loPscience

Projected Landweber method and preconditioning

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1997 Inverse Problems 13 441
(http://iopscience.iop.org/0266-5611/13/2/016)

The Table of Contents and more related content is available

Download details:
IP Address: 130.251.61.251
The article was downloaded on 13/10/2009 at 13:40

Please note that terms and conditions apply.



http://www.iop.org/Terms_&_Conditions
http://iopscience.iop.org/0266-5611/13/2
http://iopscience.iop.org/0266-5611/13/2/016/related
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/pacs
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact

Inverse Problem&3 (1997) 441-463. Printed in the UK PIl: S0266-5611(97)76476-1

Projected Landweber method and preconditioning

M Piana and M Bertero

INFM and Dipartimento di Fisica dell'Universit di Genova, via Dodecaneso 33, 1-16146
Genova, Italy

Received 12 July 1996

Abstract. The projected Landweber method is an iterative method for solving constrained
least-squares problems when the constraints are expressed in terms of a convex and closed set
C. The convergence properties of the method have been recently investigated. Moreover, it
has important applications to many problems of signal processing and image restoration. The
practical difficulty is that the convergence is too slow. In this paper we apply to this method the
so-calledpreconditioningwhich is frequently used for increasing the efficiency of the conjugate
gradient method. We discuss the significance of preconditioning in this case and we show that
it implies a modification of the original constrained least-squares problem. However, when the
original problem is ill-posed, the approximate solutions provided by the preconditioned method
are similar to those provided by the standard method if the preconditioning is suitably chosen.
Moreover, the number of iterations can be reduced by a factor of 10 and even more. A few
applications to problems of image restoration are also discussed.

1. Introduction

In the theory of linear inverse problems, the useaopriori information is basic for
defining approximate solutions which are stable and physically sound. In many instances
this information can be exploited by requiring that the solution belongs to a closed and
convex set.

Assume that the linear inverse problem consists in solving the equation

Af =¢ (1.1

whereA : X — Y is a linear and continuous operatdf, and Y are Hilbert spaces and
g € Y is the datum of the problem, corrupted by noise or experimental errors. In other
words g has the following structure:

g=Af% 4w (1.2)

where f© is the function to be estimated and is a term describing the noise. If the
range ofA, R(A), is not closed, then problem (1.1), in general, has no solution vghen
has the structure (1.2), becausedoes not belong t&R(A). Moreover, if f© belongs to
some closed and convex set the use of linear regularization methods does not provide
approximate solutions which belong €

In such a case one can reformulate the original problem (1.1) as a constrained least-
squares problem:

|Af — glly = minimum fecC. (1.3)
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When R(A) is not closed this problem can still be ill-posed. The existence of solutions
depends on the sétand we have the following cases. L&tC) be the image o€ (A(C)
is also a convex set).

e Problem (1.3) has a solution for agye Y if and only if the setA(C) is closed. This
condition is satisfied, for instance, when the 8dt bounded, a case considered in one of
the pioneering papers on ill-posed problems [1].

e If A(C) is not closed, then problem (1.3) has a solution if and only if the convex
projection ofg onto A(C) belongs toA(C). If C is, for instance, the set of non-negative
functions inL?(R), then A(C), in general, is not closed.

It may be interesting to note that the problem of constrained regularized solutions, i.e.

IAf = glly + ull £15% = minimum ~ fecC (1.4)

can also be formulated as a constrained least-squares problem. In fact if & X and
A, X — Zis defined byA, f = {Af, /i f}, then (1.4) can be rewritten as follows:

A, f — gllz = minimum fecC (1.5)

whereg = {g, 0} € Z. This problem, which has been investigated by Neubauer [2], has
interesting applications in image restoration, as proved by Lageetgk[3], if one wishes

to reduce the ringing effects, typical of linear methods, by the use of the positivity constraint.
Since the operatod,, has a bounded inverse, problem (1.5) is well-posed.

The projected Landweber method is an iterative method which can be used for
approximating the solutions of the above-mentioned problems. Its convergence and
regularization properties have been investigated by Eicke [4]. It can also be easily
implemented if the projection operator over the convex and closed, g&t, can be easily
computed. A list of computable convex projections which occur frequently in many signal-
processing applications and image restoration problems is provided by Youla and Webb
[5].

It follows from many numerical simulations and practical applications (we will also
give examples in this paper) that this method can provide much better estimates than the
usual linear regularization methods. The practical difficulty is that the convergence is too
slow, i.e. too many iterations are required to obtain the best approximation. For this reason
we investigate the possibility of applying to the projected Landweber method the so-called
preconditioning which is frequently used for increasing the efficiency of the conjugate
gradient method [6]. We will find that, in fact, the use of preconditioning increases the
convergence speed even if it implies a modification of the original least-squares problem.

The plan of the paper is as follows. In section 2 we summarize the main results and open
problems concerning the projected Landweber method. In section 3 we briefly describe a
method introduced by Strand [7] for increasing the speed of convergence of the Landweber
method, we show that this is one of the various possible forms of preconditioning and
we prove that this can also be considered as the application of the Landweber method to
a modified least-squares problem. However, in the absence of constraints, this modified
problem is equivalent to the original one. This result is no longer true in the case of
constraints, so that the projected Landweber method when applied to the modified least-
squares problem can provide different results. This point is discussed in section 4 where
we also give two rather natural forms of preconditioning. We show by means of numerical
examples that, in such a way, one gets results similar to those provided by the standard
projected Landweber method but with a much smaller number of iterations. Finally, in
section 5 we discuss a few applications to problems in image restoration.
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2. The projected Landweber method: state of the art and open problems

Let us consider first the non-constrained least-squares problem associated with the first-kind
equation (1.1)

IAf — glly = minimum (2.1)

Let us denote byV (A) the null space ofd. If R(A) is not closed, then the problem (2.1)

is ill-posed. Least-squares solutions exist if and onlyg iE R(4) ® R(A)L. In such a

case the set of least-squares solutions coincides with the set of the solutions of the Euler
equation

A*Af = A'g (2.2)

where A* denotes the adjoint operator @¢f. The minimal norm solution is the so-called
generalized solutiorf™ which is also the unique least-squares solution belongivgdd)=.
The generalized inverset is the linear operator with domaiP(A") = R(A) ® R(A)*
and rangeR (A" = N (A)*, defined by [8]

= Afg. (2.3)
If we introduce the nonlinear operat6r: X — X
G(f)=f+T1(A"¢ — A"Af) (2.4)

then it is obvious that the set of solutions of problem (2.1) coincides with the set of the fixed
points of the operatoG. Moreover, if the relaxation parametersatisfies the conditions

O<t< 2.5
A2 (25)

then the operatoG is non-expansive, that is
I1G(f1) — G(fllx < IIf1— fallx- (2.6)

The method of Landweber is precisely the method of successive approximations for
determining the fixed points of the operatGy that is

fn+l = G(fn) (27)

From general theorems on the fixed points of hon-expansive operators [9] it is only possible
to prove that, when the set of the fixed pointstbis not empty, then the sequengg }°° ,
weakly converges to a fixed point of.

By means of spectral methods it is possible to prove the following stronger result [10].

Theorem 2.1. If g € R(A) @ R(A)* and r satisfies conditions (2.5) thefry, 152, is
strongly convergent for any initial approximatiofy and

lim fu=f"+ Pxfo (2.8)

where Py is the orthogonal projection ontd/'(A). In particular, the limit is T when
fo=0.
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In the case of noisy data the method, in general, does not converge bgcdosg not
satisfy the condition required by the theorem. In such a case, however, the method has a
property of semiconvergence. Lg¥, — f©||x be the restoration error, wher? is the
unknown function defined in equation (1.2). Then,nagcreases, the restoration error is
decreasing first and increasing afterwards.

The projected Landweber method is a modification of the Landweber method which
can be used for solving the constrained least-squares problem (1.3). We introduce a few
notations. We denote b§ the closure of the sed(C), T = A(C). This is also a
convex set. Then we denote B the convex projection ont@. As already stated in
the introduction, problem (1.3) has a solution if and onlyifg € A(C). In such a case the
set of the constrained least-squares solutions is closed and convex. Therefore, there exists a
constrained least-squares solution of minimal norm, denoteﬂgbyt is possible to prove
[4, 11] that the set of the constrained least-squares solutions coincides with the set of the
fixed points of the nonlinear operator

PeG(f) = Pe[f +T(A"g — AYA[)] (2.9)

where P; is the convex projection onto the s@t In general,P: is nonlinear. Since?; is
non-expansive, the operats G is also non-expansive if the relaxation parametsatisfies
conditions (2.5). Then the projected Landweber method is just the method of successive
approximations for determining the fixed points of the oper#ig®:

Fui1=PcG(f,). (2.10)

Using general results on the approximation of fixed points of non-expansive operators, as
well as peculiar properties of the operat@r the following result has been proved [4].

Theorem 2.2. If Prg € A(C), then the sequenckf,}>°, weakly converges to a fixed
point of PG and therefore to a solution of problem (1.3).

It is reasonable to conjecture that this result is not the best possible. In fact, assume, for
simplicity, that the operatoA is injective and thag = Af© with f© e C. Then both the
sequencs f,}°°; defined by equation (2.7) and the sequefifg}>; defined by equation
(2.10) converge tof @ (one can take, for instancefy = 0). But while one proves that the
sequencey, is strongly convergent, one is only able to prove that the sequghgé”, is
weakly convergent. This is against the evidence provided by numerical simulations. The
restoration error| f, — f©@|| is always smaller (in many cases much smaller) than the
restoration error| f, — f©@|. See, for example, figure 1(a), where we have plotted the
root-mean-squared (rms) errors for the restoration of a Gaussian functiornrwith0.1
when A is the convolution operator with the characteristic function of the inter/l L].

In this case we use data not corrupted by noise.

Moreover, in the case of noisy data, the property of semiconvergence (the restoration
error is decreasing first and increasing afterwards) is proved for the sequ&iite but not
for the sequencéf,}> ;. As expected, the sequentg,}> ; also has this property in the
case of simulated data. This is shown in figure 1(b) in the case of the same reconstruction
of figure 1(a), but when the data are affected by 5% Gaussian noise.

Another question concerns the dependence of the limit on the initial approximagion
As far as we know, it has not been proved that, whign= 0, the limit of £, is precisely
the constrained least-squares solution of minimal ngfgm

Finally, a few words about the case of the constrained regularized solution, problem
(1.5). The operatod,, is such thatA} A, has a bounded inverse so that the spectrum of
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Figure 1. Restoration of a Gaussian functioa (= 0.1) convolved with the characteristic
function of the interval {1, 1]. (a) Behaviour of the restoration error as a function of the
number of iterations in the case of exact data; the full curve corresponds to the non-constrained
method, the dashed curve to the projected method with positivity constraint. (b) Behaviour of
the restoration error in case of data corrupted by 5% Gaussian noise; full and dashed curves
have the same meaning as in case (a). Both curves show a minimum, even if this minimum is
rather flat.

A} A, is interior to a bounded and positive interval(A; A,) C 1A, lI72 1A.l%]. Then
the operatoiG,,, defined as the operatdr with A replaced byA, both in equation (2.4)
and (2.5), is a contraction

1G.(f1) — Gu(fDllx < pullf1 — fallx (2.11)
with
pp= Sup [1—7tAl <Ll (2.12)
reo(ALAL)

Therefore, the operataP:G,, is also a contraction and the projected Landweber method,
applied to problem (1.5), converges for anyto the unique constrained regularized solution.

3. Strand method and preconditioning

The main problem concerning the applications of the projected Landweber method is that, in
general, it needs a large number of iterations to provide a satisfactory approximation of the
unknown functionf©@, equation (1.2) (see, for instance, figure 1(b), where the minimum
is reached after 957 iterations).

As this feature is characteristic also of the non-projected algorithm, first we consider
the acceleration of the Landweber iteration (2.7), since this case provides insight into the
more important problem of the acceleration of the projected Landweber method.

Let us note first that theth iterate can be written as a filtered version of the generalized
solution. If we denote byE;,} the spectral family of the operatar A, whose spectrum is



446 M Piana and M Bertero

interior to the interval [0] A||?], then, in the casegf = 0, we have [10]

Al 1
fo = / (1-@-n)")] dEA%g. (3.1)
0

This expression clearly shows why the Landweber method requires a large number of
iterations. If we assume, for simplicity, thi#i|| = 1 andt = 1, then we see that, in order

to recover a spectral component corresponding te 10-2 with 10% error, we need a
number of iterations given by = —1/10g,,(0.999 ~ 2300.

A method for accelerating the Landweber iterations was proposed by Strand [7] in the
case of compact operators. His analysis is based on the singular value decomposition of
the operatorA, but it can be easily extended to the case of an opeutdr with a more
general spectrum.

The basic idea consists in modifying the Euler equation (2.2) as followsDLeX — X
be a linear operator satisfying the following conditions:

(i) D is continuous;

(i) D is positive definite and bounded from below so that it has a continuous inverse;

(i) D commutes with the operatai*A. Then equation (2.2) is replaced by the
following,

DA*Af = DA*g (3.2)
and the corresponding Landweber method is given by
1= fu +TD(Ag — A™Af) (3.3)
with t satisfying the following conditions:
O<t< L (3.4)
IDA*A

A few remarks about conditions (i)—(iii). Condition (i) is obvious if one wishes to
define the producb A* A without restrictions. Condition (ii), combined with condition (iii),
implies that the operataP A* A is still positive definite while the existence &f~* implies
that the set of the solutions of equation (2.2) coincides with the set of the solutions of
equation (3.2). Finally, as we will see, condition (iii) allows a simple discussion of the
convergence and regularization properties of the algorithm.

In fact, condition (iii) can be expressed by saying that there exists a positive valued
function F (1) defined on the interval [QA||?] (with a positive lower bound in order to
satisfy condition (ii)) such that

D = F(A*A). (3.5)

Strand assumes tha&t()) is a polynomial or a rational function. For future use we notice
that, in these cases, one can easily prove that the following relationship holds true:

F(A*A)A* = A*F(AA™). (3.6)

By extending the analysis which applies to the usual Landweber method one can prove
the following.

Proposition 3.1. If the operator D is given by equation (3.5) then, in the cd@ge- 0, the
nth iterate f, as given by equation (3.3) has the following representation

A%
= / 1-[1— rAF(A)]”}% dE, A*g 3.7)
0

wheret satisfies conditions (3.4) anE, } is the spectral family of the operatot*A.
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From this proposition it is straightforward to prove that the Bialy theorem, i.e. theorem
2.1, holds true for the sequen¢g,} defined by equation (3.3) and that this sequence has
the semiconvergence property in the case of noisy data. Moreover, if we also require that
the new algorithm has to recover first the largest spectral components, then equation (3.7)
makes clear that a further assumption on the funcfigh) is convenient:

(iv) the function¢ (1) defined by

$(h) = AF (L) 3.8)

is non-decreasing on the interval, [M4]/?].

The effect of the choice of the functiafi(1) on the convergence of the method is how
clear: if F()) is such that fon. > Ag the functiont¢ (1) is approximately equal to 1, then
all the spectral components with> 1o are rapidly recovered.

Finally, a remark which will be useful in the next section. L@t: Y — Y be the
operator defined by

D = F(AAY) (3.9)
then, in the data Hilbert spadé we can introduce the scalar product
(g1. 82)7 = (Dg1, g2)y- (3.10)

The new scalar product is equivalent to the original one and we will denotethg Hilbert
spaceY when equipped with this scalar product.

If we denote byA* the adjoint operator oft in ¥, then from equation (3.6) one obtains
the following relationship betweeA* and A*:

A* = A*D = DA*. (3.11)
From this relationship it is easy to derive that

Proposition 3.2. Equation (3.2) is the Euler equation associated with the least-squares
problem

IAf — gl = (D(Af — g), Af — &)y = minimum (3.12)
and equation (3.3) is the Landweber method for the solution of this problem

It is obvious that problem (3.12) and problem (2.1) are equivalent in the sense that they
have exactly the same solutions. This equivalence, however, is no longer true in the case
of constrained problems.

The modification of equation (2.1) as given by equation (3.2) is a form of
preconditioning. Preconditioning is a method which has been introduced for increasing
the efficiency of the conjugate gradient method but, of course, it can be applied also to
other iterative methods. More precisely, that expressed by equation (3.2) can be called a
left preconditioning, while it is possible to introduce a right preconditioning by means of
the change of variables

f = Du (3.13)
so that equation (2.1) becomes
A*ADu = A*g. (3.14)

If the operatorD satisfies the conditions (i)—(iii) stated above, then the Landweber
method applied to this equation coincides with that defined in equation (3.3). In fact, from
the equation

Upy1 = u, +T(A*g — A*ADu,) (3.15)
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with t satisfying conditions (3.4), if one define§ as f, = Du,, then the f, satisfy
equation (3.3).

Since the operatoD% exists, thanks to condition (ii), it is also possible to introduce the
usual form of preconditioning [6] as follows

D:A*AD?v = DiA*g (3.16)

with f = D?v. The Landweber method applied to this equation provides again the iterative
scheme (3.3).

4. Acceleration of the projected Landweber method

We consider now the projection of the Landweber method (3.3). We obtain
7}1+1 = PC(.?n + ‘L'D(A*g - A*A7n)) (41)

with t satisfying conditions (3.4). Since equation (3.2) is the Euler equation associated
with the least-squares problem (3.12), it is obvious that equation (4.1) defines the projected
Landweber method for this problem.

In order to establish the convergence properties of this sequence let us observe that,
since the scalar product df is equivalent to the scalar product Bf then the closure of
A(C) in Y coincides with the closure od(C) in Y. We still denote byZ this closed and
convex set and we denote [ the convex projection ont® in Y. Then from proposition
3.2 and theorem 2.2 it immediately follows that

Theorem 4.1.  If Prg € A(C), then the sequendg’,,}°, defined by equation (4.1) weakly
converges (both ifY and inY) to a solution of the constrained least-squares problem

(D(Af — g), Af — g)y = minimum f ecC. 4.2)

A few remarks about the limit of this sequence. If the operatois injective and
if ¢ = AfO, with f@ e ¢, then both problem (1.3) and problem (4.2) have the
unique solutionf© and therefore the sequences (2.10) and (4.1) have the samef finit
independently of the initial approximatiofp.

The limits can be different, however, if the conditions stated above are not satisfied. In
fact, the limit of the sequence (2.10) is a solution of the equation

while the limit of the sequence (4.1) is a solution of the equation
Af = Prg. (4.9)

What is the relationship between the operatBrsand P;? The following result gives some
indications in this direction.

Proposition 4.2. If 7 = D37 and P3 is the convex projection ontd in Y, then Py is
given by

ﬁI=D7

NI
[N

P;D:. (4.5)
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Proof. If g €Y and|| - ||y is the norm induced by the scalar product (3.10), then

1D~ P;D%g — glly = | D*(D~2 P;D? — g)|ly = ||PzD2g — D2glly. (4.6)
But, by definition of P,

|P;D2g — Diglly < ID?g' = Diglly ~ Vg'eZ @.7)
and then
~_ 1 ~ 1
ID72P;D2g —glly < llg' —¢ly Vg eT. (4.8)
0

This result does not provide a direct relationship betw®erand P; but betweenP;
and the convex projection ontd27 in Y. However, by means of this result, it is not
difficult to provide examples ifR? showing that the two projections, in general, do not
coincide.

We point out the implications of this fact. When problem (1.3) is well-posed, in the
sense tha# (C) is closed, then problem (4.2) is also well-posed but it is a different problem:
its solutions do not coincide with the solutions of problem (1.3) except whenA(C).
Therefore, in general, the iterative method (4.1) cannot be used for approximating the
solutions of problem (1.3). This remark applies, for instance, to the case where thésset
bounded or to the case of the constrained regularized solutions, equation (1.4).

The situation may be different when problem (1.3) is ill-posed, in the sensedtdat
is not closed. In that case, also problem (4.2) is ill-posed. If both iterative methods have
the semiconvergence property and if the dat@re given by equation (1.2) then we expect
that the two methods give (different) approximations 8P but that the method (4.1) is
more rapidly convergent if the operatdr is properly chosen.

Unfortunately, as already stated in section 2, estimates of the restoration error are not
yet available for the projected Landweber method, so that it is not possible to support
our previous statement by means of theoretical arguments. However, we have some
experimental evidence in this direction even if it seems that the cost to be paid for
accelerating the algorithm is a small loss of accuracy. In order to discuss this point we
provide a few very simple examples of preconditioning.

As already observed in the previous section, a suitable choice of the precondifioner
is a continuous function oA*A, F(A*A), such that the functiow (1) = AF()A) in some
way mimicks the behaviour of the Heaviside function. Examples of operdoh&ving
this property are already provided by Strand [7]. In this paper, seventh-order polynomials
obtained by a mean square approximation to the Heaviside step function are used. However,
a very simple example, closely related to the Tikhonov regularization method is suggested
by Sanz and Huang [12]. In fact the operaf@ris given by

D=(A*A+aD? (4.9)
wherea is a positive real parameter. In this case the funcgion), equation (3.8), is given
by
A
o) = Tra (4.10)
and, as this is a monotonically increasing function, conditions (3.4) on the relaxation
parameter become

2(1 Al + o)

O<t<
A2

(4.11)
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We point out that the choice = 1 is compatible with these conditions.
The convergence speed is directly ruled by the value of the Tikhonov parametsr
the first derivative ofp (1) in zero is given by

1
#'0) = =. (4.12)
o
Nevertheless, in presence of real data, the choice of a too small value fernot

recommended. In fact, in the cagg = 0 andt = 1, the first iterate, as given by
equation (4.1) is

f1=Pe[(A*A 4+ al) 1A%g] (4.13)

and therefore it is simply the projection ontd of the Tikhonov regularized solution
associated withw. If « is too small, this solution is completely corrupted by the errors
affecting the datg and it cannot be a good starting point for the iteration procedure. This
remark is confirmed by numerical simulations. However, good choicesrofly be much
smaller than the values provided by the methods used for estimating optimum values of the
regularization parameter.

Another simple way of accelerating the projected Landweber method consists in
projecting ontoC not at each iteration but, for instance, evéyyiterations. In fact this
procedure can also be described in terms of an ope#atevhich, as we will see, is a
polynomial of degreeV — 1.

If £, is thenth iterate, let us investigate the effect ¢pn of N unconstrained iterations
which we assume to perform before projecting again @hté-rom equation (2.4), ity is
a value of the relaxation parameter satisfying conditions (2.5), we obtain

GV(f) =tll + (U —10A*A) + -+ (I — 0A* AV A*g + (I — A" AV f,. (4.14)
If we put

D =1l + (I — 10A*A) + -+ (I — pA* AV Y] (4.15)
and if we observe that, by means of simple algebra, one gets

[ — DA*A = (I — pA*A)Y (4.16)
then we can write equation (4.14) as follows

GV(f,) = fn+ D(A*g — A*Af,). (4.17)
Therefore, if f,., is obtained by applying’: to GV (f,)

Fusr=PeGY(f,) (4.18)

we see that this iterative scheme is equivalent to (4.1) Withiven by equation (4.15) and
T =1

In order to prove that the choice= 1 is permitted, we observe that the functipmn),
defined in equation (3.8), is now given by

¢ =1—(1—ror)" (4.19)

as follows from equation (4.16). Since this function is increasing on the interyi[(]
when 1y < 1/||A||?, while it has a maximum atg = 1/1o when||A||7? < 19 < 2||A| 72

(and the maximum value is one), from equation (3.4) one finds the following conditions for
the relaxation parameter of equation (4.1)

2

O<t< ——+
¥ (woll A1)

(4.20)
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where
1—(1—1lAIRHY 70 < 1/ A2
1 10 > 1/||A|2.

Since the right-hand side of equation (4.20) is always greater than 1, the walué is
compatible with these inequalities.

The convergence rate is ruled now by the valu&vgibecause from equation (4.19) one
also has

Y (vl All%) = (4.21)

¢'(0) = 1oN. (4.22)
Also in this case it is not convenient to choose too large a valu¥ @f the presence of
noisy data, even if a good choice could be a valuevomuch larger than that obtained
from the stopping rules of the usual Landweber method [13].

We conclude this section by showing the result of a numerical experiment. The problem
is the same as that considered in section 2. We generate data by blurring a Gaussian function
(o = 0.1) with the characteristic function of the intervat], 1] and by corrupting the result
with multiplicative Gaussian noise. The constraint considered is that of positivity and we

have investigated the acceleration of the method determined by Tikhonov preconditioning
(4.9).
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Figure 2. Restoration of a Gaussian functioa (= 0.1) convolved with the characteristic
function of the interval £1, 1]. (a) Restoration error in the case of 1% noise: the full curve
corresponds to the method without preconditioning, the dashed and dotted curves to the method
with Tikhonov preconditioning witlkr = 0.1 ande = 0.01, respectively. (b) The same as in (a)

but in the case of 5% noise. The valueseofire now 0.3 and 0.1, respectively.

In figure 2(a) we give the results in the case of 1% noise. The method without
preconditioning has a minimum far = 2072 and the minimum restoration error is 2.5%.
If we use the Tikhonov preconditioning witlh = 0.1, the minimum is reached after 49
iterations and the minimum error is again 2.5%. Whega- 0.01 the minimum is reached
after seven iterations but the minimum value is now 3.8%. Anyway, this is still an acceptable
value.
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In figure 2(b) we give the results obtained in the case of 5% noise. In the absence of
preconditioning the minimum is now at = 957 and the minimum error is 5.9%. In the
case of preconditioning witk = 0.3 the minimum occurs at = 67 and the minimum
error is 6.6% while in the case af= 0.1 the minimum occurs at = 24 and the minimum
error is 7.4%.

These results indicate that Tikhonov preconditioning allows a considerable acceleration
of the projected Landweber method at the cost of a moderate increase of the minimum
restoration error. We also note that the acceleration depends on the amount of noise affecting
the data; in particular, the optimum value wfdecreases when the noise increases.

5. Applications to image restoration

In this section we discuss a few applications of the projected Landweber method to
problems of image restoration. We illustrate our remarks with the results of some numerical
simulations.

5.1. Generalization of the Gerchberg algorithm and super-resolution

The so-called Gerchberg method [14] is a very simple iterative method, based on the Fourier
transform, for the extrapolation of band-limited signals which are known on a bounded time
interval. The same method can be applied to the problem of out-of-band extrapolation of
space-limited images. It can be shown that this method is equivalent to the application of
the Landweber method to the inversion of the appropriate Slepian operator [15]. We will
show that it can also be viewed as a projected Landweber method and we generalize it to
the case of convolution equations. Since in all these cases we have linear projections, the
Bialy theorem applies to these iterative methods.

We first summarize the basic facts about the problem of out-of-band extrapolation.
Let D be a bounded, measurable (with non-zero measure) domait aihd let f be a
square-integrable function whose support is containedl.irsuch a function is also called
space-limited The Fourier transform off, f, is an entire function of exponential type.
Then the problem of out-of-band extrapolation can be formulated as follows. Determine a
function f, with support inD, being given its Fourier transform on a bounded, measurable
domainB (again with non-zero measure). The solution of this problem is unique thanks
to the uniqueness of analytic continuation. The problem however is ill-posed as concerns
existence and continuous dependence of the solution on the data. In fads the data
function, defined orB, the problem of determining such thatf (w) = §(w) whenw € B,
does not have a solution & is an arbitrary square-integrable function.

The previous problem can be reformulated as a constrained least-squares problem. We
define two projection operators. The first is the orthogonal projection onto the subspace
of square-integrable band-limited functions whose band is contain&d ifhis operator,
denoted byP®, can be written as a convolution operator

(P® f)(x) = (Hp * )(x) (5.1)

where Hy, is the inverse Fourier transform of the characteristic function of the dofdain

1 .
Hp(x) = (2n )2 /R? xp(w) exp(iz - w) dw. (5.2)
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The second, denoted g™, is the orthogonal projection onto the subspace of the square-
integrable functions whose support is containedin

(PP f)@) = (@) f (2) (5.3)
where xp is the characteristic function of the domain.
Then the problem of out-of-band extrapolation of a space-limited function is equivalent
to the following constrained least-squares problem: find a funcfienL?(R?) such that

| P® f — g| = minimum PO f=f (5.4)
whereg is the inverse Fourier transform of the function which coincides Wittver B and

is zero elsewhere. Sing®®)2 = P® and P® ¢ = g, the Euler equation associated with
this problem is given by
P®f—g. (5.5)
On the other hand, the subspace of the square-integrable functions suppofiets by

isomorphic toL?(D). If we denote byA the integral operator which is isomorphic to
P® p® when restricted to the previous subspace:

(Af)(x) = /DHB(w — ) f(z) dz’ (5.6)

then the constrained least-squares problem (5.4) is equivalent to the non-constrained problem
(2.1) with A defined as in equation (5.6) arfde L?(D). The operatod : L?(D) — L?(R?)

is compact and its singular functions are related to the generalized prolate spheroidal
functions introduced by Slepian [15] while its singular values are the square roots of the
eigenvalues associated with these functions.

As we have noted, the problem of out-of-band extrapolation is ill-posed. Anyway,
it has been shown that some significant extrapolation is possible when there is a certain
relationship between the size &f and that ofD. If B is contained in a square centred
at the origin with size 2 and, similarly,D is contained in a square centred at the origin
with size 2X, then out-of-band extrapolation is feasible when the paraneetef2X is not
much larger than 1. In such a case, one also says that super-resolution has been achieved
because it is possible to achieve a resolution better than the Nyquist sampling distance
/. Estimates of the improvement can be obtained by means of the singular system of
the operator (5.6) [16].

Since the formulations (5.4) and (5.6) of the problem of out-of-band extrapolation are
equivalent, the projected Landweber method for (5.4) is equivalent to the Landweber method
for (5.6). The largest singular value df, o1, is less than 1 so that we can choase- 1
in equation (2.10) and we obtain, for problem (5.4)

fn+l = P]D)[g + (I - PB)f;1] (57)

with fo = 0. The implementation of this method is precisely the Gerchberg algorithm:

e computef; = Ppg;

e from f, computef,; )

e computeg,1(w) = g(w) + [1 — xp(w)] fu(w);

e from g,.1 computeg, 1;

e computef, 11 = Xpgn+1-

On the other hand, from the Landweber method applied to the integral operator (5.6)
one derives in a standard way the singular functions expansion oftthéerate of the
Gerchberg method

[e¢]

fr=) (1-A-0)")

=0 Ok

(g, v)
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It is obvious that, while the Gerchberg algorithm is easily computable for arbitrary shapes
of B andD, this is not true for the expansion (5.8). On the other hand, the latter clearly
indicates the filtering effect of the iterative process, which is not evident in the scheme
previously described. We think important to point out that the algorithm can also be easily
applied to the case whelis the union of a finite set of disjoint domaiilg, ..., Dy, each

one having linear dimensions of the order of the Nyquist distant@ but such that the
distance between any pair is much greater tha®. A function whose support satisfies
these conditions corresponds essentially tortbarly black objectonsidered by Donoho

et al [17] and also in this case super-resolution can be achieved. However, in order to
compare the results provided by the Gerchberg method with those provided by maximum
entropy [17] it should be necessary to consider the Gerchberg method with the additional
constraint of positivity. This additional constraint will be discussed in the next section.

The extension of the Gerchberg method to the case of blurred images, already
investigated by Gori in the case of band-limited blurring [18], is now easy. Suppose that
we wish to restore a functioyf, with support contained i, a blurred image of f being
known, the point spread function (PSF) of the imaging system b&ing hen we have to
solve the problem

IK % f — g|l = minimum Prf=f (5.9)
or equivalently the problem associated with the integral operator
(Af)(x) = / K(x—x') f(z)dx'. (5.10)
D

Again A : L?(D) — LZ(ARZ) is a compact operator i (w) is bounded.
Since||A]| < sup, |K (w)], by using a value of the relaxation parametavhich satisfies
the conditions (2.5) we have, for the projected Landweber method applied to (5.9)

fn-‘rlzPD[fn+T(K**g_K**K*fn)] (511)

whose implementation, in the cagg= 0, is as follows:

e computef; = tPp(K™* * g);

e from f, compute f,;

o COMpUted, 1(w) = 7K (w) + (1 — 7| K () ) fr(w);

e from g,.1 computeg, 1;

e computef,+1 = Ppgn+1-

It is obvious that, also in this case, one needs the computation of one direct and
one inverse Fourier transform at each iteration step and therefore one can achieve super-
resolution by performing simultaneously deblurring and out-of-band extrapolation without
using the singular functions of the operator (5.10) whose computation can be very difficult.

In order to provide examples of the method and investigate the acceleration achievable
with Tikhonov preconditioning, we consider (for simplicity) one-dimensional problems.
More precisely, we consider the two following examples, one corresponding to a space-
limited blur and the other to a band-limited blur.

(1) The PSF of the blur is due to uniform motion of the image [19], i.e. it is the
characteristic function of an interval [8]. By a change of variables it is always possible
to reduce this interval to the intervat-[L, 1]. Then

K(x) = x—1,9x) (5.12)
whose Fourier transform is given by

Ry =251, (5.13)
w
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The typical feature of this function is that it has a countable set of zeros at the frequencies
wr =k, (k =+x1,+£2,...). Then, linear methods, such as Tikhonov or Landweber without
constraint on the support, provide estimates of the solution whose Fourier transform is zero
at the frequencies;,. As a consequence, these methods do not provide information about
the solution in a neighbourhood of the zerosifw).

(2) The PSF of an ideal imaging system in the case of incoherent illumination [18]:

. 2
K(x) = (S'n”) (5.14)
TX
whose Fourier transform is given by
A w
K(w) = (1 - |2|> X[—27,27] (). (5.15)
T

This PSF is band-limited and its band coincides with the interv&n], 27]. According to
the usual definitions, the Rayleigh resolution distance associated with this PSF is 1 while the
Nyquist distance associated with the band is 1/2. Again linear methods without constraint on
the support provide estimates of the solution which are band-limited, i.e. without information
about its Fourier transform outside the band.

In the case of the first PSF we have considered the restoration of a Gaussian with
o = 0.1. The image has been perturbed with multiplicative Gaussian noise. We have used
Tikhonov preconditioning with various values efand we have assumédil = [—0.5, 0.5]
(outside this interval the Gaussian is essentially zero). For each iteration we have computed
the relative restoration error

()
5, = Il fn Of [ (5.16)
ILf O
where f© is the Gaussian mentioned above and the relative residual
Af, —
= IAf: — gl (5.17)
gl

where g is the noisy image. For each numerical experiment the optimum number of
iterations, nop, has been determined as the valuernofinimizing §,. The results are
reported in table 1.

We see that the acceleration obtained by decreaginig considerable and that the
minimum restoration error does not depend significantlyorThis result is not surprising
because the projected method we are considering is essentially a way for implementing the
Landweber method for the compact operator defined by the constraint on the support. As a
consequence, the preconditioned method is precisely the Strand method.

We note that for fixed values of the optimum number of iterations,; decreases when
the amount of the noise increases. Moreover, the corresponding resigyaise always
of the order of the error on the data.

An example of restoration is given in figures 3 and 4. In figure 3 we plot the object
function, the data function obtained by convolving the object with the PSF (5.12) and by
affecting the result with 5% Gaussian noise and the respective Fourier transforms. Figure 4
contains the reconstructions provided by the Landweber method and by the constrained
preconditioned method for the value @fwhich gives the fastest convergenee=£ 0.01,
nopt = 3). We point out again that the Landweber method without constraints acts as a linear
filter so that the Fourier transform of the regularized solution is characterized by holes in
correspondence with the zeros of the Fourier transform of the kernel. In contrast, the use
of the constraint on the support allows the restoration of the Fourier transforffPofilso
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Figure 3. Restoration of a Gaussian functiosr & 0.1) from the blurred and noisy image
provided by the PSF represented by the characteristic function of the intertal] (a) Input
function; (b) Fourier transform of the input function; (c) data function affected by 5% Gaussian
noise; (d) Fourier transform of the data function.

Table 1. Results for the restoration of a Gaussian blurred by the kernel (548b2).and egpt

are the values o8, ande, corresponding to: = nept. The upper part corresponds to 1%
multiplicative Gaussian noise, the central part to 3% multiplicative Gaussian noise and the
lower part to 5% multiplicative Gaussian noise. The parameteorresponds to the Tikhonov
preconditioner, equation (4.9).

Noise a=1 a=05 a=01 o = 0.05 a =0.01
1% nopt 351 196 44 23 6
Sopt 2.6 2.7 2.7 2.8 3.2
€opt 0.9 0.9 0.9 0.9 0.9
3% nopt 218 122 28 15 4
Sopt 5.5 5.6 5.8 6.0 7.1
€opt 2.8 2.8 2.8 2.8 2.8
5% nopt 173 97 22 12 3
Sopt 7.6 7.7 8.1 8.3 103
€opt 4.6 4.6 4.6 4.6 4.7

in the neighbourhoods of these zeros. This result is not surprising because this constraint
implies the analyticity of the Fourier transform.

In the case of the second PSF, equation (5.14), we have considered the restoration of
a function £© which is the sum of two Gaussians with= 0.1 and centred at the points
x1 = —0.4 andx, = 0.4. We report in table 2 the results we have obtained.



Projected Landweber method and preconditioning 457

fo 1 H T I H T H T ’ T H T T ‘ T H H T T T T | T T T T l H H H H 1 T T H H i
4 (a) N, =651 (b) ~ —J1.00

C rms=42.1% .
S —o.75
R —0.50
1 —Jo.25
OF 4 0.00

4 E
E (C) noptza (d) —1.00

3 [ rms=10.3% ]
C —Jo7s

2 b
u - 0.50

1 ]
ok —o0.25
_1 : H 1 H | 1. 1 H I { i i 1 i i i i i 1 dend i} H H i ! ). 1 | I}  J—— : 0»00

-1 0 1 ~40 -20 0 20 40
X w

Figure 4. Restoration of a Gaussian functios & 0.1) from the blurred and noisy image of
figure 3(c). (a) Regularized solution provided by the Landweber method without constraints;
(b) Fourier transform of the regularized solution in (a). The holes are a consequence of the
linearity of the method and correspond to the zeros of the Fourier transform of the PSF.
(c) Regularized solution provided by the projected and preconditioned Landweber method; the
support is the interval£0.5,0.5] and Tikhonov preconditoning is adopted with = 0.01.

(d) Fourier transform of the constrained regularized solution. The interpolating effect of the
constraint is evident.

Table 2. Results for the restoration of two Gaussian functions blurred by the kernel (5.14). The
guantities have the same meaning as in table 1.

Noise «=103 o=10% «=10° «=10°% =107 a«=108
1% nopt 1245 12359 203 76 156 8
Sopt 385 35.3 36.5 34.7 27.6 28.1
€opt 0.9 0.9 1.1 15 1.4 1.0
3% nopt 772 536 105 36 19 3
Sopt 41.4 40.3 42.9 48.8 32.0 31.6
€opt 2.8 2.9 3.6 43 4.4 3.9
5% nopt 590 425 68 3 13 2
Sopt 45.0 46.2 485 55.2 36.8 34.4
€opt 4.7 49 6.0 6.3 7.3 6.4

In this example we can use much smaller values coffor obtaining reliable
reconstructions, although the restoration errors are significantly larger than in the previous
case. If we look at the columns of table 2, we notice the phenomenon already observed at
the end of section 4: for a givem, nqy decreases as the amount of noise increases. An
example of restoration is given in figures 5 and 6. We see that the constraint on the support
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Figure 5. Restoration of two Gaussians & 0.1), centred int0.4 from the blurred and noisy
image provided by the PSF represented by the squared sinc function, equation (5.13). (a) Input
function; (b) Fourier transform of the input function; (c) data function affected by 5% Gaussian
noise; (d) Fourier transform of the data function. The band is indicated by the dotted vertical
lines.

allows a moderate extrapolation of the Fourier transformf@# outside the band of the
PSF. This can be again justified by referring to the analyticity of the Fourier transform.

5.2. Positivity and super-resolution

The Gerchberg method and its extensions investigated in the previous subsection are
still linear methods because the projection operdgris linear. However, although the
constraint on the support can improve the resolution in image restoration, as demonstrated
by the examples provided above, it still allows the so-called ringing effects [3] which are
typical of all linear methods. In figure 4(c) and in figure 6(c), the ringing is due to the
negative values of the solution which should be positive. It has been suggested [3] that the
constraint of positivity can be used for reducing and eliminating these effects. In such a
case the projected Landweber method is a genuine nonlinear iterative method.

If C, is the closed and convex set of the non-negative functions?iiR?), then the
projection operatoP, ontoC, is given by

P =@ =0 (5.18)
0 f(x) <0

and therefore it is easily computable. Non-negative least-squares solutions of the image
restoration problem can be computed as in the scheme described in the previous subsection
simply by replacingPpg,.1 by P,g,.1 at the last step. Therefore, also in this case one
needs only the computation of one direct and one inverse Fourier transform at each iteration
step.
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Figure 6. Restoration of the two Gaussian peaks of figure 5(a) from the data of figure
5(c). (a) Regularized solution provided by the Landweber method without constraints; (b)
Fourier transform of the regularized solution in (a); (c) regularized solution provided by the
projected Landweber method with the constraint of bounded support, intertal]; Tikhonov
preconditioning is adopted witla = 10~8; (d) Fourier transform of the constrained regularized
solution. The use of the constraint implies a moderate out-of-band extrapolation. The band is
indicated by the dotted vertical lines.

Since the method can be easily implemented, it is an important tool for investigating
the effect of positivity in image restoration. The conclusion which can be derived from
our numerical experiments is that positivity can have both interpolating and extrapolating
effects in the Fourier domain, similar to those obtained in the case of a constraint on the
support.

Examples of the performances of the Landweber method with positivity are given in
figures 7 and 8. In particular, figures 7(a) and 7(b) contain the optimal approximate solution
and its Fourier transform in the same case considered in figures 3 and 4, while figures 8(a)
and 8(b) refer to the same case considered in figures 5 and 6. It is clear that the use of
positivity allows one to eliminate the ringing effects which appear in the reconstructions
given both by the non-constrained and constrained Landweber methods. Moreover, in the
case of uniform motion blur, the nonlinearity of the method with positivity implies strong
interpolating effects (figure 7(b)): the holes in the Fourier transform of the regularized
solution provided by the non-constrained Landweber method and corresponding to the zeros
of the Fourier transform of the PSF are completely filled here. Finally, the use of the
positivity constraint in the case of incoherent illumination implies a significant out-of-band
extrapolation (figure 8(b)). Nevertheless, while the super-resolution effects provided by
the Gerchberg algorithm can be easily explained in terms of the analyticity of the Fourier
transform, here the reasons for this extrapolation are less clear, so that we can say that super-
resolution in the case of the Landweber method with positivity is still an open problem.
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In view of practical applications, we want to point out that the large number of iterations
necessary to obtain the reconstructions of figures 7 and,8 £ 957 for figure 7 and
nopt = 35195 for figure 8) corresponds to extremely flat minima of the restoration error
as a function of the iteration number. For example, in the case of the reconstruction of
the Gaussian function, a restoration error of 11.6% is obtained after 400 iterations while
a restoration error of 7.5% is obtained after 600 iterations. This behaviour is even more
significant for the reconstruction of the two Gaussian peaks. In this case a restoration
error of 30.8% is obtained after 2000 iterations while 7000 iterations corresponds to 20.2%
error. This means that sufficiently reliable reconstructions can be obtained after a number
of iterations much smaller thawypt.
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Figure 7. Example of the performances of the Landweber method with the positivity constraint.
(a) Optimal approximation (dashed curve) of the Gaussian functica 0.1) of figure 3(a) (full
curve) from the blurred and noisy image of figure 3(c). (b) Fourier transforms of the functions
of (a).

Anyway, the convergence rate of the algorithm can be increased by the use of Tikhonov
preconditioning (4.9). In table 3 we give the results of the restoration of the Gaussian
function when the blur is given by the characteristic function of the interval L]. These
results must be compared with those contained in table 1. We find that the behaviour
of the Landweber method with positivity is substantially equivalent to the behaviour
of the Landweber method with the constraint of bounded support. In fact we have a
considerable acceleration by decreasingvithout a significant increase of the restoration
error. Moreover, at least for the smallest valuestppositivity seems to be more efficient
than the bounded support constraint.

Things are different if we consider the restoration of the two Gaussian peaks from the
blurred image obtained by the convolution with the squared sinc function (5.14). From
table 4 it follows that we have again acceleration but the restoration error increases too
much for small values af and the correspondent values of the residuals become intolerably
large. However, whewr is not too small the restoration error obtained by using only the
positivity constraint is much smaller than the restoration error obtained by using the support
constraint. We note that for too small valuescothe restoration error may be larger than
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Figure 8. Example of the performances of the Landweber method with the positivity constraint.
(a) Optimal approximation (dashed curve) of the input function of figure 5(a) (full curve) from

the blurred and noisy image of figure 5(c). (b) Fourier transforms of the functions of (a). The
band is indicated by the dotted vertical lines.

Table 3. Results for the restoration of a Gaussian blurred by the kernel (58bg).and eopt

are the values 08, ande, corresponding to: = nop. The upper part corresponds to 1%
multiplicative Gaussian noise, the central part to 3% multiplicative Gaussian noise and the
lower part to 5% multiplicative Gaussian noise. The parameteorresponds to the Tikhonov
preconditioner.

Noise a=1 a=05 ao=01 «=005 o=001
1% nopt 410 226 49 26 7
Sopt 2.5 2.5 25 2.6 3.8
€opt 0.9 0.9 1.0 1.2 2.6
3% nopt 236 131 30 16 4
Sopt 4.7 4.8 5.2 5.8 9.1
€opt 2.8 2.8 3.1 3.6 7.6
5% nopt 190 106 24 13 4
St 6.2 6.4 7.4 8.2 13.4
€opt 4.6 4.7 5.2 5.9 11.8

100% and is an always increasing function of the number of iterations. The boxes in table 4
corresponding to these cases have been left empty.

Finally, we remark that the conditions of positivity and compact support can be used
simultaneously. In this case, since the operatBrsand P™® commute, the projection
operator isP. = P, Pp and the process can be again preconditioned in order to accelerate
the convergence. It is interesting to note that in this case we can increase the convergence
speed by decreasing the Tikhonov parameter without increasing the restoration error which is
still of the order of the best restoration error obtained with positivity alone. For example, in
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Table 4. Results for the restoration of two Gaussian functions blurred by the kernel (5.14). The
quantities have the same meaning as in table 3.

Noise =102 «=10°% a=10* «=10° «=10°% o=10"7
1%  nopt 8917 2425 3043 268 15 1

Sopt 15.1 15.7 15.4 25.2 51.4 73.9

€opt 0.9 11 2.1 9.0 32.7 63.6
3%  nop 3094 1015 855 41 1

Sopt 16.4 20.0 224 495 75.7

€opt 2.8 3.4 6.5 26.4 56.7
5%  nop 2066 589 365 3

Sopt 18.1 246 30.7 64.1

€opt 4.6 5.6 11.0 34.1

the case of uniform motion blur and reconstruction of the Gaussian function, the restoration
error corresponding te = 0.01 and 5% noise is 8.7% after four iterations (13.4% after
four iterations when the Landweber method with positivity is applied, see table 3) while in
the case of an incoherently illuminated imaging system and reconstruction of two Gaussian
functions the restoration error for = 10~ and 5% noise is 29.7% after 162 iterations (if
positivity only is adopted the error is 30.7% after 365 iterations, see table 4).

6. Concluding remarks

In this paper we have shown that the projected Landweber method can be very useful
in problems of image restoration and it can also be an efficient numerical method by an
appropriate use of preconditioning techniques. For this reason we think that this method
deserves more attention than in the past. In particular, it should be interesting to prove that
it is a genuine regularization method, i.e. strong convergence of the iterates in the case of
noise-free data and semiconvergence of the iterates in the case of noisy data. The results
of Eicke [4] are rather preliminary in this direction.

Other questions raised by our analysis are the following. The results obtained by
means of the Landweber method with positivity exhibit considerable interpolation and
extrapolation properties in the Fourier domain. These properties have been confirmed by a
recent application to an inverse problem in seismology [20] and are similar to properties of
the CLEAN algorithm [21] which is used in the astronomical community. Therefore, these
properties seem to be specific to the positivity constraint and not to the particular algorithms
used for implementing this constraint. It should be important to justify theoretically such a
result.

Finally, in the case of the preconditioned method, since we have focused on the so-
called Tikhonov preconditioning, we have essentially considered the case where a one-
parameter family of preconditioners is used. In such a case the dependence of the restoration
error and of the optimum number of iterations on the preconditioning parameter should
be theoretically understood. Moreover, some objective criteria to choose this parameter
should be introduced. These problems are clearly related to the unsolved problem of the
regularization properties of the projected Landweber method.
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