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Abstract. The problem of deriving the evolution of stellar mass loss rate m{z) and asphericity
a{z) from data on episodic polarization and absorption line strength variations is considered
following the treatement by Brown and Wood. Their methed, based on Fourier selution of a pair of
coupled convolution equations, is tested on simulated data from a variety of hypothetical modeis
for m(v) and a(r). Moreover, we investigate a new method which requires fewer data points
than Fourier deconvolution and can be readily extended to the case of non-uniformly spaced and
non-simultaneous (though overlapping) data for polarization and absorption measurements. This
method provides a regularized solution in a space of differentiable functions (Sobolev space)
and in our tests it proves to be as reliable as Fourier deconvolution. Moreover, various criteria
for the choice of the regularization parameters are compared in view of the application to the
analysis of real data. Both the methods considered are reliable for the estimation of m(z) and
() in the presence of realistic data noise.

1. Introduction

Loss of mass from their outer layers is a phenomenon exhibited by most stars to a greater
or lesser extent. Some of these stellar winds are very weak. That of the sun, for example,
is driven by the gas pressure of the hot outer layers (corona) as predicted by Parker [1],
was suggested earlier by Bierman [2] because of the behaviour of comet tails, and has been
detected directly by spacecraft [3]. The solar wind would take over 10'* years to remove
all of the sun’s mass—about 10° times the sun’s age [4]. Others are very powerful, driven
primarily by the high radiation pressure of hot stars, removing stellar matter at rates up to a
solar mass in 10* years—see, e.g. reviews [5, 6]. The simple steady spherically symmetric
structure, which might be expected for such winds on the basis of simple stellar models,
is in practice greatly complicated by little understood physical processes, which cause the
wind to be highly aspherical and to exhibit transient mass loss rate variations (mass loss
episodes). Among the factors influencing such behaviour are the centrifugal force of stellar
rotation, changes in stellar shape due to non-radial pulsation, localized surface magnetic
fields and radiative/hydrodynamic instabilities [7]. Since the theoretical physics underlying
these effects is so poorly understood, it is particularly important to develop diagnostic
methods for analysis of data which reflect the behaviour of the wind material.

There are many indicators of the density n, temperature 7 and velocity v field
distribution of matter in the wind volume V around such stars. Since most winds are not
spatially resolved, all of these indicators are integrals over the wind volume and therefore the
spatial structure can only be inferred via its deconvolution from observed photon properties
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through reasonable models of the radiation process involved. Among these indicators are:
(a) the strengths of collisionally excited emission lines or of continuum radiation from
the whole wind volume V (these depend on fv n*®(T)dV where a(r) and T(r) are the
local electron density and temperature at 7 and ©(77) depends on atomic rate coefficients);
{(b) the strengths of absorption lines formed along the line of sight s to the stellar disk
(these depend on [, nW(n, T)ds where ¥ depends on atomic absorption and collision rate
coefficients); (c) the broad-band polarization of electron scattered starlight, which depends
on fv nSdV where the weight S{(r) comes from the Thomson scattering matrix [8]; (d) the
spectropolarimetric line profiles of stellar spectrum lines, which depend on the n and v
distributions over V [9,10]. Of these only the polarimetric data carry information on the
angular distribution of the wind. Brown and Henrichs [11], following data from Sonneborn
et al [12], first pointed ount that by combined analysis of data on absorption line strength
and polarization it should be possible to separate the evolution of mass loss rate and shape
(asphericity) in a mass loss episode. This was confirmed by the analysis of Brown and
Wood [13] who, under certain simplifying assumptions, reduced the problem to the solution
of a pair of separable linear comvolution equations. In their analysis Brown and Wood
demonstrated the feasibility of the deconvolution, but examined only the most obvious
Fourier method. They did not consider the question of optimal methods for obtaining a
regularized solution for non-uniformly spaced data or in the presence of data noise. In the
present paper we re-examine the problem from this viewpoint and consider synthetic data
from a number of hypothetical models of the mass loss rate and shape evolution. These are
chosen to test the recoverability of features of particular interest such as pulsation in the
mass loss function indicative of the influence of stellar pulsation on the mass loss process,
The effects of gaps in the data will be examined in a future publication as well as the
application to real data.
The basic equations in dimensionless form, as derived in [13], are the following -

T SETTG =TS, S
F(r)_[_mm(r)a(r) e dz (1.1}
G( )—[r (01 — ey o8’ ] — 8 (1.2)
)= _oomr ?,T 0 I(r—'c’+1)2' .

Here F(z) and G(7) are functions proportional, respectively, to the degree of polarization
and the absorption line strength; m(z') is proportional to the equatorial mass loss Mo(?)
and a(z’) is related to the envelope shape function S(z) (in effect 1 — g is equal to the
ratio of polar to equatorial mass loss rates); the variables T and =’ are dimensionless times
measured in units of #) = R/vg where R is the stellar radius and vy is the flow speed (taken
as constant) in the radial direction and { is the inclination to the observer of the axially
symmetric envelope.

Equations (1.1) and (1.2) form a pair of nonlinear coupled equations for the unknown
functions m(z") and a(z’). The nonlinearity, however, is rather simple and therefore, as
sugeested in [13], one can try to solve the two equations separately and recover functions
which are-simply related to m(t”") and a(t"). In this paper we will use this approach.

In section 2 we consider the regularized solution of (1.1) and (1.2} by using the Fourier
transform. This method can be used if the functions F(r) and G(7) are uniformly sampled
at the correct rate on the observation time interval, which, in general, must be longer than
the duration of the episodic mass loss. Since this condition is never satisfied in practice, one
must consider the case where the functions F(7) and G{t) are given only at a general finite
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set of points 7; to which the Fourier method cannot be applied. This problem is formulated
in section 3 for uniformly spaced points (non-uniform spacing will be considered in a
subsequent paper), assuming that both m{7) and a(7) belong to a space of differentiable
functions (Sobolev space), and its singular value decomposition ($vD) is investigated. In
particular, results on the singular value spectrum and on the singular functions are given.
In section 4 we apply the results of section 3 to the inversion of simulated data from a
number of hypothetical models. Note that we consider the full problem of finding m(7) and
a(z), whereas Brown and Wood [13] consider only the problem of recovering the product
m{r)a(t} (equation (1.1)}. The problem of the choice of the regularization parameters is
also investigated.

2. Regularized deconvolation using the Fourier transform

If only episodic outbursts are analysed, then, as shown in [13], we can assume m(r") =
a(ty =0for 7/ < 0 and (1.1), (1.2} can be written as follows for z > 0

T NE=TY =T +D)

F(r)= fﬂ m(z)a(z") T TI) dv @1
— ' I _ ’ & - dr’

6 = [ m(eM1 = ae) oost il 22

Of course, we will also assume that F(t) = G(r) = 0 for t < 0. Moreover, as suggested
in [13], we can introduce the new functions

f@)=m(T)alz) (2.3)
and
2(t) = m(z)[1 — a(r) cos’ i]. (2.4)

Then, if we denote the kernel functions for v > 0 as

K(r) = % (2.5) |
and
H(r) = —— (2.6)
(T+1)?
we have the uncoupled equations
F(z) = fn " K — Y a @7

G(t) = fo ’ H(r — t)g(z"Hdr'. (2.8)
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Once these have been solved and the functions f(r’) and g(z') have been obtained, the
functions m(z") and a{t") can be derived from

m(z) =gt + flz)cos’i (2.9)
and
n_ J T
ae) = - (2.10)

The difficulties of this procedure are the following: equations (2.7) and (2.8) are ill-
posed and therefore, for real data, one must estimate the solution by means of regularization
techniques; the estimation of a(t”) by means of (2.10) can be dangerous, as we shali see,
when both f(z") and m(z"} are small (we assume that m(z) is normalized in such a way
that its maximum value is of the order of one—see the test functions (A.1)-(A..3)).

As concerns (2.7), (2.8), they can be diagonalized by the use of the convolution theorem
of the Laplace transform. However, this approach is not convenient because in this way
one can estimate the Laplace transform of the solution and one needs, as a final step, the
inversion of the Laplace transform, an extremely ill-posed problem. For this reason we use,
as in [13], the Fourier transform. For this purpose, all the functions appearing in (2.7), (2.8)
must be considered as defined on (—oo0, -~c0}, having a value of zero on {—co, 0).

By means of this approach, we have investigated the use of Tikhonov regularization in L?
space (zero-order regularization) [14, 15] for solving (2.7), (2.8). Since the functions #(7)
and G(t) are independent physical quantities which, in general, are affected by different
degrees of noise, we must introduce two different regularization parameters, o and B, one
for each equation; then the Fourier transforms of the regularized solutions are given by

-~ _ E*(Q)) ~
fulw) = ———[E(w)|2+aF(w> (2.11)
. Hw) =

= —=——G(w). 212
z () B@P+p (w) 2.12)

Once the functions () and g(z) have been obtained by means of Fourier transform
inversion, the function m(r) can be derived from (2.9) while the function a(t) can be
derived from the following regularized version of (2,10)

f@ym(t)

m@F+y @13

ay(t) =

where ¥ is a further regularization parameter. When m is much greater than ./¥ this
equation essentially reduces to (2.10), whereas for m smaller than ./ it produces small
values of a{z). If we look at (2.1) and (2.2), we notice that a(t) contributes to F(zr) and
G(7) only through the product m(z)a(t). Therefore the contribution from the time intervals
where m(7) is small is also small and, in these intervals, it must be difficult to recover the
values of a(r), without them being dominated by noise. Physically this means that when
the cumrent mass loss rate m(z) is small, the polarization can only be substantial if it is
dominated by large mass loss rates at earlier times, making the current shape of a(z) hard
to find.

In order to test the recoverability of m and a profiles from F and G data sets in the
scheme of FFT inversion when noise is present, we have done some extensive work to create
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simulated data and then to estimate the original shapes. We have chosen three test functions,
denoted by k; (i = 1,2, 3), having support on the interval [0, 10] and exhibiting behaviour
of potential interest from an astrophysical point of view. Their plots are shown in figure 1
and their mathematical form is presented in appendix A.

In our tests we have considered, in total, nine situations generated by taking as m
each one of the k; functions in turn and doing the same for «, in all possible pairings. In
the following we will denote by {m;, a¢} the pair obtained by taking m(r) = h;(z/10),
a(r) = he(7/10). For reasons concerning point spacings and tange in FFT algorithm, the
data functions F(t) and G(1). corresponding to each one of the nine cases, have been
computed for 256 values of T ranging from —20 to 20 (being given by (2.1) and (2.2} in
the interval [0, 20] and set to zero in the interval [—20, 0]) and using an intermediate value
of cos® i = 0.7. From now on, we denote noiseless data by F and G and noisy data by
F and G. Values of F(r) and G(7) have been computed from (2.7), (2.8) by means of a
numerical integration routine. Noise has been added to the resulting values according to
the formulae

F(7) = F(z)(1 + ampl - md) (2.14)
and
G(z) = G(z)(1 + ampl - rnd) (2.15)

where md is a random number havingra Gaussian distribution with zero mean and unit
variance and ampl was taken as 0.03 (3% Gaussian noise). In this paper we ignore the fact
that fractional errors will tend to be larger for smaller data values.
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For each {m;, a;} pairing, we consider 20 realizations of the Gaussian noise in each one
of (2.14) and (2.15) in order to produce 20 data sets for F(z) and 20 data sets for G(z).
Then the FFTs of F(z), G(t) and of the two kernels occurring in (2.1), (2.2) are computed
and the FFTs of the regularized solutions fy(7) and gg(r) are obtained from (2.11) and
(2.12), respectively.

As concerns the choice of the regularization parameters «, 8, y, this always implies
a compromise between the approximation error and the effect of noise on the solution.
In the case of simulations, it is possible to define an optimum choice by introducing a
distance between the regularized solution and the true one and by looking for the value of
the parameter minimizing this distance. In this sense we get the best possible approximate
solution. Here we proceed as follows.

Consider a pair {m, a} with related functions f, g as defined by (2.3) and (2.4). If we
denote by z; the sampling points of f(r) inside some interval of interest (let us say, for
instance, the interval [—5, 11]}, we define the relative RMS error in the estimation of f by
means of f, as

IS = fall2

&@ =7

(2.16)

where the norm is the Euclidean cne

1/2
| Fllz = (Z |f('fi)|2) 217

As a function of «, £¢(a) has a minimum at & = oy The corresponding regularized
solution fi(t) is the one providing the best approximation of (7} in the sense of RMS
errors. In a similar way one defines the relative RMS error in the estimation of g(t)
by means of gg(t), £,(8), which has a minimum at 8 = fon. When the regularized
solutions providing the best approximations of f(t) and g(z) have been determined, the
corresponding approximation of m(z) can be obtained from (2.9). The relative RMS error
in the estimation of m(r) can be computed for each of the twenty noise realizations; the
mean value of these 20 relative RMS errors will be denoted by &,.

In the case of the function a(7), once the best estimates of f, g have been obtained, we
have still to choose the regularization parameter ¥ (see (2.13)). If £,(y) is the relative RMS
error in the estimation of a(t), we can minimize £;(y) in order to get y = yypu. Again the
minimum RMS error can be computed for each of the 20 noise realizations and the mean
value of these errors will be denoted by &,.

Table 1. Results of recoverability tests in FFT inversion scheme. Average percent errors in
restoring m and a according to the different models chosen for 3% data errors (see text).

a @2 az
. | Ea=95% £, =356% £ =423%
"N &n=66%  E,=66% En = 6.6%
. 1  =5.3% £, =63% £, = 14.6%
2 En =68% £, =63% £, =6.8%
o | € =90% £, =95% £, =13.7%
*18:=105% &, =103% & =9.83%
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(¢} a{r) given by (A.3) for {m], az}.

The values of £, and &,, expressed as % errors, are shown in table 1 for all pairs
{m;, a;}. The restoration errors are, in general, larger than the etror in the data. However,
the restoration error £, is especially large in the case of the pairs {m, a;} and {my, az}. The
reason for this is that, precisely in these cases, the function a(z) is large in a time interval
where m(7) is small.

In figure 2 we show the effect of superimposing 20 restorations of the functions a(t)
in the cases {m;, a1}, {my, 23} and {mq, as}. The nearly black regions obtained define the
band of oscillation, where any regularized restoration can wiggle as a consequence of noise.
In fact, for each value of 7. the width of this region defines a sort of error bar for the
reconstruction. In particular, one finds, in agreement with the previous remark, that where
the values of m(t) are smaller the error in the restoration of a(r) is larger. In particular,
figure 2{a), which corresponds to case {m, a1} (i.e. ¢ = m), is practically equivalent to
the superposition of all the restorations of fonction m(7) that have been done in the case
of pairs corresponding to the first row of table 1 and gives an idea of the accuracy of the
restoration of the function m(z) (compare with figure 1{a)).

As clearly appears from figures 2(b)} and 2(c), the minimization of &£;(y¥) provides a
value of y which is too small, as a consequence one finds a large numerical instability in
the time interval where m(7) is small. A related effect is that one finds non-zero values
of a(t) in the region t < 0, ie. causality is violated in the restoration process. For these
reasons we have investigated other criteria for the choice of y. As an example we give
the results obtained by minimizing the following discretized version of a weighted Scbolev
norm
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la —a,ls = (Z{wo(fi)la(‘fi) — ay(w)* + wi(m)e' (7)) ~ a;—(fi)lz}) (2.18)

where a'(7) and a,(7) are the first derivatives of a(r) and a,(7), respectively, and the
weights wo(tr) and w, () are defined in terms of m(7) as

m2(t) pm?
__m@ Y 2.19
wol®) m2(t) + pm? i) m2() + pm? @19
= f e L imz(r-) (2.20)
— 16 _5 —_ N" i=] Iyl "

Here N’ is the number of sampling points belonging to the interval [—5, 11] and u is a
parameter which controls the relative weight of the two terms in (2.18) (u = 0 corresponds
to the norm (2.17) while 1+ = co corresponds to the same norm for a’(7)).

:i I T T T T ‘ T T I T— T l_]_l T : 1.0 -_;
= (e} - a
o8 i 08f
0.6 ':— 0.5 :_
0.4 [~ - o4l
0.2 - o2
o.0 b 4 ool
| P I | L E,
-3 ¢ 10
Lo -
0sf- 3
0ot —:
0.4 -:
: ] Figore 3. Suvperposition of 20 regularized estimations
0.2 — of the various choices of function a(r) when m(z)
! 1 is'given by (A.1)} (see figure 1(&)) and ¥ is chosen
0.0 [— _1 by minimizing the functional (2.18)-(2.20) with u =
N 1 3%107% (@ a(@® given by {A.1). (&) a(r) given by

(A2). (¢) a(z) given by (A.3).

In figure 3 we show the restorations obtained in the case g = 3x1073. We find that now
the restorations of a(7) are much more stable and satisfy the causality condition. Moreover,
these restorations provide small values of a(r) in the time interval where m(t) is small, in
agreement with the fact that the data contain poor information about the values of a(zr) in
this interval.
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3. The case of discrete data: formulation in a Sobolev space
The results of the previous section are promising, but require a distribution of data points
which is never obtained in practice. A more realistic formulation is the following one. We
assume that the observation interval is [0, T] and that the episodic outburst is localized in

that interval. Moreover. we assume that N values of F(t) are measured at times 7; in
[0, T1, so that the integral equation (2.7) is replaced by

T
F,-=F(1:,—)=f0 K@ f@dr i=1,2,...,N (3.1)

where the functions K;(7)} are given by

Jo—-t)(m—-7+2)
Ki(x) = (m—t+1)»
0 <t T,

(3.2)

Analogously, we assume that N values of G(7) are measured at times Ty, in {0, T], so that
the integral equation (2.8) is replaced by

T
Gy = G(Ty) =f H.(t)g(r)dr k=12,...,N (3.3)
0
where the functions H(z) are given by

1
— 0K 7<7T
H(y=] G-t + 1P STS T 34)

o ?k<1\<.‘T.

Therefore the problem is to find functions f(z) and g(z), given their scalar products with
the functions K;(t) and Hi(t), respectively. In L*(0, T) the solutions of these problems
are not unique, so that one usually looks for minimal norm solations f* (1) and g*(z). In
the case of the minimization of the L2-norm, £+(z) is a linear combination of the functions
K;(7), while g¥(z) is a linear combination of the functions Hp(7) [15]. Therefore the
functions m(t) and a(r) are linear combinations both of X;(z) and of H;(x).

These functions exhibit some kind of discontinuity at the points 7; and 7, respectively.
As far as the functions K,{t) are concerned, the discontinuity is in the first derivatives (at
T = ;) while in the case of the functions Hy(z) the functions themselves are discontinuous
(at T = T}.). Therefore the functions m{7) and a(z) have discontinuities at all the observation
points 7; and T. Since these discontinuities are, in general, unphysical, we must look for
a different approach.

A way of obtaining solutions without discontinuities is to look for minimal norm
solutions in a space of differentiable functions (Sobolev space) [16]. Since the problems
(3.1) and (3.3) are independent, we simply show how our method applies to (3.1). Its
extension to (3.3) requires only obvious changes.

Since we assume that the episodic mass loss is not only continuous, but also focalized
in the interval [0, T1, we can assume that f(0) = f(T) = 0. Then the broadest space of
differentiable functions satisfying these conditions is

X ={f e LX0, T)f € L*0, T); F(O) = f(T)=0}. (3.5)
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This is a Hilbert space (it is an example of Scbolev space), complete with respect to the

norm
T 12
IIfIIx=( [ [f’(r)lzdr) . (3.6)
0

Now, in order to formulate the problem (3.1} as a problem in X, we must write the,L2
scalar products, which appear in (3.1), as scalar products in X. For this purpose we must
find functions y; € X such that, for any function f € X, we have

T T
[ ror@e= [ rovos. G
0 0

By means of a partial integration in the right-hand integral, since X is dense in L2(0, T),
one finds that each v;(7) is the solution of the boundary value problem

¥ (z) = —Ki(7) ¥i(0) = ¥:(T) =0 : (3.8)

(the boundary conditions follow from the requirement that ; € X). This problem is solved
in appendix B, where it is shown that

¥i(0) = T (2) + B (7) — %ﬁf @) (3.9)

and expressions are given for the functions o;(z) and B; (). In the same appendix we also
solve the analogous differential problem related to the functions Hi(t).
Taking (3.7) into account, the problem (3.1) can now be written as

Fi=fv)x  i=1,2....N (3.10)

and the minimal norm solution is the function f(r) satisfying these conditions and such
that

| fllx = minimum. (3.11)

This minimal norm solution is a linear combination of the functions v¥;(z) and therefore
it is differentiable in [0, T] and zero at the boundary points. Such a solution, however, is
numerically unstable and consequently one must look for regularized estimates. These can
be obtained by means of a singular value decomposition (Svb) of the problem.

As an example, we consider now uniformly spaced data. In such a case it is convenient
to introduce the following norm in the N-dimensional data space ¥

T 12
Iy = (E > |F,-12) (3.12)
i=1

the factor T/N being introduced in order to approximate the L2-norm of F(z). Moreover,
we define a linear operator L : X — ¥ by

(L) = vix i=12,...,N. (3.13)
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This operator has a singular system, defined by

Ly = o Lruy = apwy k=1,2,....N (3.14)
where L* : ¥ — X is the adjoint operator. Moreover, it can be shown that [15]

L-L*=G".w . (3.15)
where G7 is the transpose of the G;tam matrix G given by

Gij = (. ¥)x (3.16)

and W is the identity matrix multiplied by T/N.

Then the singular values g, of the operator L are the square roots of the eigenvalues
of the matrix L - L*, the singular vectors u, in data space are the eigenvectors of L - L*,
while the singular functions v;(7) in Sobolev space X can be obtained from

1
w(r) = E(L*uk)(r) (3.17)

and are given by

1T &
w(e) = 5 ) (@divi(o). (3.18)
i=1

In our problem numerical computations of the singular system of L are simplified by
the fact that the functions v; can be computed analytically and also that matrix elements
G/, given by (3.16) can be put in closed form in the case of the functions Hy(t). Details
of the computation of G;; are given in appendix C.

I LA L I
i} . .
a1 _
F o, NeIS
-2 - "“'-.,‘:___N-3G ]
a3 __ .....--..,:,:::::T:BO n
L e, N280 Figure 4. Singular value spectrum of operator L
il e e 1y Ly, 1 defined by (3.13) with N = 15,30,60 and 90. The
0 20 40 50 80 ordinate is the base 10 logarithm of the eigenvalues.

We present numerical results only in the case of the kernel functions K;(z}, since those
obtained in the case of the functions H;(t) are quite similar. The singular value spectrum
of the operator L is shown in figure 4 where the base 10 logarithm of o} is plotted against
k, for N = 15, 30, 60 and 90. The convergence of the spectrum when N — oo is clearly
illustrated by this figure. It is also clear that the ill-conditioning of the problem increases as
N increases. The condition number Cond(L) == 1 /oy [15], which gives an estimate of the
ill-conditioning of the problem, varies from 75.6 when ¥ = 15 up to 4700 when N = 90.

In figure 5 we plot the first six singular functions v; (z) for N = 30. We notice that v (r)
has exactly k¥ — 1 zeros inside the interval [0, T'] and therefore the number of oscillations
of v{7) increases as k increases.
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Figure §. Singular functions of operator L defined by (3.13) with N =30. (g) £ = 1,2 and 3.
{h) k= 4.5 and 6.

4. Uniformly spaced data: inversion in a Sobolev space

The solution of problem (3.10) having minimal norm in X is given by [15]

=

1
FrEy=) —(F, wyrulr). @.1)

k=g

This soution, however, is ill-conditioned as is shown by the numerical results on the singular
value spectrum of L. Therefore one car use a regularized version of (4.1), as given by
(14, 15]

Fal) = —{-"-;(F, )y U (T). “4.2)

9%

1=

We notice that if we use the singular system computed in section 3, then this function is
the function minimizing the functional

T _ T
1=y oML —RP+a [ I @Pe *3)
=1

with the additional boundary conditions

F@ =5 =0 (4.4}

Similar remarks apply to the case of the function g(z). The singular system appropriate to
the restoration of this function has also been computed using the results of appendices B
and C. The regularized solution will be denoted by gg(1).

Just as we did in the case of Fourier transform inversion, we have tested the previous
inversion method employing the same test functions used in section 2 (see (A.1)~(A.3)). For
each {m;, a;} pair we have assumed, for simplicity, that both F(r) and G(t) are given at
the same points 7;. Moreover, we have taken 30 equidistant points in the interval [, 10], 2
number of points much smaller (and in a smaller interval) than that considered in section 2.
For each point, F(7;)} and G(z;) have been computed from (3.1) and (3.3), respectively,
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by means of a numerical integration routine. Then 3% Gaussian noise was added to these
values (see (2.14) and (2.15)) to generate 20 realizations of noisy data for each {m;, a;}
pair.

Regularized solutions f,(r) and gg(z) can be computed using (4.2) for f,(z) and a
similar equation for gg(z). Moreover, the functions m(7) and a(z) can be obtained from
(2.9) and (2.13), respectively. The choice of the optimum values of the regularization
parameters was performed by minimizing the relative RMS errors introduced in section 2.
The sum in the RHS of (2.17) was extended io a set of 401 points uniformly spaced in
the interval [0, 10]. The results of our tests are presented in table 2 in terms of average
percent errors in the estimation of m(7) and a(t) and can be directly compared with those
shown in table 1 concerning Fourier inversion tests. The results are better than those found
using the Fourier method, despite the use of much fewer points. This effect is due to the
extra information implied by the assumption that the solution has a bounded support (the
interval [0, T]), is differentiable and satisfies the boundary conditions (4.4). Also in this
scheme, however, the recoverability of a(r} is uncertain when the effective support of m(t)
is smaller than the effective support of a(t), as occurs in the pairs {m,, a2} and {m;, as}.

Table 2. Results of recoverability tests in the Sobolev inversion scheme. Average percent errors
in restoring m and a according to the different models chosen for 3% data ervors (see texg).

a a a3
i { £ =75% £ =334% & =396%
3

En=32% En=33% E,=49%
£, =45% & =53% £ =128%
M £, =38% En=31%  En=355%
£,=73% & =15% = 11.8%
"N En=T1% En,=TA% £, =68%

We do not give pictures of the restored functions because these are rather similar to
those obtained with the Fourier method. Also, in the present case the criterion of minimizing
the relative RMS error in the restoration of a(z) provides a value of » which is too small.
If one uses larger values of y as, for instance, those provided by the criterion proposed
in section 2 and based on the minimization of a weighted Sobolev norm, then one finds
features similar to those discussed in section 2.

However, the method of determining the optimal values of the regularization parameters
by minimization of the RMS error in the restoration of the functions f{z), g(v) and a(t)
can be used only in the case of simulated data. In the case of real data such a procedure
obviously does not work.

In the literature many methods have been proposed for determining the regularization
parameter when one has to deal with real data. The effectiveness of each one of them is
still controversial, so we have tried to test the reliability of eight of them in our particular
problem, From the review by Davies [17] we have chosen seven methods and have taken
one other from [18]:

(1) Discrepancy Principle (DIS)

(2) Turchin’s Method (TUR)

(3) Generalized Cross-Validation (GCV)

(4} Quasioptimal Method of Tikhonov and Glasko (QUA)
(5) Leonov’s Ratio Criterion (LEO)
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(6) L-Curve Criterion (LCU)
(7) Maximum Likelihood (MAX)
(8) Unbiased Risk Method {UNB).

Our purpose is to compare the values provided by these methods with the optimum one
obtained by minimizing the RMS restoration error.

For simplicity we have considered the problem of recovering the function f(z) by
taking f(7)} = h;1(z/10) (see (A.1)). Therefore we have only investigated the problem of
determining the regularization parameter .

We have computed the integral in (3.1) for 30 values of T uniformly spaced in the
interval [0,10]. We have generated 20 sets of data by adding 3% Gaussian noise to these
30 values according to the scheme of (2.14). Then we have applied each one of these
eight methods to each of the 20 data sets and compared the valies of the o« parameter they
provide with the optimum one (OPT) obtained by minimizing the RMS restoration error. In
table 3 the results of this test are shown. In particular, it can be noticed that methods QUA,
LEQ, DI and TUR usually give an overregularized estimate, whereas the others tend to give
an underregularized one. It it worthwhile remarking that the GCV method sometimes fails
because its curve has no minimum. Then one should, as suggested by some authors, search
for the point where the curve suddenly starts to rise. In the example we studied we found
two cases of data sets whose GCV curve was without a minimum, but in these cases the
point where the curve rises provides a reasonable value of «.

Table 3. The eight methods considered for determining the regularization parameter ¢ compared
with the minimum rMS error method (0PT). Each row shows the method considered, the minimum
value for ¢ in the set of the 20 values obtained, the maximum value for «, the average value
for ¢, the standard deviation for & and, last, the average relative rMS error in the restoration.

o ereor

min max average stand, dev. average

OFT 1191073 597%10°3 272x107% 124107 3.8%
DIS 285%x1073 822x10"%  5.48x107%  146x10~3  43%
TUR 2.79x1073  8.13x%1073  539%10~®  146x10~%  43%
acv 656x107°  292x10™%  1.37x107%  8.75x10™%  4.9%
QUA 1.80x10~3  1.88%x107%  1.25x107%  4.54x1073  6.0%
LEO 3.54%107%  L75x107%  L13xI0”?  3.46x10~}  5.7%
Lcu 301x10~*  L74x107?  8.80x107%  378x10%  47%
MAX  2.02x1075 370x107%  L.81x10~%  1.08x10~¢  8.1%
UNB 85410~ 214x1073  144x1073 371x107%  42%

5. Conclusions

We have established and tested a robust and flexible algorithm for joint derivation of
episodic stellar mass Joss rate m(z) and shape a(zr) functions from overlapping data on
stellar wind polarization and absorption line strength. Our formulation in terms of singular
value decomposition (SvD} is a major improvement on the Brown and Wood [13] FFT
description in reducing the number of support points required and removing the restriction
to uniformly spaced (or interpolated) data. Indeed the two data sets need only span the
same interval, but need not involve simultaneous points.
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The presence of discontinuities in the kernel functions makes a (zero-order) regularized
$VD solution with L?-norm minimization unsuitable. However we have been able to obtain
an SVD solution in a Sobolev space of differentiable functions. A (first-order) regularized
solution in this space yields reliable results, in the presence of realistic data noise, for a wide
variety of combinations of simulated m(7) and a(z) functions. The only notable exceptions
reveal a problem in deriving the shape a(t) when the mass loss rate m(z) is small.

Thus we have obtained not only a more efficient and versatile method than Woed and
Brown [13], but also applied it jointly to derivations of general m(7) and a(7) whereas
their iltustration was solely in the case a(t) = constant. Qur algorithm will be applied to
real data, and the effects of sparse data sampling investigated. in a subsequent paper.
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Appendix A

Here we present the formulae giving the three functions f; (i = 1,2,3) used in the
recoverability tests of m and a profiles (sections 2 and 4). These are functions of T with
support on the interval [0, 10], but for simplicity we define them as functions of the variable
y=1/10 on {0, 1.

The first one, #1(¥), is given by

hi(y) = 150y*(1 — y)* exp(=5y) (A1)

and is shown in figure I(a).
The second one, %;(y), has 2 plateau behaviour as shown in figure 1() and is generated

by the expression
0.05

= — 0.0474. 2
R0 = o =2 a2)

The third one, 23(¥), has an oscillating behaviour as shown in figure 1(c) and is given
by the expression

hs(y) = 0.65b(y) + 0.33¢%(y) sin(127y) (A.3)
where the functions 5(y) and ¢(y) are defined by
By) = [1— @2y — 1)*exp(—0.25y)

and

0.05

‘O = S5ty =08
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Appendix B
The solution of the boundary value problem (3.8) can be written as
T
¥i(T) = 1o (T) + Bi(T) —'rfﬁf(fi)
where
T
w@= [ Kiw)er
T
and
T
Bi (1) =[ 'K (zhdr'.
0
Explicit expressions can be given by defining the auxiliary functions

¢ (x) = -—ﬂ—-—"x(x“Lz)+1n[x{L 14 /x(x +2)] {¢2(0) = 0]

x41
and
1 ~ +2

d3(x) = 3 [tan”l (Vx(x+2)) ~ (—};(fﬁ'z—)] [¢:(0) = Q.
With these definitions we have

G3(t; — 7) 0L
oi{t) = {

0 st T
B.(e) = (m+ D) —ds(m - D] - (@) +d(m—7) 0<7 g

‘ (% + Ds(m) — da(m) 5< <

(B.1)

(B.2)

(B.3)

B.4)

(B.5)

(B.6}

(B.7)
(B.8)

In the case of the kernels H (t) given by (3.4), we must introduce functions 'Jk('c),
analogous to the functions v (¢) and defined as the solutions of the boundary value problems

T(t) = —H(T) ¥ 0 =9, (T =0.

B9

For these functions one also gets expressigns analogous to (B.1)—(B.3), with K;(1") replaced
by Hi(t"). By denoting by @r(r) and B,(z) the functions corresponding in this case to

a; (1) and 8;(t) of the former case, we obtain

_ 7T 0gT<T
() = 147 —1
0 TkaQT

T ( 1+‘_C-k )
—_ ""___'_‘ln T = 0
Bt)=4 1+T—7 14T —1
BT =T — In(1 +7) <t T.

(B.10)

(B.11)

(B.12)
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Appendix C

According to the definition of the scalar product in X, the elements of the Gram matrix of
problem (3.1) are given by

T
6y = | v b
Using (B.1)-(B.3) it can easily be proved that ]
v = (o) - 2. €2)

Then by substitution of (C.2) into {C.1} we get
T 1 T
Gy = [ auterymar - [ 18w + 5@

1
+ ?55('51')%('5;)- (C.3)

Moreover, from (C.2) and from boundary conditions contained in (3.8) it can easily be
shown that

T
fo () dt = Bi(x;). C4)

So, taking (B.6) into account, one can reduce (C.I) for i; < 7; to

Gy = fo ‘ai(f)aj(l’) dr — ‘;‘ﬁi(fi)ﬁj(fj)- (C5

As the Gram matrix is symmetric, the terms G;; with ; > 7; can also be derived from
(C.5) simply by computing G ;.

Equation (C.5) was really used to compute the Gram matrix by evaluating numerically
the integral which appears in this equation. As concerns problem (3.3) in X, the elements
of its Gram matrix are given by :

T
G = fo FUDF(r)dr (C.6)

and they can algo be reduced to the form (C.5). But now the integrals can be computed
analytically as follows

f - o (e (r)dr
0

T —T, + 1
=% +ln|—d T
B "[(?,-+1)(?,-+1)}
P 1n[ﬁ"+1)_(?f‘r"+1):| 7, <% C7
T, —T; ‘Ej-]-l
and
f'af(r)dr="'_(?f—"'”—zln(f,-+1) T =7 (C.8)
o 'Cj+1
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