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Abstract. The problem of tomography with a finite set of projections has been the object of
many investigations. In particular the formulae for the generalized solution and the singular
values have been obtained in the case of equispaced projections. These results imply that the
problem of determining the generalized solution is well-posed even if it may be ill-conditioned.

In this paper we derive several properties of the singular values and singular functions both in
the general case and in the case of equispaced projections. We use these results to identify the
singular functions related to the aliasing effects in the generalized solution and to estimate the
resolution achievable when these effects have been eliminated by means of a suitable filtering.
It turns out that the resolution essentially depends on the number of projections and not on the
noise, if the number of projections is smaller than a certain upper limit (depending on the noise),
which can be quite large. In the case of equispaced projections, the resolution coincides with
that estimated by the asymptotic theory even when the number of projections is rather small.

1. Introduction

The singular value decomposition of the Radon transform has been established by Davison
[1] in the general case of functions afvariables, by assuming that the functions and the
projections belong to suitable weightéd spaces. In the particular case of functions of two
variables, with support in the disc of radius ofi2,c R?, the Radon transform is defined

by

w(s)

R0 = [ fs0+ 160 1)
—w(s)

where w(s) = (1 — s9)Y2,0 = {cos¢, sing} € S, 0+ = {—sing, cosp}. Then the

results of Davison imply thaR is a compact operator frorh?(D) into L?(Z; w™1), Z =

[—1,1] x S*. Its singular system is given biyn =0, 1,2, ...)

4 3
am,k=(mj:1> k=01,....m @)
2
Ui (s, 0) = \/;w(S)Um(S)szk(O) (3)
Unk () = 2m + 200 20 (12D Y2t (%) (4)

0266-5611/97/051191+15$19.5@¢) 1997 IOP Publishing Ltd 1191



1192 A Caponnetto and M Bertero

whereU,,(s) are the Chebyshev polynomials of the second kind

U, (s) = sin[(m + 1) arccos] ®)
mS) = sin(arccos)

the radial functions?,, ;(r) are related to Jacobi ponnomiaﬁf”ﬁ(t) by
Qui(ry=r'Py  (2r% = 1) (6)

and the angular functiong (@) are given by

I T
Y,(0) N e’ ©)

The case of a finite set of projections is a semi-discrete version of the Radon transform
because only discretization of the angular variablds performed. This problem is
investigated by Davison and @rbaum [2] who give an explicit expression of the singular
values in the case of equispaced directions. These singular values have a positive minimum
so that the operator is not compact and its generalized inverse is continuous. Moreover, it
turns out that the condition number is proportional to the square root of the nymbkr
projections and therefore the problem of determining the generalized solution is not only
well-posed but also well-conditioned jf is not too large. This property may be important
in the case of a small number of projections and for this reason we have reconsidered
the problem by focusing on those properties of the singular system which can be used for
estimating the resolution achievable in practice.

Resolution in tomography is usually described in terms of the properties of the functions
in the null space of the operator, i.e. of the functions whose projections in the given directions
are zero. As first shown by Logan [3] in the casepoéquispaced projections, the Fourier
transform of a function in the null space is negligible inside a disc with a certain r&xjius
As a consequence, a function whose Fourier transform is concentrated within this disc can
be reliably reconstructed from is projections. Wherp is large one gets2, >~ p and this
is the main result of the so-called asymptotic theory of resolution. Extensions of this result
are given in [4,5].

Since this theory does not take into account the ill-conditioning of the problem, it
provides an estimate of the resolution which is noise independent. This is certainly not true
when p is sufficiently large because the problem of the inversion of the Radon transform is
ill-posed. It is obvious that more precise results could be deduced from the singular system
of the problem with a finite set of projections.

By investigating the singular system we can show that, in the cage exffuispaced
projections, the result of the asymptotic theory is correct even for small valupsaofd
remains correct for all the values pfsmaller than a certain upper bou®dwhich depends
on the noise. Fop > P resolution is independent gf. However, even when the problem
is well-conditioned, a suitable filtering of the singular function expansion of the generalized
solution is required, for suppressing the aliasing effects caused by insufficient sampling of
the Fourier transform of the unknown object at large frequencies [6].

The plan of the paper is as follows. In section 2 we consider the case of arbitrary
directions, we derive a useful representation of the Fourier transform of the singular
functions in object space and we show that the singular values accumul@te/te)/?, a
limit which depends on the number of projections and does not depend on the directions
of the projections. On the other hand, there exists a minimum singular value which can be
much smaller than this asymptotic limit. This is true, in particular, if the distribution of the
directions corresponds to a situation which can be described as a limited angle tomography,
because it is known that this problem is extremely ill-conditioned [7, 8].



Tomography with a finite set of projections 1193

In section 3 we rediscuss the result of Davison andinBaum [2] for the case of
equispaced directions. In particular, we observe that the relevant parameter for describing
the behaviour of the singular system is the indexharacterizing the subspaces identified
by the Chebyshev polynomials. Fer = 0,1,..., p — 1 the singular values and the
singular functions in object space coincide with those of the complete Radon trangform
equation (1), and therefore are given by equation (2) and equation (4) respectively. For
m=p,p+1...,2p— 2 one still findsp(p — 1)/2 singular functions in object space
coinciding with those oR while the others already show a behaviour which is typical of all
the remaining singular functions and can be described as follows: the Fourier transform of
one of these functions is given by the product of the Fourier transform of a singular function
of R and of an angular function which has maxima in correspondence ip directions;.

These singular functions describe the aliasing effects mentioned above and are associated,
in general, with singular values which are larger than the minimum one. Itis clear that these
singular functions can cause artifacts both in the generalized solution and in the regularized
solutions, when regularization is needed.

Finally in section 4 we obtain a representation of the projection operator onto the
orthogonal complement of the null space. This representation is given in terms of a space-
variant transfer function. In this way the aliasing effects due to the finite set of projections
are clearly identified.

The suppression of these effects requires a suitable filtering in frequency domain. From
our analysis of the frequency content of the singular functions it follows that this filtering
can be obtained by truncating the singular function expansion to valuessohaller than
p, while it cannot be obtained by means of Tikhonov regularization or conjugate gradient
or similar methods. The reason is that there exists an infinite set of singular values greater
than some of those witlh < p. A similar filtering is provided by the ART method with a
small value of the relaxation parametei5].

Finally, by using truncated singular function expansions and by computing the
corresponding transfer functions, we show in a particular case 6) that the asymptotic
theory applies also to the case of a small number of equispaced projections.

2. Arbitrary directions

We consider a set of 2 directions, 8; = {cos¢;, sing;} (j = 0,1,...,2p — 1) with
po=00<¢1 <o <-- <1 <mand,,; = —6;. Let®, C S be the set of
these directions. The corresponding projections are redundant but this redundancy can be
convenient for simplifying the analysis.

If f is a function with support irD, we denote byR, f its Radon transform when
restricted to the directions @&,

w(s)
(R, f)(s,6;) =/ f(s6; +16;) dr 0, €0,. (8)

—w(s)

We putX = L?(D) and) = {L?([—1, 1], w™1)}?”. More precisely the norm of an element
g € Y, consisting of 2 projections,{g(s, 8o), ..., g(s, 02,-1)} is defined by

2p—1

1
, T o ds
== E ,0) | ——. 9
||g||y P = [1|g(s i) w(s) 9)

The operatorR, : X — Y is bounded and the functions in its range have the symmetry
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property
(Ry f)(s,0;) = (R, [)(=s, Op1)). (10)
Its adjoint operatoR; is given by
=
(Ryg)@) =~ ; g6 -, 60)w (6, - ). (11)

Thanks to the completeness if([—1, 1], w) of the Chebyshev polynomials of the second
kind, U,,(s), which satisfy the following orthogonality and normalization conditions,

1
/ W) Up (YU (5) A = Z 8 (12)
-1
the spac€) can be decomposed as the direct sum of the subspaces

V2p } . (13)

p
Y = {g € Vlg(s, 0;) = Tw(s)Um(s)h(Oj), 0, €,
Each subspacg),, has dimension 2 because the numbekg6;) define a vectoh of length
2p. We use the notatio(8;) for its components, in order to emphasize the correspondence
between these components and the directions of the projections. We also observe that, if
g € Yu, then its norm coincides with the Euclidean normhof

gl = lIRlI3. (14)

It is well known that each subspagg, reducestR;,k and that the restriction ()EepR;,k

to ), is given by a 2 x 2p symmetric and positive semidefinite matey,. In fact, by
means of straightforward computations one gets, for any giveny,,,

2
(RpR,8)(s,8;) = gw(s)Um(s)(Amh)(ej) (15)

where
27 sinf(m + 1)(¢; — ¢;)]

(Am)j,jr = . 16
M pm+ 1) sin(¢; — &) (16)
Moreover, it is easy to show that the following decomposition holds true

A, =B,B;, a7)

whereB,, is the 2» x (m + 1) matrix given by

1
4 2
Bt = ) — <5> Yo_2(6)) i=01....2p-211=0,1,....m. (18)
' m+1\p '

From this decomposition it follows that the rank A&f, is given by
r(A,) = min(m + 1, p). (29)

Let us denote by, +, k =0,1,...,r(A,) — 1, the positive eigenvalues &f,,, with
Amk =2 Ami+1, and bywu, ; the corresponding eigenvectors (normalized in the Euclidean
norm). Then the singular system &, is as follows:

e the singular values;”,){ are given by

ot =V hmk (20)

in particular,o00 = +/4m, as follows directly from equation (16);
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e the singular functions i) are given by

ul’) (s, 0;) = gw(sw (8)Unm 1 (8)) (21)

m k

e the singular functions it are given by

—(Rxu'P)) (). (22)

p¥m.k

p)
(@) = (p)
m.,k

We prove now a few properties of the singular values and singular functioRs.ofs
concerns the singular values we need the following lemma.

Lemma 2.1. The eigenvalues,, ;, of the matrixA,, satisfy the inequality

4 4
)"m.k - _77" < —77: (23)
’ (m+1sinA
where A is the minimum angular distance between the direct@ns
A= rjnji,,n lpj — byl (24)

Proof. If we consider thep x p submatrix ofA,, which is obtained by restricting the
indicesj, j' to the values 01, ..., p — 1, its eigenvalues are the eigenvalues of the matrix
A,, divided by two. Now, from equation (16), it follows that the diagonal elements of this
submatrix are equal tor2 p while the off-diagonal elements are bounded by

2
A < ———— ,j’=01....,p—1 25
|(Am)jjl oon + 1) SinA JrJ p (25)
Therefore the matrid), defined by
2 .
(AL = An)jj — 751,/ j.j'=0...,p—1 (26)

has diagonal elements equal to zero and off-diagonal elements satisfying the inequality (25).
It follows that its norm is bounded by

pt 2 2
/ P 2 _—
1AL < ( > A |> < TDenA (27)

Jj.Jj'=0

Since the eigenvalues &/, are given by(x,, x — 47/p)/2 and since the eigenvalues are
bounded byj|A! ||, inequality (23) is proved. O

Theorem 2.1. The singular valuesr(”) of R, have a non-zero limit whem — oo and
precisely

. 4r
lim o7 = [—. (28)

m—>00 ’ P
The singular functlons)(”) are linear combinations of the singular functions; of the
complete Radon transform equation (4), and are given by

v/} (@) = Z(vm,k)lvm,mm) (29)
=0
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the vectorsv,, ; being related to the eigenvectaus, , of A,, by

1
Vmk = —5y B tmi Vmkllz = 1. (30)
m,k
Moreover, their Fourier transforms are given by

5 2 V2
(&) =2m » m|é§| Jns1(1€D D@k (0)

m,k

2pl Sil’l[(ﬂl + 1)((23 — (25)]
q>m 0 - m j . /
,k( ) jEZO (lL ,k)j Sln( j)

wheref = £/|€| = {cos¢, sing} and J,,,1 is the Bessel function of ordex + 1.

(31)

Proof. The limiting property of the singular values is a direct consequence of the lemma
and of equation (20).

As concerns equation (29), first remark that the singular functions of the complete Radon
transformR, equations (2)—(4), satisfy the relation

A \Y2 [ 2\1/2
(Rpvm i) (s, 0]) = <m n 1) <;> w(S)Um(S)Ym—Zk(Oj) (32)

which is obtained by restricting t®, the equationRv,, x = o ilmi. Then, from the

definition (22) of the singular funct|0n¢9;(n”3C it follows that

WO Vmr D = %(u,ﬁf’}, Rpvw 1)y (33)
O, k

Since bothu(”) and R,v,; contain a Chebyshev polynomial, from the orthogonality of
these polynomlals it follows that the scalar products (33) are zero except wheren’.
Then the completeness of the singular functiopg in X implies thatv(”) is necessarily
a linear combination of the,,; having the same value ofi. Since theva are also
normalized, the coefficients are given by the scalar products (33)miita m. From (32),
by taking into account (12), we obtain

) 1 dr \Y2 /7 \V22-1
(Um’k’vm’l))(:@(m——l—l) <;> jgo Ym72l(0j)(um,k)(0j) 6(1,) (B U k)1 - (34)

m,k
In the last step the definition (18) of the matBy, has been used. Equation (34) implies (29)
and (30). The normalization af,, , comes out from the normalization of the eigenvectors
U k-

Now, from the Fourier slice theorem and the formula for the Fourier transform of the
Chebyshev polynomials (see, for instance, [5, p 185]), it follows that the Fourier transform
of the singular functions,, ; of R is given by

1 (€) = 2m(2m + 2277 1 (1€) Ve 21<|§|> (35)

so that from equation (29) one obtains

0(&) = 27(2m + 2217 |&| M Tya (€D Z Yu—21(6) (U )1 (36)
=0

where@ = £/|€| = {cos¢, sing}. Finally, from equations (30) and (18), by summing with
respect td, one obtains (32). O
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The results proved in the previous theorem have several implications. First of all, the
fact that the singular values have a non-zero limit implies that the range of the opRgator
is closed. Therefore, the generalized inveleeis continuous.

The limit of the singular values does not depend on the distribution of the directions
while it is well known that the well-conditioning or ill-conditioning of the problem strongly
depends on this distribution. The explication resides in the fact that the limit value is not
a lower bound for the singular values. For any distribution of directions there exists a
minimum singular value which is smaller (and, in some cases, much smaller) than the limit
value.

The existence of singular values smaller th@r/p)Y? can be deduced from the
observation that all the matrices,, have exactly the same trace, i.er.4 Since for
m > p —1, A, hasp eigenvalues different from zero and since its trace is jusimes
the limit value 4/ p, it follows that these matrices must have eigenvalues both larger and
smaller than #/p. In the case of equispaced directions, the minimum eigenvalue can be
computed (see [2] and also the next section) and is given by(Rp — 1)]Y/2.

As concerns the singular functions in object space, from the expression of their Fourier
transform it follows that, whem is large, their Fourier transform is concentrated outside a
disc, with centre at the origin and radius growing withand around the directiors= 6,,
with an angular width of the order of /m + 1. According to the Fourier slice theorem,
these are precisely the directions of the straight lines where data are available in the Fourier
domain. Therefore, the contribution of the singular functi@;‘;ﬁ, with large m, to the
reconstruction off is clear: they contribute to extrapolate the Fourier transfornf of an
angular neighbourhood of the lines where its values are given by the data of the problem.

3. Equispaced directions

In the case of equispaced directions the angbesare given by¢, = #j/p (j =
0,1,...,2p —1). Then the matrices\,, are cyclic

27 sin[(z/p)(m +1)(j — j)]
pim+1) sinf(m/p)(G =N

The eigenvalues of these matrices have a rather simple expression which has been
established by Davison and i@tbaum [2]. A more convenient expression can be obtained

by considering groups gf values of the index:. For the first groupst =0,1,..., p—1)
each matrixA,, has only one non-zero eigenvalue with multiplicity+ 1 and precisely

4

(Am)j.jr = (37)

Ampk = —— k=0,1,...,m. 38
k= m (38)
For the other groups, characterized by
m=np+r (39)
withn=1,2,...andr =0,1,..., p — 1, each matrixXA,, has two non-zero eigenvalues,
with multiplicity » and p — r, respectively, given by
4z
Amk = m 40
k= (40)

where

_ n+1 k=0,1,...,r (1)
Tl = n k=r+1,...,p—1.
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Figure 1. Plot of the singular values in the cage= 6. Only distinct singular values are
considered for each value of. The horizontal line corresponds to the asymptotic limit.

In figure 1 we give the plot of the singular values in the case 6.
The eigenvectors oh,, associated with the non-zero eigenvalues are given by

1 ' . b3
() (0)) = —= &P 200 = \ﬁ Yo 21(6)) (42)
T V2p P !
with k taking the values specified above.
As concerns the singular functions in object spacepfot 0, 1, ..., p — 1, one derives

from equation (30) thatv,, ;) = 1 while the other components are zero, so that from
equation (29) one gets

U,(n[f;{(w) = U k(). (43)

For the other groups of values of, from equation (30) one now derives

(M)~ Y2 [ = k(modp)
('Um,k)l = ¢ (44)
0 [ # k(modp)
for i = 0,1,...,m. The non-zero components of the vector correspond o k, k +
Dy ..., k+ (n,r —1)p and therefore the number of these components isrpgt From
equation (29) one gets
1
() _
Umlfk(w) = m l_k%d Uy 1 (). (45)
= P)
Finally, from equation (36), by computing the sum with respedt éme obtains
: sin(pn,,
ﬁr(np;c(g) = ﬁm,k(&) elp(n,“_kfl)¢ ! (pn 7k¢) (46)

() Y2sin(pe)
where¢ is the angle defined bg/|&| = {cos¢, sing}.
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A few remarks about these results. For the first group of values:,of.e. m =
0,1,..., p—1, the singular values a®, coincide with the singular values of the complete
Radon transfornR and have the same multiplicity. Moreover, also the singular functions
in object space are the same. The total number of these singular valugs-isl)/2. The
minimum singular value in this group correspondsiic= p — 1 and therefore it is given
by (47 /p)*/?, which is just the asymptotic limit of the singular values, theorem 3.1.

In the second group of values af, i.e.m = p, p+1,...,2p—1, we still find singular
values and singular functions coinciding with those of the complete Radon tranBfauen
if the multiplicity is different. This result follows from equations (40) and (46), if we observe
thatn,, =1fork=@m—-p)+1,...,p—1andm = p,...,2p — 2. The total number
of these eigenvalues jg(p — 1)/2. The remainingp(p + 1)/2 singular values are greater
than the corresponding singular valueskoby a factorv/2. The Fourier transforms of their
singular functions in object space are characterized by an angular modulation of the Fourier
transforms of the corresponding singular function®ofs follows from equation (46) with
nar = 2. Therefore, these singular functions already describe aliasing effects due to the
finite number of projections [6].

The minimum singular value oR, is reached in this second group; it corresponds to
m = 2p — 2 andk = p — 1(n,x = 1) and therefore is given by

4 12
Omin = <2p — 1) . (47)

It is smaller than the asymptotic limit by a factor of the ordé2.

In the subsequent groups of values:o#ll the singular values R, are greater than the
corresponding singular values &f From equation (40) it follows that the asymptotic limit
(4 /p)Y/? is also a singular value oR, with infinite multiplicity. This property clearly
appears in figure 1.

As concerns the Fourier transforms of the singular functions in object space, they show
the angular modulation described by equation (46) and therefore they are associated with
the already mentioned aliasing effects. In order to avoid these effects one must keep only
the singular values corresponding to valuesnofrom 0 to p — 1.

Now we shortly discuss the ill-conditioned nature of the problem and the use of
regularization methods. Since the largest singular valuR,ds omax = 00,0 = (4m)Y2, the
condition number ofR,, is given by

condR,) = M — (2p — 1)V, (48)
Omin

The problem of determining the generalized solution is not only well-posed but also
well-conditioned when the number of projections is small. For instance,(8yne= 3.32
for p = 6 and congdR,) = 189 for p = 180, a moderate ill-conditioning. The situation is
even better if we consider only the singular values withl p — 1, i.e. a truncated version
of R,, which we can denote bg{’. In such a case the minimum singular value coincides
with the asymptotic limit and therefore

condR") = /p. (49)

In such a case we have cai}’) = 2.45 for p = 6 and condR[(,’)) = 13.4 for p = 180.

In order to see when regularization is needed, we can consider the method based on
truncated singular function expansions, with truncation controlled by noise. According to
Miller [9] one can proceed as follows. Let us assume to have an estaradtehe norm, in
L?([—1, 1], w™Y), of the noise affecting each projection, so that the estimate g¥’therm
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of the noise isv/2re. Moreover, let us assume to have an estimatef the norm of f.
Then, an approximate solution compatible with thipriori information is provided by any
f € X such that

IR, f — glly < v/2me I fllx <E (50)

so that one must look for a truncated singular function expansion satisfying these constraints.
This is obtained by keeping all the singular values satisfying the inequality

ow) > N2 (51)

i.e. all the singular values greater than the ratio between the norm of the noise and the norm
of the object to be restored.

Now, if onmin satisfies this inequality, then all the singular values are acceptable and
therefore no regularization is needed. From equation (47) it follows that this situation

occurs if
E 2
P < (?) + 1. (52)

If p does not satisfy this condition, then truncation is needed. However, if we proceed
in such a way, we keep singular functions related to the aliasing effects already mentioned,
as one clearly understand by looking at figure 1 and remembering the discussion above.
A way already indicated for suppressing these effects is to keep only singular values with
m < p — 1. Then, if all these singular values satisfy condition (51) a further truncation is
not needed. This situation occurs when the smallest singular value, which coincides with
the asymptotic limit, satisfies condition (51) and this is true if

2
pgz(ﬁ). (53)

€

If this condition is not satisfied then a further truncation, controlled by condition (51), is
required. Since the singular values in the first group depend only,drom equation (38)
one derives the following condition an:

E 2

m+1<2<:>. (54)
From the properties of the Fourier transform of the singular functions in object space

it follows that, if one keeps all the singular values up to a certain valu¢hen one can

correctly restore the Fourier transform of the unknown function in a disc of raelitsm.

From the previous analysis we conclude that, for a given numpbef projections, this

radius is given by

: E\?
Q,=p pr<2<:>

2 2
Q,,:2<£> ifp><£>.
€ €

This point will be further considered in the next section.
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4. Resolution limits

As we already remarked, the previous results imply that, for any finite set of dire@jons

the generalized inverse; is continuous so that the problem of determining the generalized
solution fT is well-posed. An explicit formula of f, in the case of equispaced projections,
is given by Logan and Shepp [10]. In genergl,can be represented by a singular function
expansion

o]

-y -7 —5 (& u )y, (55)
mk O,

whereg € ) is the given set of projections and summation is extended 01, 2, ... and
k=0,1,...,r(An) — 1.

If g is in the range of the operatdt,, then there exist functiong € & such that
g = R, f. By inserting this relation in equation (55), one finds the following relationship
betweenf’ and f

Z(f v(P) ’(WP;C (56)

showing thatfT is the orthogonal projection of onto the orthogonal complement of the
null space ofR,. We have the following representation for this projection.

Theorem 4.1. For any f € X, its componentf' orthogonal to the null space &, is
given by

fix) = (R R,f) (m)—i—/ H,(z,z) f(z') dx’ (57)
where H,(x, ') is a square integrable kerndi,, € L%(D x D).

Proof. Let us write equation (56) as follows,

T = p Z)\m k(f U(p))/’vv,(np;c + — s Z <4TZT - m k) (f v,(np}c)?(v,(,{j;( (58)
m,k m,k

where the\,, , are the eigenvalues of the matrides. Since the,, , are just the eigenvalues

of R*R, and thev(pi are the eigenfunctions associated with these eigenvalues, the first term

on the rlght hand side of equation (58) is the spectral representauﬁpqu and therefore

it coincides with the first term on the right-hand side of equation (57). Moreover, from

lemma 2.1 it follows that the series

Hy@ 2= 2 Z(——xm k) ) @) (@) (59)
m,k

is convergent inL2(D x D) so that it defines a square integrable functidp(x, «'). This
is just the second term in equation (57). O

In the following we considerf and fT as functions which are defined everywhere in
R?, being zero outside the dis@. Analogously we consider the kerngl, as defined in
R? x R?, being zero outsid® x D. Then we can write equation (57) in the following form

@) = /R Ky, ) f () da’ (60)
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whereK,(x, ) is a distribution given by Xp = characteristic function of the disc)
1 2=t
Kp(@, x') = Sxp@)xp@) Y w0 - 2)d0; - (x — 2] + Hy(x, z). (61)
j=0
The distributionk , (x, ') is the point spread function (PSF) of the tomographic process.
It contains a singular part which, for fixed, consists of delta distributions concentrated
on the straight lines passing through the pairitand orthogonal to the directiong;.
Superimposed onto this star-shaped PSF there is also a smooth one, gikgubyt’).
The singular part oK, (x, ') describes the aliasing effects already mentioned, as can
be shown by introducing a space-variant transfer function defined by

T,(x, &) = 7K ,(x, &) (62)
where

?p (z, &) = / K,(z, ) e gy’ (63)
R2

This definition is motivated by the following formal relationship betwefén f and7,,
which follows from Parseval equality K,(x, ') is a square integrable function

1 .
1@ = o [ 1@ o 7@ = e (64)

This relationship shows thdt, (x, §) acts as am-dependent filter on the Fourier transform

of f.
From equations (61) and (59) one gets

pt il L ol )
Ty(@, &)=Y sincw(@; - x)(6; - ©)]e @ =9 4 %2};(— —xmk> o) (@)D 1 (€)

p=0
(65)

the sinc-function being defined by simg = =1 sin(z).

We do not give a complete discussion of the contribution of the delta distributions, i.e.
the first term in the expression @i, (x, ). We only observe that, in the cage= 0, it
is the sum of functions);(§) = sino(ﬁ'jl - &), one for each direction. If we consider the
straight lineL; passing through the origin with directidy, the functionn; (§) is constant
over the straight lines parallel th; while it behaves as a sinc-function on the straight
lines orthogonal td_;, the first zero occurring at distaneefrom L; (notice thatr is just
the sampling distance of the Fourier transforms of the projections, since they have support
in [-1,1]). In conclusion, for each directiofl; there exists a strip in frequency domain,
centered orL; and having a width of the order af, such thatT}, (0, £) is close to 1 on this
strip, at sufficiently high frequencies. Since at high frequencies these strips are disjoint, this
is a description of the incomplete information gnat these frequencies. A similar analysis
can be performed fog # 0.

In the previous section we conjectured that the aliasing effects can be suppressed by
considering truncated singular function expansions, the truncation being based on a suitable
choice of the maximum value of the index Let us denote by this maximum value
and by f™ the corresponding truncated solution. In the case R, f, the relationship
betweenf™) and f is given by

f(M) Z(f v(p) (p) (66)
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the summation being extended to = 0,1,...,M andk = 0,1,...,r(A,) — 1. The
corresponding PSF, which is now a well behaved function, is given by
M
K;M) (z,x) = Z vxi (33)52),)1( (x) (67)
m,k
and this is just the kernel of the orthogonal projection onto the subspace spanned by the
singular functions'”) with m < M. Analogously the transfer function is obtained from

m,k

M
100 (@, ) = €Y ol @)y, (©) (68)

m,k

and the relationship betweeff*’, f and 7™ is the same as the relationship betweén
f andT,, equation (64).

From this relationship it follows that, if’\*’(x, £) is approximately equal to 1 for
any z € D and any¢ in a domainB of the frequency plane, thefi™ (z) is a reliable
approximation of any functiory whose Fourier transform is significantly different from
zero only insideB. Otherwise, a suitable filtering of ™ can provide aB-bandlimited
approximation of f. Given a set®, of directions, the existence of such a dgtcan
be established by computing numerically the transfer funcﬂld\@ (x, £). In the case of
equispaced directions one can obtain asymptotic results for lardfep is small, numerical
computations are also required.

The analysis of section 3 shows that, in the equispaced case, it is convenient to consider
groups of p values of the indexM, so that we takeM = p —1,2p —1,3p — 1,....

The most interesting are the first two groups because they contain singular functions in the
object spaceY’ which coincide with singular functions of the complete Radon transform.

The expression of ™ s rather simple in the case= 0. From properties of the Jacobi
polynomials (see [11], equations 22.4.1 and 22.2.1), one obtains for the singular functions
of R, equation (4)

2k 4+ 1\"?
(—D* <—+ ) m evenk =m/2
g

0 otherwise.

It follows that, forM = p — 1 andM = 2p — 1, only the singular functions which
coincide with those oR contribute to7,(0, £). The result is

K
TM(0,€) =2 (2 + DIEI ™ Tara (€D (70)
k=0

where, forM = p — 1, we havek = p/2—1if pis even andk = (p — 1)/2 if p is odd
while, for M =2p — 1, we havek = p — 1.

Thanks to the completeness of the singular function® othe limit of 7,,(0, §) is 1,
for p — o0, so that we can write equation (70) as follows

M0, =1-2 Y (2k+ DIEI ™ Taa(€D. (71)
k=K+1
Then, from the asymptotic estimate of the Bessel functions for large values of the index [5]
one can derive that the second term on the right-hand side of equation (71) is negligible for
€] < pif M = p—1andfor|¢| < 2p if M =2p— 1. The first result is just that provided
by the asymptotic theory.
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The previous estimates provide a picture of the situationdo= 0 and M =
p —1,2p — 1. For other values of and other values o/ one must comput& ™ (x, &)
as given by equation (68). We have performed these computations in the cageand
the results are shown in figure 2.

Figure 2. Pictures of the real part of the transfer funct'[liﬂl)(:c, £), defined in equation (68),

in the casep = 6. The pictures of the first row correspondib= p—1 = 5 and to pointsc at a
distance from the origin 0, 0.4 and 0.8. The black level corresponds to the value 1 of the transfer
function. The white circle, with radiup = 6 indicates the band of the asymptotic theory. The
pictures of the second and third row correspondte= 2p — 1 =11 andM =3p — 1 =17,
respectively, the transfer functions being computed at the same points of the first row. The
largest white circle corresponds to a band which is twice the asymptotic band.

The pictures of this figure are grey-level representations of the real pﬁgf”ét:c, 6,
where the black level corresponds to the value 1. The white circles have radius 6 and 12,
respectively. The three rows correspond to different valuet aind preciselyM =5, 11
and 17, while the three columns correspond to different values arid precisely to points
at distances 0, 0.4 and 0.8 from the origin in the directign= {1, 0}.
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The pictures of the first row show th&(" (, £), with M = p —1, is essentially equal
to 1 inside the disc of radiug at any pointz. Since p is rather small in this example
(p = 6) this result shows that the asymptotic theory applies also to this case and that the
resolution is rather uniform over the disc. A filtering in Fourier domain can improve the
uniformity.

The pictures of the second row correspondo= 2p — 1. We find that forz = 0
the transfer function is equal to 1 over a disc of radigsa® shown before. However, as
the pointz goes away from the origin, the radius of the disc where the transfer function is
1 decreases and is close pofor pointsx at the boundary oD. One could describe this
situation by saying that if we use all the singular functions with< 2p — 1 we have an
x-dependent resolution, which is twice that given by asymptotic theory at the cerifre of
and approximately equal to the asymptotic one at the boundafy. of

Finally, in the third row, we give pictures of the transfer function in the ddse 3p—1.
In this case the structure of the transfer function responsible for the aliasing effects is evident
at any pointz.

The conclusion which can be derived from this computation is that the results of
asymptotic theory are reliable also when the number of projections is small.
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