirely remove the non-uniqueness of the solution, but
allow using Fourier-based techniques. We introduce a new iterative method which can be considered as a relaxed and projected
version of thevan Cittert methodWe formally demonstrate why this method does not produce the artifacts generated by the one
we previously proposed, and we present numerical simulations confirming this result. We illustrate the convergence properties
of the algorithm in the case of both compact and extended sources. Finally, we briefly discuss the potential and the limitations
of the proposed technique.
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1. Introduction get minus the contributions from the twdfeet “sky” beams.

In ground-based astronomical observations at mid—infrarngipending on the amplitude of the chopping throw and on the
wavelengths { ~ 5-20 um) one faces the problem of ex- 1Ize of the panoramic detector, the negative copiesirfter-

; . . . parts) of th rce m r on the im hif
tracting the weak astronomical signal from the overwhelmn%%ts) of the source may appear on the image shifted:ty

urces outside the maif field may also appear as spuri-
thermal background produced by the atmosphere and the t%ﬁé negative counterparts, if they fall within one of thset

Scope. The observi_ng techn?que normally used _iS known 58ams. In general, a chopped and nodded image of a source
FhOp‘;'?hg :tanld noddw;g:ho%pltng ref?rr]s tto thet ra%'d modulta- ore extended than the chopping throw is corrupted by the neg-
lon ot the telescope beam between he targetand an eémply gey, counterparts of the features located at a chopping throw

area. Nod(?jmg, or.t:)he;m tsvlvltchmg, refetr_s tota second .(t:.hOppmgtance. A restoration procedure is therefore required to re-
sequence done wi € telescope pointing to POSIION, - er the correct morphology and photometry of the target.

so to have the target on the beam previously used to observeA first attempt to solve this problem was made by Beckers

&'994). He proposed to use three images of the same target
taken with optimized chopping amplitudesaifl (1995) ap-

. o ) plied this strategy, essentially an inverse Fourier filter without
nodded signal i$ = —I(8) + 21(A) — 1(C). Thus, in the case constraints, to simulated images and showed that it does not

of panoramic detectors, a chopped and nodded image is pﬁpdduce in general satisfactory results. Our team has taken a

duced with each pixel containing twice the signal from the ta(ﬁ'iﬂferent approach, proposing an iterative method, the so-called

Send @print requests toM. Bertero, projected Landweber method (Bertero et al. 1998), for approx-
e-mail:bertero@disi.unige.it imating non-negative solutions of the restoration problem. The

* on assignment from the Space Telescope Division of the Europga@thematical structure of the imaging matrix has been anal-
Space Agency. ysed in Bertero et al. (1999); the performance — and the limits —

sition is A and the two sky areas, at an angular distange
(the chopping throw), ar® andC, then the final chopped and
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of the restoration algorithm have been demonstrated by Berté&iar clarity, however, we introduce our basic formalism without

et al. (2000) on real chopped and nodded images taken atelplicitly indicating this error term.

UKIRT telescope. In general, the method provides excellentre- Any imageg has a finite extent corresponding, in a first

sults, especially if the data acquisition is carefully optimizeéhstance, to the field imaged by the panoramic detector; how-

but it may also produce annoying artifacts. In Bertero et aver, a mosaic of chopped and nodded images can cover a

(1999) we have shown that the structure of the artifacts is sons&rip of sky, so that the domais is in general a rectangle,

how predictable, as it is related to the mathematical properties A = [£min, Emax] X [7min, Tmax]- AS follows from Eq. (1),

of the imaging matrix. In other words, artifacts are intrinsicalljor a given value o in [émin, émad, ¢ receives contributions

related to the problem of extracting a particular solution frofnom the values off corresponding to values of in the in-

the huge set of all possible solutions, i.e. to the non-uniquen&aval [-A + nmin, Tmax + 4], i.€. f is defined on the domain

of the solution of the restoration problem. D = ﬂjl‘l\/B U C, namely the rectangl&hin, Emaxd X [-A +
Special observing conditions can reduce the degree of ngn-

) o . . in> Mmax + A].
uniqueness, and therefore the arbitrariness in the selection g?aThe restoration problem consists in estimating the tafget

solution. In particular, it is possible to conceive the case WhefFSm the knowledge of the detected imagetherefore, for
the dfset fieldsB andC contain only sources also visible i, eachg, one has to solve a one-dimensional problem hé we ne-

i.e. there is, em_pty ;ky at the upper and lower (relative to t fect the dependence @nof the function to be restored, the
chognod direction) field edges. Gl_v_e_n the small format of cu yroblem can be formulated as the solution of the following lin-
rent detector arrays and the sensitivity of large telescopes, éﬁ equation, obtained from Eq. (1):

condition can hardly be satisfied by a single chopped and no
ded image of a bright extended source. However, a mosaiobf? f)() = g(i) 2)
chopped and nodded images can be made large enough so that @ i _
the extreme tiles satisfy this condition. A convenient observiiereD™ is the second-dierence operator defined by:
technlque_theref(_)re mal_<es thl_s case pra_ctlcallyfeasmle. EroW)f)(n) = —f(=A) + 2f() - f(n+A). ©)
mathematical point of view, this is a particular case of periodic
boundary conditions; besides decreasing substantially the nbliatice that the operatdd® transforms a function defined on
uniqueness of the solution, the periodicity conditions allowthe interval FA + nmin, 7max + A] into one defined on the inter-
very simple mathematical treatment based on Fourier analygi$ [17min, 77max]-
and, for this reason, we consider this more general case. WeProperties oin-th difference operators are investigated in
investigate the intrinsic nature of the problem of reconstructifyj Benedetto (2002), where a complete characterization of
chopped and nodded images satisfying these additional corldéir null spaces and singular systems is given. The wese
tions and we explore the potential and limitations of the correerresponds to the operat®? defined in Eq. (3), the null
sponding restoration method. space being then the set of the functidnshose chopped and
nodded image is identically zero. These functions can be called
] invisible objectsaand are responsible for the non-uniqueness of
2. The mathematical model the solution of the restoration problem. The results proved in

We denote byf (¢, 7) the brightness distribution of the astro-Di Benedetto (2002) imply that the set of the invisible objects is

nomical target, wheré n are angular variables in the sky: thidnfinite dimensiona! so that the res;oration problemffected
function is non-negative and can be assumed to vanish in P¥-2 Severe non-uniqueness. The singular system of the second.
gions of empty sky. The image d{¢, ) obtained by means of difference operator, which provides an o_rt_honormal basis in the
the standard chopping and nodding technique will be denofifgf Of the objects orthogonal to the invisible objects (namely
by g(&, 7). If chopping and nodding is done in the direction ofhose objects which are completely imaged with no loss of in-

the angular variablg, then the relationship betwegrandf is  formation), contains@+ 1 distinct singular values, whegis
given by the maximum integer contained iNnax — 7min)/A. All singu-

lar values have infinite multiplicity. In addition, the condition
gen) = —fEn-A) + 2f@En) - fEn+A), (1) number, i.e. the ratio between the largest and the smallest sin-

gular value, is of the order of ¢Zr)? so that the problem is
whereA is the chopping amplitude. The transfer function ddffected by a moderate ill-conditioning. We recall that the con-
the detection system is assumed to be uniform across the fiditibn number controls the propagation of noise from the data
and can then be set equal to one withofiéeting the results. to the solution. Indeed, the RMS relative error on the solution
An error term should be added to the right-hand side of thsbounded by the RMS relative error on the data multiplied by
equation to account both for systematic and for random éne condition number.
rors. Systematic errors (such as non uniform illumination, im- The non-uniqueness of the solution of the problem can be
age distortion, PSF variations etc.) can be calibrated and posmoved or at least reduced if the objddt) satisfies suit-
sibly taken into account in the model of data acquisition; dble boundary conditions. Conditions which lead to a very
not, they can produce residual artifacts as those discussedimple mathematical treatment of the problem are fih&-
Sect. 7. On the other hand, random errors (detector and phdic ones. As easily seen, it is possible to use such conditions
ton noise, changes in the atmospheric transmission etc.) lifithe object f(n) is zero for all values of; in the intervals
the accuracy of the restoration, as discussed in Sects. 6 angd-A + nmin, 7min + A] @nd [-A + 7max Tmax+ A]. Indeed, in such
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a case, Eqg. (1) holds true for the periodic extension$(gj The assumption made akin Eq. (6) implies thatf,, must
andg(n), with periodD = 7max — Tmin- be defined also for then-index values—-K,-K + 1,...,-1
Let us then denote bff the Fourier cofficients off (), i.e. andM,M + 1, ..., M + K — 1 corresponding respectively to the
L D o pixel rows in8 andC which are not included iA.
fi = _f f(n) exp(—i = |,7) dp, 1=0,£1,+2... (4) By inserting Eq. (1) and Eq. (6) into Eq. (8) and observing
D Jo D thatym £ A = nmek, We see that the relationship betwegi,

and byg, those ofg(7). These cofficients become negligible 21 fmn is given by

for || > Imax, @s a consequence of the band-limiting of astro-

nomical images. Then an easy computation shows that Eq. {2 ~ ~fntn + 2fmn = fnecn. (9)
implies the following equations for the Fourier ¢beients: Since the imaging process does not depend,dhe problem

A is 1D and the restoration of the object can be performed column
4 sirf (”5') fi =g (5) by column. For this reason we will drop the indexwe will

indicate ag a vector of lengthM corresponding to a generic
Notice that ifgo is identically zero, then Eq. (5) is identicallycolumn of the arraym, and asf a vector of lengthM + 2K
satisfied forl = 0 and therefordy is not determined by the corresponding to a generic column of the arfay.
equation. However, due to the presence of noise, it may happenWith this notation Eq. (9) can be written in the following
that go is not identically zero, so that Eq. (5) is not solvabléorm:
for | = 0. Knowing that this is anféect of the noise, one can
always subtracjo from g(;7) and takey(;) — go as the chopped Ax f = g, (10)
and nodded image df(). We can then conclude that the so-
lution of the restoration problem is not unique because it
determined up to an arbitrary constdnt

ere A¢ is a non-square matrik x (M + 2K). It follows
that the discrete version of the restoration problem defined in
Eq. (2) corresponds to the solution of this linear equation and
this is just the problem considered in our previous work.
3. Discretization of the problem On the other hand, if we assume that the functib@sidg

Let us now consider the discretization of the problem and O%a}quy the periodicity CO“O"“"T" t_hen, fc_)r each column, the
note bys the angular size of the detector pixels andwandN veptorf of length M + 2K commdes W'th, the v.ector 0b-
the numbers of rows and columns in the discrete image form ed from the periodic extension, of per.|Mi of its com-
by the pixel valuegmn (M= 0, 1,...M —1;n =0, 1,...N - 1). ponents withm = 0,1, ..., M — 1. Therefore, if we denote now
We assume, for simplicity, that the chopping amplitude by f the vector of I(_en_gth\/l fo_rmed by the components with
is an integer multipl& of the pixel size, i.e. m = 0, 1 - M-—1,itls po§5|ple to con_S|der Eq. (9) as are-
lationship between the periodic extensions aindg. We can

A = KS§. (6) write this relationship in the following form:
In any case this conditions can be satisfied by a precise defgyx f = ¢, (11)
mination of the chopping-throw and a suitable rebinning of the
image. whereAc is the circulantM x M matrix given by:

If we denote by, o the coordinates of the central point of
a reference pixel (0,0), then the coordinates of the central poinf-K Pm = ~Tmem-k + 2fm = Tmec, (12)
of the pixel (m, n) are given by 0 <m<K

= ~fmk + 2fm = fnuk,

=& + 0N, =m0 + 6 7

én=6o m =10 m, (7) K <m<M-K

and the corresponding pixel valyg,, can be modeled as the

. . . = —fmnk + 2fm = frk-m,
integral ofg(¢, ) over the pixel domain:

M -K<m<M-1

/2 /2

gmn = f d¢’ f dy’ g +&,mm+1). (8) The restoration problem can be defined again as the problem of
-8/2 —8/2 solving this linear equation for each column of the image array.

Here we assume that the pixel response is uniform over the

pixel domain. If this condition is not satisfied, then the integr

of g must be replaced by a weighted integragpivith a weight

depending on the response function of the pixel. ~ The features of the restoration problem defined in Eq. (11)
Concerning the object to be imaged, we define its pixelcan be obtained by investigating the properties of the imag-
valuesfn, in the same way as the pixel valuesgofThe pix- ing matrix Ack. This matrix, as any circulant matrix, can be

els of the regionAl correspond to the values of the indices  conveniently written in terms of a periodic point spread func-
indicated above; however, as already remarked, contributiapsh (PSF):

to g can come also from the regiofsandC, so that the object
must be represented on the complete regibe AU BUC.  (Ack)mm = PX) (13)

m-m?

91'. The imaging matrix
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with Pﬁf) given, in our case, by the periodic extension (witivhereF andG are respectively the DFTs df andg. This is
periodM) of the vector precisely a discrete version of Eq. (5) with the rabgA re-

(K) _ . placed byM/K. We point out that these two ratios coincide be-
P’ = 20mo=0mk = dmm-k i 0<ms<M-1 19 Cause the chopping amplitude satisfies the condition of Eq. (6).
wheredmn is the usual Kronecker symbol. Concerning the non-uniqueness of the solution, it is clear

The properties oA\ck can be derived from an analysis othat, whenM is a power of 2, the best choice corresponds to
its eigenvalues. It is well known (see, for instance, Bertero & odd value oK because in such a case only the eigenvalue
Boccacci (1998)) that the eigenvalues of a circulant matrix aggth | = 0 is zero. Therefore, i6Gg = 0, Eq. (19) withl = 0
given by the Discrete Fourier Transform (DFT) of the corrgs jdentically satisfied and the componéitis not determined
sponding PSF. Therefore, by means of an elementary compy-the data. On the other handd is not zero, this is anféect
tation, we obtain from Eq. (14) that the eigenvalues@k are of the noise which can be removed by subtracting this constant
given by from the measuregl. Such a procedure can be applied also in
the general case of arbitrary values\dfandK, by zeroing all
the components db associated with zero eigenvalues.

Since these eigenvalues are non-negative, it followstieatir- This analysis allows us to conclude that, whérs odd, all
culant matrix Ak is symmetric and positive semi-definite; ifh€ Fourier components df are uniquely determined except
addition it is singular because the eigenvam@ is always the onewith = 0. In other wordsf is determined except for a
zera constant. We also remark that the “smallest” solution, namely
The dimension of the null space of the mathixx, as well that withFo = 0, must be discarded because the sum of its pixel

as its condition number, depend on the value of the choppffﬁ}%ues is zero, so thaF it takes both positive and negative (large)
amplitudeK.. By inspection of the eigenvalue spectrumbef, Values. Moreover, noise propagation from thg datg to the solu-
given in Eq. (15), it is easy to verify that the following propoIlon is controlled by the condition number given in Eq. (18),

. K
A9 = 4 smz(nml) S 1=0,1,.,M—-1 (15)

sition holds true: which can be large, so that the use of regularization methods
is required (see Bertero & Boccacci 1998). In conclusion, a

Proposition 1. Let us assume that M is a power of 2 viable approach to the problem requires the use of regulariza-

M = 2P (16) tion methods with the additional constraint of non-negativity.

A comment on this constraint, which has been proved to be es-
and let us write the chopping amplitude K in the following forrgential in our previous work, may be appropriate at this point.
K = 29g (17) Indeed, the restored non-negative solution will iiieeted by
noise which is also non-negative. In particular, in a region of
empty sky one gets a noise whose total flux is not zero. This
‘may lead to problems in an astrophysical interpretation of the
image but, as far as we know, there is no way for overcoming
this difficulty while the advantages provided by non-negativity
in the quality of the restoration are certainly considerable.

where s> 1 is odd and q is an integef) < q < p; then
there exis2® eigenvaluea™ equal to zero, so that the dimen
sion of the null space of & is 29; in addition there exisg?
eigenvalues equal to 4, the maximum eigenvalue-gf. A

In particular the null space @&k has dimension 1 whe
is odd @ = 0) while has dimensioiKk whenK is a power
of 2 (s = 1). The case oK odd is interesting because, in5_ The iterative restoration method
such an instance, the imaging matrix has very simple proper-

ties. Again by a simple inspection of the eigenvalue spectrufif}e restoration problems considered above, and defined by
it is easy to derive the following result: Eqg. (10) or Eqg. (11), have non-negative solutions, and certainly

more than one. Indeed, if we take any solution of these prob-
Proposition 2. Let M be as in Proposition 1 and let K be oddlems, containing both positive and negative values, and if we
Then all the eigenvalues ofcfA have multiplicity 2, except O add to it a s#iciently large positive constant, we get another
and 4 which have multiplicity 1; moreover they coincide witBolution of the same problem which is also non-negative. As a
the eigenvalues of the matrix with K 1, even if the ordering consequence of the non-uniqueness of non-negative solutions,
depends on K. It follows that the condition number is indepein-is reasonable to look for that solution which has minimal

dent of K and given by norm (it is unique, because the set of the non-negative solu-
« 1 M2 tions is closed and convex) or, more precisely, for a regular-
ol = — = (—) ; (18) ized version of this solution since the restoration problem is
smz(l) n i~ -
M ill-conditioned.
so that it increases quadratically with the number of rows in In our previous work (Bertero et al. 1998, 1999, 2000)
the image. we proposed the projected Landweber method (Eicke 1992;

Bertero & Boccacci 1998) as a viable approach to the regular-

Taking into account these results we now proceed to thd solution of the restoration problem of Eq. (10) with the ad-

problem of solving Eq. (11). By computing the DFT of bothjitional non-negativity constraint. More precisely, the method
sides of this equation, we obtain is used to get the solutions of the least-squares equation:

) K
4 smz(w) F=G (19) AL Acf = Alg, (20)



M. Bertero et al.: Restoration of chopped and nodded images 5

whereAL is the transposed of the mati . It also yields the a reblurring, which is required because the ma#ixis non-
solutions of Eq. (10) because this equation has exactly the sasgeare, introduces further positive and negative counterparts of
solutions of Eq. (20). For the reader’'s convenience we rectile sources in addition to those already existing(l?l; the fi-
here the proposed iterative scheme: nal result is that it may produce the artifacts documented and
discussed in Bertero et al. 2000. Since the reblurring is not

0
f@=o0, (1) required by Method B, we expect to obtain restorations with
fl+l) = P+{f(k) +7(AL g - AL A f(k))}, much less artifacts. Obviously, both methods can be applied
and compared in the case of images satisfying the periodic
wherek = 0,1,2,--- is the number of iteration®?, is the conditions.

projection operator onto the set of non-negative vectors (it sets In order to understand the properties of Method B, we
to zero the negative components of the vector to which it is ariefly investigate the particular case of a “compact” source,
plied) andr is a relaxation parameter satisfying the conditionsamely a source which extends over a number of pixels smaller
2 than the chopping amplitud€. If we assume that the image
O<7< ) (22) is not corrupted by noise and that the objesttisfies this con-
mex dition, then, for anyn, the following exact relations hold true:

Amax being the maximum eigenvalueAﬁAK. In the following
this method will be referred to adethod A g=Acx f, P,g=2f. (25)

This method can also be used in the case of periodic bound-

ary conditions. However a modified approach is suggested -593 _ﬂrst means that the data are n0|se-free_, _whlle the second
the remark that the matriAck is square and positive semi-oNe is a consequence of the non-superposition of the source

definite, so that the iterations can be applied directly to the Iiﬂ[‘dfitﬁ negative clolunterparts. In such a case itis easy to prove
ear equation of Eq. (11) instead of the least-squares equatiof 6t ollowing result:

Eg. (20). The resultis: Proposition 3. If the objectf and the imagg satisfy the con-
fO _ o (23) ditions of Eq. (25), then the k-th iterate of the algorithm of

o) _ p {f(k) + ‘r(g Aok f(k))} Eq. (23) is given by
) | ’ 0 ={1-(1-20)4 1. (26)

with the same notations as in Eq. (21). The relaxation param-
eterr must satisfy the conditions of Eq. (22max being now ) _ ) )
the maximum eigenvalue @ « . Since we know that this max- The proof can be obtained by induction. Indeed the relation
imum eigenvalue is 4, we conclude that the relaxation paraffii'ue fork = 0, 1. We assume that itis true ferand, in order
eter must be chosen in such a way thak @ < 0.5. Finally 0 Prove thatitis also true fdc+ 1, we replace Eq. (26) into
we observe that the iterative method defined above can be dofi- (23); if we use the first relation of Eq. (25), we obtain:

sidered as the relaxed and projected version of a restorati((ml) . .

method known as thean Cittert methodsee, for instance, f = P+{[1— (1-21) ] f+7(1-20) 9}« (27)
Frieden 1975; Bertero & Boccacci 1998). In the following it ) )

will be calledMethod B Since negative values appear only in the second term at r.h.s.

The initialization of the iterations witti© = 0 is justified Of this equation, while the first term is zero where the second

by the conjecture that, in such a way, one obtains an algoritii€ is negative (the source and its negative counterparts do not
converging to the smallest (in the sense of the Euclidean nor@¥frlap), by taking into account the second relation of Eq. (25),
non-negative solution. We also point out that at the first iter€ get:

tion we have: FRD = [1-(@-204 f + 2r(1- 20" f. (28)
O = rp, g, (24)
and the result is proved.
so that initializing withf©@ = 0 is equivalent to initializing
with a suitably scaled version of the detected image with the This result shows that thih iterate is a scaled version of
negative counterparts of the sources set to zero. the objectf, with a scaling factor which tends to one when the

It must also be pointed out that Method B, as Method Ayumber of iterations tends to infinity. Therefore all the iterates
must not be pushed to convergence because the non-negatieecompletely free of artifacts. This is not true for Method
solutions of the imaging equations are strongijeated by A as a consequence of the re-blurring of the residual due to
noise propagation. As it is known (see Bertero & Boccactlie matrixA%. We illustrate this fact by means of a numerical
1998), early stopping of the iterations has a regularizifigee example in the next Section.
similar to that obtained by introducing a smoothness constraint Concerning convergence, Eqg. (26) shows that it can be
on the solution. Stopping criteria for Method A, which applyery fast because the constant multiplyihgan converge very
also to Method B, are discussed in Bertero et al. (2000).  quickly to one (even if the rate of convergence may depend on

A comparison of Method A and Method B shows that thihe value ofr). In general a few iterations areffgient to reach
main diterence is that, in Method A, a “reblurring” of the residan accuracy better than 1%. However, as we show in the next
ualg — Ax f® is performed by means of the matd . Such Section by means of a numerical experiment, convergence can
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be slower in the case of complex objects and the restoration er
ror may not tend to zero even in the absence of noise, althoug
in practice it may become fiiciently small.
We conclude this Section by observing that from the argu-
ments used in the proof of Proposition 3 it follows that artifacts
may appear in the restored images if we do not use the corre
value of the chopping amplitud€. Indeed, if the imagg sat-
isfies the first relation of Eq. (25) but we use in the iterative al-
gorithm of Eq. (23) a matri¥c k- corresponding to a fferent
chopping amplitudé&’, then the negative counterparts of the
source ing do not overlap exactly to the negative counterparts
of the source iMck- f. As a consequence of this incomplete
overlapping, the first iterations generate artifacts approximatel
spaced byK with respect to the source. These artifacts propa-
gate in the subsequent iterations, producing other weaker arti- a) b) 0) d)
facts spaced byK, 3K etc., and therefore they look similar to
the Type A artifacts produced by method A — see Bertero et Big. 1. Restoration of a compact sour@:the object;b) the chopped

(2000). However they are due now to the inexact knowled§enodded imageK = 37); c) the restored image after 30 iterations
of K and are not intrinsic to the restoration method. of Method A; d) the restored image after 10 iterations of Method B.
A logarithmic scale is used for displaying the objedtand the re-
stored images) andd) while a linear scale is used for displaying the
6. Simulation study chopped and nodded imab}

As for Method A (Bertero et al.1999), the implementation of
Method B is easy and fast, because the cyclic mafdx e
has only five diagonals flerent from zero. For our simulation
study, we compute at each iteration a relative restoration error
defined as follows

2x107 —

(k)
o _ 19~ flp ,
TP (29) ,

where|| . |2 denotes the Euclidean norm (square root of the -
sum of the squares of the pixel values) is the result of the 0
kth iteration andf is the target object. This parameter allows us L
to verify that, in the presence of noise, both iterative methods
have the semiconvergence property (see Bertero & Boccacci |
1998), i.e. the restoration error first decreases, reaches a mini

mum value and then increases monotonically. This property is o

relatgd to f[he reQUIar'Zat'c_’rﬁeCt of garly _stopplng and, as 8rig. 2. Vertical cuts of the images of Fig. 1 through the points corre-
rule, in a simulation experiment the iterations must be stoppgghnding to the peak values. The smooth line with the negative coun-
at the minimum of the restoration error. terparts is the cut of Fig. 1b (for comparison the profile has been di-
The results derived in the previous Section in the case @died by 2) while the two other lines correspond to Fig. 1c (that with
compact sources are confirmed by numerical simulations bdth artifacts spaced by K) and to Fig. 1d.
in the absence and in the presence of noise. Figure 1 shows a
Gaussian shaped source, the corresponding chopped and nod-
ded image obtained witKk = 37 (so that the object and itsthan 10), depending on the valuesraindo; we also find that
negative counterparts do not overlap), and the restorations tht® most accurate estimates of the peak value and of the total
tained using Methods A and B. Concerning Method B, in theumber of counts of the object are obtained with a number of
absence of noise the restoration error decreases up to a vikrations which is slightly larger than the number needed to
corresponding to the machine approximation. The numberrefich the minimum of the restoration error.
iterations required for obtaining a restoration error of the order The restorations obtained with Method B are free of arti-
of 0.1% depends on the relaxation parameter;fo 2.9, 0.7, facts, as discussed in the previous Section, while this is not
and 05, we find that we need respectively63 and 10 iter- true for Method A, as shown by Fig. 1c. In this experiment the
ations. In the presence of noise, the restoration error has iimage is contaminated by white Gaussian noise wita 10*
semiconvergent behaviour described above. If the chopped amd the iterative algorithm is stopped at the minimum of the
nodded image is contaminated by white Gaussian noise wiestoration errorl = 30). The typical artifacts of Method A,
a standard deviationr, the number of iterations required fomamely repeated images of the source (see Bertero et al. 2000)
reaching the minimum decreases with increasing noise (i.e. agpaced by the chopping distanse are clearly visible in the
creasingo). In general quite few iterations are required (lesgstored image. The artifacts are also evident in Fig. 2 where
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Fig. 4. Behaviour of the restoration erro as a function of the num-
ber of iterationsk in the case of the numerical experiment based on

the image of the BN system; Method A does not show a significant

a b
) ) difference in the restorations of noise-free versus noisy data so that

we plot only one error curve (dotted line); in the case of Method B,
the dashed and the full line correspond, respectively, to noise-free and
noisy data.
responding td = 37. In addition, we consider a noisy version
contaminated by a white Gaussian noise with zero mean and
standard deviation large enough to provide strong pixelization
on top of the faintest structures. Theffdrence between the
cases with and without noise is negligible with respect to the
effects of the artifacts, and therefore only the noisy version is
presented in Fig. 3. In Fig. 3¢ we show the result obtained with
Method A after 80 iterations while in Fig. 3d we show the re-
sult provided by Method B with the same number of iterations.
Again, the restoration obtained with Method A ifexted by

0 0 artifacts, which clearly appear as replicas of the core of the

BN system. The restoration provided by Method B does not

Fig. 3. Comparison of the two methods in the restoration of an imag@ntain these artifacts.
of the BN system at 10m: a) the original imageb) the corresponding In Fig. 4 we plot the behaviour of the restoration error, de-
chopped and nodded image with= 37; c) the restoration obtained fined in Eq. (29), as a function of the number of iterati&ris
with Method A;d) the restoration obtained with Method B. the case of the OrigBN simulation. Since Method A does not
provide significantly dterent errors in the two cases (noise-
free and noisy data) we plot only the curve for the noisy data
we plot vertical cuts of the images of Fig. 1, taken through tielotted line). After a fast decrease at the very first iterations,
points corresponding to the peak values. the restoration error remains essentially stable with a value of
In order to test the two methods in the case of an eabout 15%. Also for Method B there is no significanfreli-
tended source, we use as a tarfed 10um image of a re- ence between the two cases until iteration 80; the error, how-
gion of the Orion Nebula centered on tBecklin-Neugebauer ever, is considerably smaller than with Method A (about 6%).
(BN) source. This image is part of a large image obtained Atfter iteration 80 the method shows in the noisy case the typ-
the 38 m United Kingdom Infrared Telescope (UKIRT) orical semiconvergent behaviour while providing an error which
Mauna Kea, Hawaii, using the Mid-IR camera MAX develis essentially constant in the noise-free case. Such behaviour
oped by the Max Planck Instituaf Astronomie. The image hassuggests that, in the case of complex objects, the approxima-
been obtained as a mosaic of chopped and nodded imagegioe- error relative to Method B does not tend to zero or, if it
stored by means of Method A. Artifacts in this case have bedaes, it tends to zero very slowly. Again, Method B provides
removed by combining images taken witlffdrent chopping a considerable reduction of the restoration error with respect
throws and orientations (Robberto et al. 2003, in preparatiotg.Method A (in this example by a factor 2.5). The relatively
The field shown in Fig. 3a provides a severe test, as it contalasgge number of iterations is related to the complexity of the
complex structures with a very high dynamic range. From thi®urce, whereas compact objects require much smaller number
field we obtain a (noise-free) chopped and nodded image cofiterations.
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7. Concluding remarks results it is therefore highly recommended to combine multiple

In this paper we discuss an alternative to our previously pr%t_)sgrvatlons \.N'th dierent chopping throw_s and,_possmly, di-

posed method for the restoration of chopped and nodded irrﬁ_ctlons. In this case, our new mgthod V.V'” provide extremely
) : accurate reconstructions of the original field.

ages. The new method is less general than the previous one

since it can only be applied to the case where empty sky is

observed above and below the target frame. Such a conditf@knowledgementsie thank an anonymous referee for helpful

can be met no matter how extended is the source, by mos&ignments.

ing a strip of adjacent images. The method provides results of

higher quality than those obtained with the previous one. Our

simulations show that the new method provides restorations es-

sentially free from artifacts if the chopped and nodded imagB&ferences

satisfy the boundary conditions and the. chopping a,mp”tuqedﬁen, D. A. 1975, Infrared, the New Astronomy, Halsted Press,

known; we have shown that compensation of a fraction of pixel New York

in the chopping amplitude can be introduced. Beckers, J. M. 1994, Imaging with array detectors using chopping
Nevertheless, a note of caution is needed. As any other and other forms of dierential detection, in Instrumentation in
image reconstruction method, the final results will depend Astronomy VIlI, ed. D. L. Crawf, & E. R. Craine , Proceeding
on the quality of the original data. There are various pit- of SPIE 2198, 1432
falls of data acquisition, especially in the mid-IR regimegertero, M., & Boccacci P. 1998, Introduction to Inverse Problems in
that may limit the accuracy of the method. Optical field Imaging, IOP Press, Bristol o
distortion can make the chopping throw variable across tRgero. M., Boccacci, P., & Robberto, M. 1998, An inversion method
image. The Point Spread Function may vary between the for the restoration of chopped and nodded images, in Infrared

. . Astronomical Instrumentation . A. M. Fowler, Pr ing of
main and &fset beams do to the seeing, or to the coma and SS;IE 335'261877St umentation, ed owler, Proceeding o

astigr_nathism variations. associated to. the seppndary tiIti%rtero’ M., Boccacci, P., Di Benedetto, F., & Robberto, M. 1999,
Flat-field errors, changing atmospheric conditions and the gestoration of chopped and nodded images in infrared astronomy,
natural variation of airmasdfact the transfer function of the  |nyerse Problems, 15, 345

system, especially in the case of large mosaics. To some ex®@ditero, M., Boccacci, P., & Robberto, M. 2000, Wide-field imaging at
these problems, which are in general telescope and cameramid-infrared wavelengths: Reconstruction of chopped and nodded
dependent, can be calibrated and corrected. Depending ondata, PASP 112, 1121

the amount of residualfiects, the restored image may b&i Benedetto, F. 2002, Thenth difference operator, Linear
affected by artifacts, due this time not to the intrinsic nature Algebra, to appear (the paper can be downloaded from
of the problem or to the restoration method, but to errors g'_‘?;://;'ww'dlma'umge'1"/ dibenede/ftp/preprints/

; ; it i ; iff.ps

n the image acquisition. We anticipate th_at these artlfa_ |Ske, B. 1992, Iteration methods for convexly constrained ill-posed
will appear as repeated and weaker versions of the brig o .

. . . . problems in Hilbert spaces, Num. Functional Anal. Opt., 13, 413
sources (similar to the Type A artifacts defined in Berter. ieden, B. R. 1975, Image enhancement and restoration, in Picture
etal. 2000). Formally, they are due to the fact that the negative processing and Digital Filtering, ed. T. S. Huang, 179 (Berlin:
counterparts produced bick in the iteration procedures do  gpringer-Verlag)
not match exactly to the negative counterparts of the sourgegfl, H. U. 1995, Observing extended objects with chopping restric-
in the original chopped and nodded image. Their intensity tions on 8 m class telescopes in the thermal infrared, in Calibrating
will depend on the amount of departure from the ideal con- and understanding HST and ESO instruments, ed. P. Benvenuti,
ditions and on the brightness of the sources in the field. For best ESO Conference and Workshop Proceedings, 50, 159



